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Abstract
In recent years, with the accelerated development of the financial

market and financial globalization, financial market emergencies occur

more and more frequently, so that investors face the financial market

uncertainty and investment risk increases. In this context, it is particularly

important to rationally hedge against uncertainty and investment risks of

financial markets. The option pricing and investment portfolio, as the core

content of modern finance theory, can better avoid the uncertainty and

investment risks of financial markets. For option pricing and investment

portfolio, the most critical thing is to construct models that can accurately

characterize the dynamics of financial market data. However, the existing

models describing the price trends of the underlying financial assets

suffer from incomplete consideration of their dynamic characteristics. In

addition, with the rapid development of financial market integration, the

interest rate is no longer a constant, and it has been found that the stochastic

fluctuation characteristic of the interest rate has a significant impact on

option pricing and optimal investment decisions. Therefore, this thesis

takes the dynamic change characteristics of financial underlying asset

prices and the stochastic characteristics of the interest rate as the entry point

to construct a model that conforms to the characteristics of the financial

market, which is of great theoretical significance and application value to

the research of option pricing and portfolio problems.

The research focus of this thesis is to construct 4/2 stochastic hybrid

European option pricing models with different characteristics based on the

stochastic volatility, spikes, thick tails, jump diffusion of the underlying

asset prices and stochastic fluctuation characteristic of the interest rate,

and to test the pricing performance of the 4/2 stochastic hybrid models
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in European option pricing based on the 50ETF option data. In addition,

based on the pricing performance of 4/2 stochastic hybrid models in option

pricing, a 4/2-CIR jump diffusion portfolio model is constructed, the

optimal investment strategy and utility loss are obtained under the model,

and the effects of the model parameters on the optimal risk exposure and

utility loss are explored. The details and main conclusions are as follows:

(1) Based on the shortcomings of the existing stochastic volatility

and stochastic interest rate hybrid models, a 4/2-CIR stochastic hybrid

model is constructed to study the pricing of European options. Firstly, a

4/2-CIR stochastic hybrid model is constructed considering the influence

of the stochastic characteristics of financial assets and interest rate on

the option pricing results. Secondly, the characteristic function of the

logarithmic price of the underlying asset and the European option pricing

formula are obtained under the 4/2-CIR stochastic hybrid model. Finally, a

numerical example is given to analyze the influence of interest rate factors

on the pricing results of the model, and the model parameters are calibrated

according to the actual data, and then the pricing performance and accuracy

of the model are discussed. The results show that interest rate randomness

has a significant impact on option pricing results, and the introduction of

interest rate factors into the 4/2 stochastic volatility model can improve the

pricing accuracy of the existing 4/2 stochastic volatility model.

(2) Considering that the dynamic characteristics of financial asset

prices have a significant impact on the option pricing results, this

thesis proposes a 4/2 jump diffusion stochastic hybrid model, which

comprehensively describes the stochastic volatility, spikes, thick tails, and

jumps characteristics of the underlying asset. Firstly, on the premise

that the price of the underlying asset has the characteristic of stochastic

fluctuation, the double exponential diffusion process is introduced into the
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model describing the dynamic change characteristics of the underlying

asset price, and the 4/2 jump diffusion stochastic hybrid model is

constructed. Secondly, the corresponding characteristic function and the

European option pricing formula are obtained under the 4/2 jump diffusion

stochastic hybrid model. Finally, the model parameters are estimated by

particle swarm optimization algorithm, and the pricing performance and

accuracy are tested of the model based on the European option pricing

formula and parameter estimates under the 4/2 jump diffusion stochastic

hybrid model. The results show that compared with the existing 4/2

stochastic volatility model, 3/2 stochastic volatility model and Heston

stochastic volatility model, the 4/2 jump diffusion stochastic hybrid model

has the best pricing performance in the European option pricing problem.

In addition, the 4/2 jump diffusion stochastic hybrid model has better

pricing accuracy for in the money and out of the money option than at

the money option.

(3) In order to describe the dynamic characteristics of underlying assets

and the stochastic characteristics of market interest rates, a 4/2-CIR jump

diffusion stochastic hybrid model is proposed. Firstly, under equivalent

martingale probability measure, a 4/2-CIR jump diffusion stochastic hybrid

model is constructed based on the random fluctuations, spikes, thick tails,

jumps of the underlying asset prices and the stochastic characteristics of

interest rate. Secondly, the characteristic function of logarithmic price

and the European option pricing formula are derived under the 4/2-CIR

jump diffusion stochastic hybrid model. Finally, the model parameters

are estimated by particle swarm optimization algorithm, and the pricing

performance and advantages are tested of the 4/2-CIR jump diffusion

stochastic hybrid model by comparative analysis. The results show that the

4/2-CIR jump diffusion stochastic hybrid model can not only fully describe
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the dynamic characteristics of the underlying asset and the stochastic

fluctuation characteristic of the market interest rate, but also reflect the

leverage effect between the underlying asset and volatility. In addition,

compared with 4/2-CIR stochastic hybrid model and 4/2 jump diffusion

stochastic hybrid model, 4/2-CIR jump diffusion stochastic hybrid model

has the best pricing performance in European option pricing.

(4) Under the utility function maximization criterion, a portfolio

model is constructed in which the stock index satisfies a 4/2-CIR jump

diffusion process. Firstly, the optimal solution of the HJB equation,

investment strategy and risk exposure are obtained based on the 4/2-CIR

jump diffusion portfolio model under the power utility function. Secondly,

the optimality of HJB equation solution and investment strategy are proved

under 4/2-CIR jump diffusion portfolio model. Finally, the effects of

model parameters on optimal risk exposure and utility loss are analyzed by

numerical examples, and the advantages of investment strategies based on

4/2-CIR jump diffusion portfolio model are analyzed by using the loss size

of investment strategies under different models. The results show that risk

aversion coefficient, investment duration and risk premium factors have

significant effects on optimal risk exposure. In addition, the risk premium

factor has a significant impact on short-sighted losses. Compared with

the existing 4/2 stochastic volatility model and 4/2-CIR stochastic hybrid

model, the investment strategy is the best under 4/2-CIR jump diffusion

stochastic hybrid model.

Keywords: 4/2 stochastic volatility model; Double exponential

distribution; CIR interest rate; Option pricing; HJB equation; Optimal

portfolio strategy; CRRA utility
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u¯�Úu�7Kû)¬d�ª�ÅÄy�,¦�ÅÄ5ºx+nI¦FÃ½�.

Ï����«­��7Kû)¬,´û)¬½|¥­��ºx+nóä,�±�

Ð/5;7K½|Ø(½5�5�ºx. Ï�´��´V��¤�'u�5ïñ

�|�IOzÜ�,§D�Ï�±kö3�5,�(½�FÏ±¯kûÆÐ�d

�ïñ,«]���å,�Ø7«úïñ]��ÂÖ.Ó�,Ï�±köIýk�

Ï�ñ�|G�½ê��¤^,¡�Ï�d�.Ï�d��A
Ý]öé�5½

|�Ý]ýÏ,éÏ�?1Ün½d´Ï�½dïÄ�'�SN.d	,Ï�½d

nØ´7KÆ�Ä�nØ,3¢�¥kX2��A^,Ø=U^u��Ï�Ý]

ûü!@Ï��Ú@|�´,��2�A^uè��]7+n!ºx+n!K]

ûüÚÝ]ûü�¯K¥.

âÚO, 2020c�¥Ï�½|�´¬«�77«,¤�þ�212.65·. 2022c�

¥Ï�½|�´¬«�86«,¤�þ�545.33·. dd��,�¥Ï�½|�´�

ÆÚê�F#�É.�î{Ï�½|�',ISÏ�½|�uÐg2015c2�9F

þy50ETFÏ�uÙ�ªm©. þy50ETFÏ�þ½±5�É�<Ý]ö!Ý]

Å�Ú7KÅ���à. 8c,ISÏ�½|�5��FèO!¬«�Åì´L.

g2017c±5,IS6�ÏÀ�´¤�þ½x0Ï�!ÔÏ�!�sÏ�!�h

Ï�!ó�7Ï�±9Ü¤��Ï��43�Ï�¬«. ��2023c10�.,Ï�

¤�þÓ'O�258.64%,Ï��±óþÓ'O�84.05%. dd��,Ï�3IS

û)¬½|þ®?\p�uÐ�ã. Ïd,XÛéÏ�?1Ün½d®¤�7K

Å�ÚÝ]ö��'5�¯K.

1



=²ã²�ÆÆ¬Æ Ø© Äu4/2�Å·Ü�.�îªÏ�½d9Ý]|ÜïÄ

d	, du7K½|�×�uÐ, ¦�7K½|9Ý]ö¡��Ý]ºx

���O\, 
Ý]öXÛé±k]�?1`z��¤�Ù5;Ý]ºx�Ì

�å». Merton(1976)3Ý]]�=dºx]�ÚÃºx]�|¤�b½e,Ä

uB-S�.é�`Ý]üÑ¯KÐmïÄ.d�,NõÆöòÙ(Jí2���z

��/. �8ck'�`Ý]|Ü�ïÄ�3éÝ]]�d�CzA�£ãØ


�¡�¯K,ù¦�Ý]öØUO(
)±k]��ºx,K�Ý]ö�Ý]ü

Ñ.Ïd,XÛk�£ã]�d�A�,�ïÜn�Ý]|Ü`z�.,�Ý]ö

Jø�`Ý]üÑ,®¤�y�7KêÆ9Ý]ö'5�9:¯K.

¯¤±�,Ï�d��I�]�d�9ÙÅÄ;��',éÏ�I�]�?

1Ünk�ï�´Ï�½d�Ø%¤3. Ó�,é7K]�d�?1Ünk�ï

��´Ý]ö?1�`Ý]ûü,k�5;Ý]ºx�­�Ãã. éu7K]�

d��£ãK������´²;B-S½d�.,�T�.3¢SA^¥�3�


Øv: XI�]�d��ÅÄÇ¿Ø´��~ê,
äk�CA�;7K]�d

�÷vAÛÙK$Ä�b��¢S7K½|êâ�k¸þ�±9a�����

A�Ø�Î;d	,ïÄuy�X7K½|�Nz×�uÐ,|ÇØ2´��~ê,


äk�ÅÅÄA�. Ïd,Ø�Æöé�kên�.?1
­#"À,é�.¥

�3�¯KuL
ØÓw{,¿é£ã7K]�Ä�CzL§��.?1U?,

±Ï�ï��ÎÜ7K½|êâA���.,JpÏ�½d�.�½d°Ý,¿

�ÏÝ]ö�Ñ�`�Ý]ûü.

8c, �é7K�SêâLyÑ��CÅÄÇA�, Æö�ï


�X��ÅÅÄÇ�., Ì�kHull-White�ÅÅÄÇ�.(HullÚWhite,

1987)!Stein-Stein�ÅÅÄÇ�.(SteinÚStein, 1991)!SABR�ÅÅÄÇ�

.(Bartlett, 2006)!Heston�ÅÅÄÇ�.(Heston, 1993)!3/2�ÅÅÄÇ�

.(Heston, 1997; CarrÚSun, 2007)!4/2�ÅÅÄÇ�.(Grasselli, 2017)9��

��ÅÅÄÇ�.(Drimus, 2012)�. Ù¥, Heston�ÅÅÄÇ�.®�2�A^

uÏ�½dÚÝ]|Ü`z¯K�ïÄ¥. �Heston�ÅÅÄÇ�.3¢SA

^¥�3Ã{[ÜÅÄ����´»�4à�¹, ¦�T�.e¤�Û¹ÅÄ

Ç­¡ªu²�. u´, Heston(1997)JÑ
3/2 �ÅÅÄÇ�., T�.�,�

Ö
Heston�ÅÅÄÇ�.�Øv,�Ù�)�Û¹ÅÄÇ­¡��Í�,EÎ

LyÑüÏf�.�A�. 
Grasselli(2017)JÑ�4/2 �ÅÅÄÇ�.éÅÄ

Ç���[Ü§Ý�p. éu7KêâLyÑ�k¸þ�±9a�����A

�,Ì�±©/ÙK$ÄÚa*Ñ�.5£ã. �'ïÄuy,©/ÙK$Ä�
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.3½dL§¥¬�)@|,ù��
ºx¥5½d�K.
a*ÑL§�²w

Õá5Úmë�45, U
£ã7K�Sêâk¸þ�±9a�*Ñ�$Ä5

Æ,®�2�^uÏ�½d9�`Ý]|Ü�ïÄ¥. d	,�X7K½|�u

Ð,|ÇØ2´��~ê
äk�½ÅÄ5. �é|Ç�Å5¯K,��;.�´

dVasicek(1997)ÚCox�(1985)JÑ�Vasicek�.ÚCox-Ingersoll-Ross(CIR)�..

ïÄuy, Vasicek�.e�|Ç¬ÑyK���¹,
CIR�.duÙFeller^�

��½¦�¤�|Çþ���.8c,IS½||ÇE�ÑyK���/,=éu

IS½|
ó,|^CIR�.£ã|Ç��Å5A���Ün.

nÜ5w,�é7KêâA�¤�ï�Ï�½d9Ý]|Ü�.3�½§Ý

þþUUõ²;B-S�.�Øv. Ù¥,éuÄ:]�d�ÅÄÇ�Å5¯K�

ïÄuy,äkVÏfA��4/2�ÅÅÄÇ�.éÅÄÇ��CA�£ã��

�¡;a*ÑL§éÄ:]��k¸þ�9a�����A��[Ü§Ý�p;


CIR�Å|Ç�.éu|Ç�Å5�ïÄ��Ünk�. Ïd,�©±4/2�Å

ÅÄÇ�.�ÄO�.,©O±7K½|êâ�k¸!þ�!a�����A�

9|Ç��ÅÅÄA���\:,�ïØÓÀ�eÎÜ¢S½|A��`z�.,

¿ÄuØÓ�½d�.éîªÏ�?1½dïÄ.d	,ÄuÏ�½dïÄ(Ø,

3½|dÃºx]�!"EÅ !ºx]�9Ùû)�¬�¤�b½e,�ï


Ä:]�÷v4/2-CIRa*ÑL§��`Ý]|Ü�.,¿Äud�.é��½

|�¹e�`Ý]ûü¯K?1ïÄ,¿©Û
Ì�ëêé�`ºx��Ú�^

���K�.

1.1.2 ïïïÄÄÄ¿¿¿ÂÂÂ

��y�7KÆnØïÄ�Ø%SN,Ï�½d�Ý]|Ü3ºx+n9Ý

]ûü�¯K¥äk2��A^. �X�¥²L�Nz�uÐ,·I²L7K�

¸k
²w�Cz,�«7Kû)�¬A^
). 7K½|�Ø(½597Kû

)�¬�´¬«!�´êþ!�´7���ØäCz,¦�7K½|9Ý]ö¤

¡��7K½|ºx�Fª²w. Ï�9Ý]|Ü��7K½|¥Ì��ºx5

;óä,U
Ün5;½|ºx,r?7K½|�uÐÚ�õ. dd��,�ïÎ

Ü7KÄ:]�Ä�CzA���.,ïÄÏ�½d9�`Ý]¯K�¿Â�Ò

Øó
�
. d	,Ï�½d9�`Ý]|ÜüÑ�ïÄØ=U
r?û)¬½

dÚÝ]|Ü`znØ��õ,
�U
�Ý]öJøÜn�Ý]ûü. 
éu

Ï�½d9�`Ý]ûü¯K
ó��'��´�ïÎÜ¢S7KêâA��
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½|�.. Ïd,�ïÄØ=äk­��nØ¿Â
�äkwÍ�¢�¿Â.

1.1.2.1nnnØØØ¿¿¿ÂÂÂ

(1)O(©ÛI�]�Ä�CzA�,À�Ü·��ÅL§éÄ:]�?1ï

�,U
�Ün�ïÏ�½d9Ý]|Ü�.Jø�â. |^ÚOÆ�{éI�

]�CÄA�?1©Û,kÏuO(rºI�êâ�©ÙA�,l
ÀJéI�

]�[Ü§Ý�`��ÅL§?1ï�. 8c,^uéI�]�ï���ÅL§

��ü�,Ã{Ó�÷vI�]��k¸þ�!a�9ÅÄÇ�Å5�A�. Ï

d,O(©ÛI�]�Ä�CzA�,U
�Ïé�¡£ãI�]�k¸þ�!

a�9ÅÄÇ�Å5�Ä�A���ÅL§C½Ä:.

(2) 4/2-CIR�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIRa*Ñ�Å·

Ü�.��ï,´LÚ�õ
Ï�½d�.nØïÄ.3²L¯�uÐ��µe,

Ï�½dnØïÄc�­�,Ïé·Ü¢S7K½|�½d�.´Ï�½dnØ

ïÄ�Ì�SN,
Ä:]�d��©ÙA�éÏ�½d�.½d(J�O(5

�'­�.d	,ïÄuy7K½||Ç��Å5éÏ�½d(JäkwÍK�,

�±Ä:]�d�CzA�9½||Ç�Å5A��Ì��\:,±Ï�½d(

J�Ün!k�Ú°(5�Ì�8I,�ïÎÜ7K½|�½d�.kÏu�õ

Ï�½dnØïÄ.

(3)±Ä:]�d�CÄA�9½||Ç�Å5�Ì��â,�ïÜn�Ý

]|Ü`z�.kÏu�õÝ]|Ü�.�nØïÄ.Ý]|Ü�.�Ün�ï,

´�`Ý]|ÜûüïÄ�Ì�SN,
Ý]|Ü�.�`�Ì��ûuéÝ]

]�Ä�CzA�9½||Ç�Å5A��k��x. Ïd,±Ä:]�d�Ä

�CzA�9½||Ç�Å5A��Ø%,�ïÜn�Ý]|ÜÄ��.U
´

LÚ�õÝ]|Ü�.�nØïÄ.

1.1.2.2¢¢¢���¿¿¿ÂÂÂ

(1)éÏ�?1Ünk�½d,kÏu5;7K½|Ø(½5ºx,r?7K

½|�²­$1. ��û)¬½|­��ºx+nóä,Ï�U
k�5;½|

Ø(½5�5�ºx. Ï�½d�ïÄØ==´O(O�Ï��d�,�­��

´ÏL&?I�]�ÚÏ�d��m�'X,é��7K½|�'5Úk�5?

1ïÄ.d	,Ï��d�Ø=�I�]�Ä�CzA�k',
��½||Ç�

CÄ�EE�'.ïÄI�]��©ÙA�9½||Ç�Å5éÏ�½d�K�,

O(©Û½|&E�mXÛD4,âUl�Nþrº7K½|m��'5,r?

7K½|�²­$1.
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(2)Ünp��Ý]|Üûü,kÏuÝ]öé±k]�?1`z��,5;

Ý]ö¡��Ý]ºx. �X7K½|�×�uÐ,7K½|9Ý]ö¡��Ý

]ºx��O\. Ý]öé±k]�?1`z��´5;Ý]ºx�Ì�å»,


Ün�Ý]|Ü�.´]�`z���'�.Ïd,�ïÜn�Ý]|Ü�.

kÏuÝ]ö�(rºÝ]]��CÄª³,�Ñ�`�Ý]ûü,l
5;Ý

]ö¤¡��Ý]ºx.

1.2 IIISSS			ïïïÄÄÄyyyGGG

Ï���­��7Kû)�¬®¤�5;ºx�­�óä, éÙ?1O(

½d,Ø=U
r?Ï�½|�­½uÐ,
�é��7K½|�uÐ�äkr

?�^. 'uÏ�½d�ïÄ,�@�±J��1900c,dLouis Bachelier3ÙÆ

¬Ø©¥JÑ.,
, T�.b�I�]�d��Ì�êÙK$Ä,ù�U¬�

��¦d��K�,�¢S�¹Ø�Î.�5, Black�(1973)ÚMerton(1973)JÑ

�B-SîªÏ�½dúª3Ï�½d¤þäkp§
q�¿Â,�B-SnØ�.´

3b�I�]�d�Ñl��©Ù!ÅÄÇ!|Ç�~ê�^�e�ï�. 
ý

¢7K½|êâÄ�A�L²,7K½|êâ�ÅÄÇëê¿Ø´(½�~ê,


´¥yÑÅÄÇ��!ÅÄà8�A�,ØU��^,��5L«;7K]�

�ÂÃÇ¿Ø�Ì��©Ù,
´¥yÑk¸þ�!���5�©/A�,¿�

�Ü�3²w�a�y�.d	,�X7K½|�×�uÐ,7K½||Ç�¥y

ÑØ(½5,ØU^,��5L«. Ïd,�é²;B-S�.�Øv,IS	Æöé

Ù?1
�þU?,Ì�é²;�.¥~êÅÄÇ!~ê|Ç9Ä:]�d�Ñ

l��©Ù�b�^�?1�t,�ïÎÜ7K½|êâý¢A���.. Äu

d,�©Ì�lÄu�Å|Ç�.�Ï�½dïÄ!Äu�ÅÅÄÇ�.�Ï�

½dïÄ!Äua*Ñ�.�Ï�½dïÄ!Äu�Å·Ü�.�Ï�½dï

Ä97K½|Ý]|ÜïÄ�éykÏ�½d9Ý]|ÜïÄ�¡Ðmnã.

1.2.1 ÄÄÄuuu���ÅÅÅ|||ÇÇÇ���...���ÏÏÏ���½½½dddïïïÄÄÄyyyGGG

�XI[²L�ü!7K½|G¹��ØäCz, |ÇØ2´��~ê,


äk�½�ÅÄ5, =B-S�.¥|Ç�~ê�b�Lun�, ØÎÜ½|

ý¢�¹. �é|Ç�ÅÄ¯K,��;.�kVasicek(1977)JÑ�Vasicek�.

ÚCox�(1985)JÑ�CIR�Å|Ç�.. Vasicek�.^u£ã]�|Ç�Ä�
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Cz�¹, CIR�Å|Ç�.^u£ã�Ï|Ç�þ�£E5. Äud, Æö�

é�Å|Ç�.e�Ï�½d¯K?1
�þïÄ. �X, Haowen(2012)!H

°�ÚÜæ�(2017)!Zhang�(2018)!Fu�(2023)�éVasicek�Å|Ç�.e�

îªÏ�9æªçôÏ�?1
ïÄ. Beliaeva�(2008)!Liang�(2010)!ÇÒ

�(2019)!SamimiaÚMehrdoust(2024)!Guo(2019)�3Vasicek�Å|Ç�.¥©

OÚ\a*ÑL§ÚHeston�ÅÅÄÇL§,éØÓ·Ü�.e�Ï�½d¯K

?1ïÄ.d	, 'uCIR�Å|Ç�.eÏ�½d¯K�kØ�ïÄ¤J.X,

Maghsoodi(1996)3CIR�Å|ÇÄ:þÚ\�mëê,¿��
dÙK$ÄÚ�

mëê°Ä��©�§�µ4´»��). HuÚZhou(2017)ÄuCIRL§JÑ


_��ý�Vg, )û
���¦�AkÛ�{3{ªÏ�½dL§¥�PÁ

I¦¯K. Najafi�(2018)éCIR�Å|Ç�.e{ª"EÅ �wOÏ�?1


µ�,¿ÏL�´¤^5�Ø©êÙK$Ä¤�)�@|. Lv�(2023)ÄuØ(

½CIR�Å|Ç�.,¼�
îªyfÏ��wÞÚwOúª,¿�â½dúª�

O
�A�ê��{. ±þïÄL², Vasicek�Å|ÇÚCIR�Å|Ç�.þU

£ã|Ç��ÅCzA�,�Vasicek�.e�|Ç¬ÑyK���¹, CIR�Å|

Ç�.duÙFeller^����Ø¬Ñy|Ç�K��/É�
2��'5. ±

þïÄþL²�Å|Ç3Ï�½d¥åX�'­���^.

oN5w,Äu�Å|ÇéÏ�½d�ïÄ�½
|Ç�Å5éÏ�½d(

J�K�,Jp
�.é²L½||Ç�[Ü§Ý,Uõ
yk½d�.éÏ�

�½d°Ý;Äu�Å·�.éÏ�½d�ïÄL²Ø|Ç	,I�]�Ä�ª

³éÏ�½d(JEäkwÍK�,ù�Ï�½d�.�ïÄJø
#���,

=ÄuI�]�CÄ�ØÓA��ïÏ�½d�..

3²;B-S�.¥,Ø|Ç�~ê�b½ØÎÜ7K½|A�	,I�]�Å

ÄÇ�~ê�b½�7K½|êâÅÄÇLyÑ��Å5A���. Ïd,Æö

�Äu�ÅÅÄÇ�.éÏ�½d¯K?1�þïÄ.

1.2.2 ÄÄÄuuu���ÅÅÅÅÅÅÄÄÄÇÇÇ���...���ÏÏÏ���½½½dddïïïÄÄÄyyyGGG

'u�ÅÅÄÇ�.eÏ�½d¯K�&?,�äK�å�´dHeston(1993)

JÑ�Heston�ÅÅÄÇ�.,�ïÄuyT�.3¢S½|¥�3�
[ÜÍ

��I�]�­¡
�)�����ÅÄÇëê,±9ÏÃ{[Ü4à�¹,¦

�T�.¤�O�Ï�Û¹ÅÄÇ­¡ªu²��¯K.�)ûHeston�ÅÅÄ

Ç�.�"�, Heston(1997)JÑ
3/2�ÅÅÄÇ�.,T�.�Ö
Heston�Å
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ÅÄÇ�.�Øv, �T�.¤�O�Ï�Û¹ÅÄÇ­¡��Í�.Ïd, �


Ó�)ûHeston�ÅÅÄÇ93/2�ÅÅÄÇ�.�"�, Grasselli(2017)JÑ

�4/2�ÅÅÄÇ�.,T�.äkVÏf�.�A:,¿�Ó�)û
Heston�

ÅÅÄÇ�.Ú3/2�ÅÅÄÇ�.�Øv. �©Ì�Äu4/2�ÅÅÄÇ�.ï

Ä
I�]�d�äkk¸þ�!a��A�9½||Ç�Å5A�e�îª

Ï�½d9�`Ý]|Ü¯K,éu4/2�ÅÅÄÇ�.½d5U�ïÄÌ�Ï

L�Heston�ÅÅÄÇ93/2�ÅÅÄÇ�.½d(J?1é'©Û.Ïd,é�

ÅÅÄÇ�.eÏ�½d�ïÄyGÌ�lHeston�ÅÅÄÇ�.!3/2�ÅÅ

ÄÇ�.94/2�ÅÅÄÇ�.e�Ï�½dïÄÐmnã.

Heston�ÅÅÄÇ�.eÏ�½dïÄ.g1993cHestonJÑHeston�ÅÅÄ

Ç�.±5,�þÆöéd�.e�Ï�½d¯K?1
�\&Ä.X,o·Ú±

¼(2012)!Lee�(2016)!FallahÚMehrdoust(2019)!GoardÚMazur(2013)9LinÚ

He(2022)©OÄuHeston�ÅÅÄÇ�.éõ]�Ï�!yfÏ�!{ªÏ�

9îªÏ�¯K?1ïÄ,¿ÏL��C�!LSM�{9Fp�C���{¼

�
�'Ï��½dúª. d	,Çc��(2019)3�ÅÅÄÇ�.Ä:þéþ

y50ETFÏ�?1ïÄ,uy�ÅÅÄÇ�.(¢U
�\°(/�xÅÄÇ�

�ÚÅÄÇ�Å5A�. Shi�(2023)3õ�o÷�ÅÅÄÇ�.e,y²
ëê

��5©ê.Riccati�§)��35!��5Ú�K5, |^ëê��5©ê

.Riccati�§��
]�éêd��A�¼ê,�âA�¼ê�¯�Fp�-{u

úª¦)Ï�½d¯K,¿ÏLê��~u�
nØO�(JÚT�{�k�5.

±þ�þ©zL²Heston�ÅÅÄÇ�.3Ï�½d¥äk­��^,�3¢S

A^¥d�.E�3�
Øv. 'X,�
[ÜÍ��I�]�­¡�)���

��ÅÄÇëê,¦��OëêØ÷vFeller^�;d	,duHeston�ÅÅÄÇ�

.é�~$�½=ò���ÅÄÇ��D�����­,Ã{[Ü4à�¹,¦

�T�.¤�O�Ï�Û¹ÅÄÇ­¡ªu²�.

�)ûHeston�ÅÅÄÇ�.�Øv, Heston(1997)JÑ
3/2�ÅÅÄÇ�

.. T�.�Heston�ÅÅÄÇ�.��,Ùb�ÅÄÇÑl_CIRL§,#N]

�ÅÄÇÑy¸��4à´», T�.e¤�)�Û¹ÅÄÇ­¡��Í�.

g3/2�ÅÅÄÇ�.JÑ±5Úå
Æö�2�'5,�XBanbaldeaux(2012)|

^Broadie-Kaya�{é3/2�ÅÅÄÇ�.?1°(�O,¿uy(Ü[�AkÛ

:8�^��AkÛEâU
¦��wÍ~�. GudmundssonÚVyncke(2019)�

)ûdu3/2�ÅÅÄÇ�.A�¼ê�µ��Ý�ú, ¦�äkk��©F
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Ý�IO���¦�OØÜn¯K, í�Ñ
;�/ª�A�¼ê�)ÛF

Ý,¿JÑ
�«)ÛFÝ�O��{, Jp
3/2�ÅÅÄÇ�.ëê��O

�Ý. Goard(2015)!Yuen�(2015)!7�À�(2015)!ZhengÚZeng(2016)�©O

é3/2�ÅÅÄÇ�.e�|Çû)�¬!��p�û)�¬!VIXÏ�9�m

�6Ï��¯K?1ïÄ.T�.�Ö
Heston�ÅÅÄÇ�.�Øv,�¢S

½|¥ÃØI�]��ÅÄXÛCz,Ï�Û¹ÅÄÇ­¡��ÇQ�Uªu²

���U��Í�,
Heston�ÅÅÄÇ�.�3/2�ÅÅÄÇ�.¤�)�Ï�

Û¹ÅÄÇ�Ç�U£ã�«�¹.

�Ó�)ûHeston�ÅÅÄÇÚ3/2�ÅÅÄÇ�.�"�, Grasselli(2017)J

Ñ
Heston�ÅÅÄÇ�.Ú3/2�ÅÅÄÇ�.�·Ü�ÅÅÄÇ�.,

¡�4/2�ÅÅÄÇ�., T�.äkVÏf�.�A�, �'uHeston�Å

ÅÄÇ93/2�ÅÅÄÇ�.U
�Ð�[ÜÏ�Û¹ÅÄÇ­¡CzA

�. 8c, 4/2�ÅÅÄÇ�.e'u½d¯K�ïÄE?uÐ?�ã. Ì�

kZhuÚWang(2019)!�Å�(2020)|^Lewis�Ä:C�9oé¡��{¼�


4/2�ÅÅÄÇ�.¤÷v� �©�§, ÏLIÊ500�êêâ�O
�.

ëê,¿'�
4/2�ÅÅÄÇ�.!Heston�ÅÅÄÇ�.93/2�ÅÅÄÇ�

.�½d5U,uy4/2�ÅÅÄÇ�.3[ÜÝþ`uHeston�ÅÅÄÇ�.

Ú3/2�ÅÅÄÇ�.. Gnoatto�(2022)¦^ÄO{é4/2�ÅÅÄÇ�.?1�

O. Cheng�(2019)!Escobar-AnelÚGong(2020)!Cao�(2023)9Cretarola�(2024)

©Oéäkþ�£EA��4/2�ÅÅÄÇ�.�5�9d�.e�Ï�½d¯

K?1
�\&?.

oN
ó, éu�ÅÅÄÇ�.eÏ�½d¯K�ïÄ®k´L�¤J.

Heston�ÅÅÄÇ�.�JÑ,�ÅÄÇ�Å5�ïÄJø
#���; 3/2�Å

ÅÄÇ�.�JÑ,Ø=Uõ
Heston�ÅÅÄÇ�.�"�,
��½
éÅ

ÄÇ�Å5�ïÄ; 4/2�ÅÅÄÇ�.�JÑ,Ø=Ó�)û
Heston�ÅÅÄ

Ç�.Ú3/2�ÅÅÄÇ�.�Øv,
���ÅÅÄÇ�.eÏ�½d�ïÄ

�²
#�ïÄÀ�. �du7K]�d�CzA���´L,3�5�ï�.

L§¥I?�Ú�õ,¦ÙU
��°(!k��[Üý¢½|A�.

d	,²;B-S�.b½I�]�d�Ñl��©Ù,�ïÄuy7K½|ê

âäkk¸!þ�9a�����A�. Ïd,Æö��éÄ:]�����A

�,�ï
a*Ñ�.éÏ�½d¯K?1ïÄ.
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1.2.3 ÄÄÄuuuaaa***ÑÑÑ���...���ÏÏÏ���½½½dddïïïÄÄÄyyyGGG

ïÄuy7K½|ÂÃÇêâ�Cz¿�ëY�,AO´7K�Å�Ï½ö

]�d�²{ì�����Ï,ÂÃÇ¬�)a�y�.Ïd,�
�Ð[Ü7K

½|êâ�CzA�,kÆöòaL§Ú\�I�]�d�L§¥,�x½|�

´L§¥�a�A�. éua�L§3½d¥�ïÄ,�J��Merton(1976)Äu

a�*ÑL§�xI�]�d�Ä�CzA�,JÑ
Mertona*Ñ�.,¿3

d�.e��
îªÏ�½dúª�)Û).

ÄuaL§?1½dïÄ�©zÌ�kMadanÚSeneta(1990)JÑ���³

ê�.!Carr�(2002)JÑ�CGMY�.±9KouÚWang(2004)JÑ�V�êk

�a�*Ñ�.�. Ã�a�L§±9k�a�L§þU
£ã�´L§¥�

)�a�y�,�Ã�a��.eéJ��Ï��w«½dúª,
V�êk�

a�*ÑL§Ø=U
Ó¼ÂÃÇS��k¸þ�����A�,
�U
£ã

Ï�½dL§¥�ÅÄÇ��A�,Ó�ÏL���{�±��d�.eÏ�½

dúª�w«). Ïd,V�êa�*ÑL§3Ï�½d�ïÄ¥��
Æö�

2�'5. X,"IÚÚ�ýu(2011)!Liu�(2018)!S�ÚH°�(2022)!H°

�Ú$Å(2022)!Lin�(2024)©OÄuV�êa*ÑL§9·Üa*ÑL§é{

ª��Ï�!EÜÏ�!£"Ï�9îªÏ�½d¯K?1ïÄ.�ï�Úo¦

¯(2020)3úi]�d�üz�ÌV�êa�*Ñ�.�cJe,éäk»�­

|�úiÅ ?1½dïÄ,��
úi�¦ÚÅ �½dúª,¿¼�
�`

E¦÷v���5�§9�Z»�>.�µ4). d	, Cai�(2010)éV�êa

*ÑL§�Ó �9Ï�½d¯K?1ïÄ,¿ÏLÓ ��éÜ©ÙÚV�ê

a�*ÑL§�ªà���
�Ó �k'Ï��)Û).±��(2013)3V�

ê©Ù�Ä:þ(Ük V�ê©Ù�ï
2ÂV�ê©Ù,¿lnØÚA^ü

�¡y²
#�ï�.�k�5!�15Ú`�5.é·Üpda*Ñ�¸eä

k�´¤^�]�½d¯K?1ïÄ,¿ÏL�[©Û�y½d�.�½d�

J.ïÄ
·Üg©êa*Ñ�.e£"Ï��½d¯K.

nþ¤ã,Äua�*Ñ�.éÏ�½d¯K�ïÄ,�JpÏ�I�]�

d�[Ü§Ý,Uõ®kÏ�½d�.½d°Ý�Ñ
²(��.Ã�a��.

3k��mSU
�)Ãêga�,�3d�.eéJ��Ï�½dw«),k

�a��.QU
�xI�]�d��k¸þ�9a��A�,qUÏL���

{��d�.eÏ�½dúª�w«),k|uÏ�½d�.�nØ9A^ïÄ.

�XÏ�½d¯K��\ïÄ,Æö�nÜ�ÄI�]��k¸!þ�!a

9
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�!ÅÄÇ9|Ç�Å5A�,�ï
ØÓA�e��Å·Ü�.éÏ�?1½

dïÄ,±ÏJpü��.�Ï�½d°Ý.

1.2.4 ÄÄÄuuu���ÅÅÅ···ÜÜÜ���...���ÏÏÏ���½½½dddïïïÄÄÄyyyGGG

nÜ�ÄÅÄÇ9|Ç�Å5A�?1Ï�½d�ïÄ.�XÏ�½dn

ØïÄ��\,�þÆöòü��ÅÅÄÇ�.��Å|Ç�.�(Ü,±ÏJ

p�.�½d°Ý.X, AhlipÚRutkowski(2013)!AhlipÚRutkowski(2016)©OÄ

uHeston-CIR�Å·Ü·Ü�.ÚMPT-CIR�Å·Ü·Ü�.é	®Ï�?1

ïÄ. HeÚZhu(2018)!Guo(2021)!HeÚChen(2021)!Ç�h�(2022)9HeÚLin

(2023)�3Heston�ÅÅÄÇ�.Ä:þ�ÄØÓ�Å|Ç�.éîªÏ�?1

½dïÄ,¿3ØÓ�Å·Ü�.e��
îªÏ��µ4/ª½dúª. d	,

LvÚJiang(2024)òCIR�Å|Ç�4/2�ÅÅÄÇ�.�(Ü,ÏLFp�_C�

��{¼�
îª	®wÞÏ���)Û½dúª,¿é½|êâ?1�Oy²


4/2-CIR�.éÛ¹ÅÄÇ�[Ü§ÝduHeston-CIR·Ü�..

�ÅÅÄÇ�a�*Ñ·Ü�.e�Ï�½dïÄ.éu�ÅÅÄÇ�.�

a*Ñ�.�(Ü?1½d�ïÄ®kØ�,�X"IÚ(2015)!GongÚZhuang

(2016)!7�ÀÚö�+(2023)!El-Khatib�(2024)�òHeston�ÅÅÄÇ�.

�a*Ñ�.�(Ü, ¿ÄuHestona*Ñ�Å·Ü�.éEÜÏ�!îª

Ï�9ÛÉÏ�½d¯K?1ïÄ. BaldeauxÚBadran(2014)é3/2�ÅÅÄÇ

�.eäka�A��VIXÏ�Ú�êÏ�?1ïÄ, uyäka�A�

�3/2�Å·Ü�.U
�Ð/[ÜáÏ�êÏ�Û¹ÅÄÇ, Ó��±�

��bÜ¢S�VIXÏ�Û¹ÅÄÇ. Lin�(2017)9�è�(2018)34/2�ÅÅ

ÄÇ�.�Ä:þòa*Ñ9I�]�d����NÚ­�L§Ú\�.,

�ï
äkm\�A�Lévy�ÅÅÄÇ�., í�Ñ
d�.e��w«Ï

�½d9éÀüÑúª, ¿ÏLê�¢�y²
�.�¢^5. d	, Huang

ÚGuo(2022)!Huang�(2022)9Ye�(2023)ïÄ
I�]�d��Ì����Å

ÅÄÇÚV�êa�*Ñ�.e�îªyfÏ�½d!äk�Åa�rÝÚÅ

ÄÇ�V�êa�*Ñ�.e�Ï�½d9�ÅÅÄÇ�.eäk�5aA�

�VIXû)�¬½d¯K.

Äu�Å|Ç�a�*Ñ·Ü�.�Ï�½dïÄ. 'u�Å|Ç�a

*Ñ�.�(Ü�½dïÄÌ�k, "IÚÚ
�+(2009)éCIR�ÅÄÇÚ

V�êa�*Ñ�.e�{ªÏ�½d¯K?1ïÄ, ¿ÏL�Å©Û�{

10



=²ã²�ÆÆ¬Æ Ø© Äu4/2�Å·Ü�.�îªÏ�½d9Ý]|ÜïÄ

é{ªwOÏ�¼ê9�Z¢�>.�5�?1
&?. Deng(2015)3äk�

ê©Ùa��CIR�Å|Ç�.e, |^îªwOÏ�Úz6�Ï��(Ü�

VGeske-Johnson�{í�Ñ
Ã��"EÅ �{ªwOÏ��Cq), ¿|

^õ�Fp�C�{��
îªwOÏ�Úz6�Ï��µ4). �©Úq�

©(2017)!ChenÚHsu(2018)!Luo�(2019)�ïÄ
CIR�Å|ÇÚa�*Ñ�

.e��ÆÅ ½d¯K!æNÏ�Ï�½d¯K9¢ÔÏ�½d¯K.

d	, Zhang�(2012)ïÄ
äk�
|Ç!�
¤£!�
ÅÄÇÚ�


a�rÝ�îªÏ�½d¯K, �Ñ
ÄuV�êa�*Ñ�.�îªÏ

��
½dúª. Scott(1997)!Ahlip�(2017)!Berthe�(2019)òHeston�ÅÅÄ

Ç�.!CIR�Å|Ç�.9a�*Ñ�.�(Ü, ¿éHeston-CIRa*Ñ�

.e�Ï�½d¯K?1ïÄ, ¿¼�
îªÀ1wÞÏ���)Û½dú

ª. Yang�(2021)!HeÚChen(2022)9Ma�(2023)|^äkê��ÅÅ�=�a

*ÑHeston-CIR·Ü�.,ïÄ
äklÑæ��m�ÅÄÇÚ��p�½d¯

K!	®Ï�½d¯K9îªÏ�½d¯K.d	,�k#�(2023)éäk�Å|

Ç!�ÅÅÄÇÚV�êa�*Ñ�.e�ÛÉÏ�?1½dïÄ,¿ÏL��

{ÚFp�C���{��
îªµºwÞÏ�Ú-G.Ï��w«½dúª.

o�,�Å·Ü�.eÏ�½dïÄ(JL²,�'uü��Å�.
ó,�

Å·Ü�.Uõ
ü��Å�.�Ï�½d°Ý,ù�Ï�½dnØ�ïÄJø


#���.

1.2.5 777KKK½½½|||���`̀̀ÝÝÝ]]]|||ÜÜÜïïïÄÄÄyyyGGG

éu�`Ý]¯K�ïÄ�@�±J��Merton(1971), gd±��5�

õ�Æöm©'5d¯K. XFlemingÚZariphopoulou(1991)3½|=dÃºx

]�ÚÑléêÙK$Ä�ºx]�|¤�b½e, éü�ÌN��`�

¤Ý]¯K?1ïÄ, �Ñ
�¼ê�ìC1�, �©¥¤�'uÏ"�^

¼êÄ�5y�©�§�)=3V­ýéºx��(HARA)�^�¹e�^.

VilaÚAriphopoulou(1997)éuäkð½Å¬Ú/��å�ªÏ�¤ÚÝ]|

Ü¯K?1ïÄ, 3�n�^¼ê���b�euy�`üÑ�±L«��

cãL��"¼ê. Dai�(2009)éäk'~�´¤�Úk��m��S~�

éºx��(CRRA).Ý]ö�ëY�m�`�¤Ý]¯K, �ÄuÛÉ��

Ú�`Ê��m�éX, ��©Ûgd>.��{9�A�¼ê��K5.

Chang�(2011)�é]�ÂÃÇ�mE,�Ä��'Úüz'X,ò¹��ä�

11
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�ÅÝ
nØ�(ÜïÄ
�`Ý]üÑ¯K,uy¹��ä�Ú\U
¼��

`�]�|Ü,¿��ÅÝ
nØ�Ú\U
éÐ�üD¿Jp]�ÂÃ.d	,

SavkuÚWeber(2022)æ^"ÚÚ�"ÚÆ���{?Ø
ü��`Ý]¯K,¿

ÏL'�¼�
�Ý=zé�`Ý]¯K�K�. Wei�(2023)ïÄ
��½|e

äk48 Ð��
��.Ý]ö��`�¤Ý]|Ü¯K,uy�
5��é

�`*ÑºxÚa�ºxäkwÍ�K�.þã�`Ý]üÑ�ïÄ�õb½º

x]�L§ÑlAÛÙK$Ä,,
�Xé]�d�CzA���\ïÄuy,

AÛÙK$Ä�.¿ØU°(�x]�d��ý¢r³,=d�.ØUO(�N

ºx]��CÄª³Úºx§Ý,ù¬K�Ý]ö�ÑÜn�Ý]üÑ.�5Æ

öuy,^�ÅÅÄÇ�.�xÝ]]�d��CÄª³U
�Öð½ÅÄÇé

ºx]�ÅÄª³£ãØO(�¯K,ÏdÆö�Äu�ÅÅÄÇ�.é�`Ý

]¯KÐmïÄ.

8c, ^uïÄ�`Ý]üÑ��ÅÅÄÇ�.Ì�kHeston�ÅÅ

ÄÇ�.(Heston, 1993)!3/2�ÅÅÄÇ�.(Heston, 1997)94/2�ÅÅÄÇ�

.(Grasselli, 2017). Ù¥, Heston�ÅÅÄÇ�.e��`Ý]¯K®k�þ

ïÄ(Liu, 2007; CérnýÚKallsen, 2008; Egloff�, 2010; Li�, 2018). d	, ÜÐ

W�(2012)!êï�(2017)!��r�(2018)±9oû±�(2021)éHeston�Å

ÅÄÇ�.e��P7Ý]|Ü`z!]�KÅ+n9�xúi��x

Ý]üÑ�¯K?1
ïÄ. ��XéHeston�ÅÅÄÇ�.��\ïÄ

uy, Heston�ÅÅÄÇ�.Ã{[ÜÅÄÇL��4à�¹, 
3/2�ÅÅ

ÄÇ�.��_CIRL§, U
�ÖHeston �ÅÅÄÇ�Øv. Äud, Æö

�33/2�ÅÅÄÇ�.eé�`Ý]¯KÐmïÄ(ChackoÚViceira, 2005;

Yang, 2021; ZengÚTaksar, 2013, �). �5, Æöuy3/2�ÅÅÄÇ�.)û


Heston�ÅÅÄÇ�.�¯K, �d�.Ã{[Ü]�d��$ÅÄA�.

Ïd, �
Ó�)û
Heston�ÅÅÄÇ�.Ú3/2�ÅÅÄÇ�.�Øv,

Grasseli(2017)JÑ
äkVÏfA��4/2�ÅÅÄÇ�.. ykÄu4/2�Å

ÅÄÇ�.é�`Ý]|Ü�ïÄÌ�Äuþ�-��OK9�^¼ê��

zOKÐm. 3þ���µeeÌ�é4/2�ÅÅÄÇ�.eäk�Ø½d�

�`Ý](Yang�, 2021)!Ý]2�x(Zhang, 2021)±9]�KÅ+n(Zhang,

2021; Zhang, 2023)�¯K?1ïÄ. 3�^��zOKeÌ�é4/2�ÅÅÄ

Ç�.eCRRA.Ý]ö��`Ý]¯K?1ïÄ(ChengÚEscobar-Anel, 2021;

HataÚYasuda, 2022; Wang�, 2023; ChengÚEscobar-Anel, 2023; Ma�, 2023). d

12
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	, ChengÚEscobar-Anel(2023)±9Zhang(2023)é4/2�ÅÅÄÇ�.e�­èÝ

]|Ü9]�KÅ+n¯K?1
ïÄ.

du|Ç��ÅCÄU
K�Ý]ö;O!�¤ÚÝ]üÑ�©�,�Æö

�ò�Å|Ç�.Ú\��`Ý]|ÜüÑ�ïÄ¥. �XNohÚKim(2011)ï

Ä
Ã��mS�Å·Ü�.e��`�¤Ý]¯K,��
�`�¤Ý]ü

Ñ�ìC). Escobar�(2018)�éØ��Ú��½|�¹eÄu�Å|Ç��Å

ÅÄÇ·Ü�.��
��Ý]¯K?1ïÄ,uy3Ø��½|¥,Å Ý]

é|Ç�
5��¯a, 
ÅÄÇ��
5é�`Ý]|Ü�K�ØwÍ; 3

��½|¥,ÅÄÇ�
5�|Ç�
5é�`Ý]|ÜþäkwÍK�.�µ

�ÚH°�(2020)ïÄ
�Å|ÇÚa*Ñ·Ü�.e��`Ý]¯K.d	,

LinÚRiedel(2021)é|ÇØ(½�¹e�ëY�m�¤Ý]üÑ?1ïÄ,uy

�|ÇCÄv
��,Ý]<òòÑÅ ½|�Ý]ºx]�. ±þïÄþL²

½||Ç��Å5é�`Ý]|ÜüÑäkwÍK�,ù`²3�ïÝ]|Ü�

.�AT�Ä|Ç�Å5é�`Ý](J�K�.�ÏL©ÛuyykÄu�Å

·Ü�.eé�`Ý]|ÜüÑ�ïÄ,Ì�3Heston�ÅÅÄÇ�.�Ä:þ

Ú\�Å|Ç�.,
Heston�ÅÅÄÇ�.¿ØU�¡£ãºx]��d�Å

Äª³.

nþ¤ã,�`Ý]|Ü�ykïÄ¤J,��ï�`��`Ý]|Ü�.

Jø
rkå�| . ºx]�Ñl�ÅÅÄÇ�.�b�,kÏuÝ]öé]

��ÑÜn�ä,�Ñ�`�Ý]|ÜüÑ;�Å|Ç�.�Ú\,k|uÝ]ö

é½|�Ñk�ý�,?
�Ñ�`�Ý]|Üûü,9�5;½|ºx;�Å|

ÇÚ�ÅÅÄÇ�.�(Ü,U
ýk�ÏÝ]öé½|9±k]��CÄ�¹

�Ñk��ä,l
�Ñ�`�Ý]|ÜüÑ,5;Ý]�´L§¥�ºx. �d

uéÄ:]�CÄA��ïÄE3Øä&¢¥,3�5�xÄ:]�CÄA��

.�ïÄ¥I�?�ÚUõ,¦Ùä�Ün!�¡Úp�5A�.

1.2.6 ïïïÄÄÄãããµµµ

ÏL©zÎnuy,IS	ÆöéÄ:]�d�Ñl�ÅÅÄÇ�.!a�

*Ñ�.9�Å|Ç�.�Ï�½d9Ý]|Ü¯K?1
�\ïÄ,¿��


´a�ïÄ¤J,�éuÓ��ÄÄ:]�Ä�CzA�±9½||Ç�Å5

�Ï�½d9ÙÝ]|ÜïÄ,E�3I�?�Ú�\&?�¯K.Äk, �Å

ÅÄÇ�.e�Ï�½d¯K¥,8cÌ�ÄuHeston�ÅÅÄÇ�.Ðm,
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éuéI�]�ÅÄA�[Ü§Ý�`�4/2�ÅÅÄÇeÏ�½d9Ý]|Ü

¯K�ïÄE?3&¢�ã;Ùg,�âHeston�ÅÅÄÇ�.�*ÐïÄL²,

34/2�ÅÅÄÇ�.Ä:þ�ÄI�]�d��k¸þ�9a��A�U
?

�ÚJp4/2�ÅÅÄÇ�.�½d�J,
yk©zé�Ü©�ïÄÌ��é

��a�L§Ðm,éuäkV�êa*ÑL§�4/2�ÅÅÄÇ�.eÏ�½

d¯Kÿ�ÐmïÄ;��, ½||Ç��Å5éÏ�½d(J�3wÍK�,


4/2�ÅÅÄÇ��Å|Ç�.�(ÜéÏ�½d9Ý]|Ü¯K�ïÄ�k

�?�Ú&?. äN�):

(1) éuÄu�Å|Ç��ÅÅÄÇ·Ü�.�Ï�½d
ó, yk��

Å·Ü�.Ì�´3Heston�.�Ä:þÚ\Vasicek½CIR|Ç�., £ãÄ

:]��ÅÄÇ9|Ç�Å5A�, �,�'ïÄþ��
�½�ïÄ¤J,

�Heston�.¤�Ï�Û¹ÅÄÇ­¡ªu²�,¦��¢SÏ�Û¹ÅÄÇ­

¡A�Ø�Î.�'uHeston�.
ó, 4/2�ÅÅÄÇ�.U
�Ð�[Ü7K

½|Ä:]���ÅÅÄA�,�T�.e¤�Ï�Û¹ÅÄÇ­¡ÎÜ¢SÏ

�½|A�. d	,�'uVasicek�Å|Ç
ó, CIR�Å|Ç�.duFeller^�

���Ø¬Ñy|Ç�K��¹,�8cIS��Ñy|Ç�K���¹. Ïd,

ò4/2�ÅÅÄÇ9CIR�Å|Ç�.�(Ü,�ï4/2-CIR�Å·Ü�.é·Iû

)¬?1½d,U
Uõyk�Å·Ü�.�½d°Ý.

(2)®kÄu4/2�ÅÅÄÇ�.9a�*Ñ·Ü�.éÏ�?1½d��'

ïÄ¥,�õ34/2�ÅÅÄÇ�.¥Ú\{üa*ÑL§,�{üa*ÑL§¥

�a�ÌÝ���©Ù�b�¿ØU£ã7KÄ:]�êâa���é¡5. �

ud,Ü©Æö^V�ê©Ù5�x7KÄ:]�êâa���é¡5,¿��


�Ð�¤J.�,V�êa*ÑL§Ú4/2�ÅÅÄÇ�.U
�p��x7

K½|Ä:êâ�Ä�CzA�,�8còV�êa*ÑL§�4/2�ÅÅÄÇ

�.�(Ü��/¿Ø~�.d	,®k©z®y²ÏL���{�±¼�V�

êa�*Ñ�.eÏ�½dúª�w«). Ïd,34/2�ÅÅÄÇ�.¥Ú\V

�êa�*Ñ�.éÏ�?1½dïÄw��©7�.

(3)8c,Äu4/2�Å·Ü�.�Ï�½dïÄ©O�7I�]�d�Ä�

CÄA�½½||Ç�Å5A�Ðm,��â®k�Å·Ü�.�ïÄuy,Ó

��ÄÄ:]��CÄA�9½||Ç��Å5A�,U
?�ÚUõÏ�½d

�.�½d°Ý.Ïd,��ï��Ünp��Ï�½d�.,Uõyk½d�.

�½d°Ý,JpÏ�éÀºx�Uå,k7�34/2�ÅÅÄÇ�.�Ä:þÓ
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��ÄI�]�k¸þ�!a�9|Ç�Å5A��ïÎÜ¢S�Ï�½d�

..

(4)éu�`Ý]|ÜüÑ�ïÄ,��'��´éÝ]]�?1k���

x,¦�Ý]öÜný�Ý]|��ºx�Ñ�`�Ý]ûü. ykÝ]|Ü�

.¥Ì�ÏL�Å�©�§5�xÝ]]��Ä�Czª³,�®kb½ºx]

�÷v4/2�ÅÅÄÇ�.��`Ý]¯K=�Ä
ÅÄÇ�Å5,�3éÙ�

é¡a�A��xØ�¡�¯K.d	,'u�Å|Çé�`Ý]¯K�K�¯

KÌ��7Heston�ÅÅÄÇ�.Ðm,
Heston�ÅÅÄÇ�.é½|ÅÄÇ

�£ãØ
�¡. Ïd,�Jpºx]��.é7K½|êâ�[Ü§Ý,�ïº

x]�d�÷v4/2-CIRa*Ñ�Å·ÜL§�Ý]|Ü�.é�`Ý]üÑ�

ïÄc�­�.

Äud,�©±äkVÏfA��4/2�ÅÅÄÇ�.�ÄO,©O�ÄI�

]�d���ÅÅÄ!k¸þ�!a�*Ñ�A�9½||Ç�Å5A�,�ï

ØÓÀ�eÄu4/2�ÅÅÄÇ��Å·ÜÏ�½d�.,¿ÏLê��~9¢

y©ÛïÄ�À�e�.�½d�J.d	,Äu4/2�Å·Ü�.3Ï�½dï

Ä¥�(J,3�^��zOKe,�ï
ºx]�÷v4/2-CIRa*ÑL§�Ý

]|Ü�.,¿©Û
�.Ì�ëêé�`ºx��Ú�^���K�.

1.3 ïïïÄÄÄSSSNNN

�âÏ�½d9Ý]|Ü3y�7KÆnØïÄ¥�­�59ÙïÄyG,

�©Ì�SN�ØÓ�Å·Ü�.eÏ�½d9Ý]|Ü�ïÄ.du8c�'

Ï�½d9�`Ý]|Ü�ïÄ,�3éÄ:]�Ä�CzA�£ãØ�¡9é

½||Ç�Å5A��ÄØ±��Øv. 3d�µe,ÄuÄ:]�Ä�CzA

�9½||Ç�Å5A��ïÎÜ7K½|êâ�`z�.,UõykÏ�½d

�.�½d°Ý,�õÝ]|ÜnØïÄNX.d	,éu½d�.9Ý]|Ü�

.?1ê�9¢y©Û,&?��.�½d5U9éÝ]ûü�K�.�©�Ì

�ïÄSN©�XeA��¡:

(1) CIR�Å|Ç94/2�ÅÅÄÇ·Ü�.eîªÏ�½dïÄ.�Ü©SN

Ì��)�.�ï!A�¼ê9½dúª�¦)!ê�©Û9¢y©Û�. Ä

k,3|Ç÷vCIRL§9I�]�Ä�CzL§�Ì4/2�ÅÅÄÇ�.�b�

e,�ï
4/2-CIR�Å·Ü�.. Ùg,�âItôÚn!Fp�C�9î.C��

15



=²ã²�ÆÆ¬Æ Ø© Äu4/2�Å·Ü�.�îªÏ�½d9Ý]|ÜïÄ

¼�
4/2-CIR�Å·Ü�.eI�éê]�d��A�¼ê9îªÏ�½dú

ª. 2g,ÏLê��~©Û|Ç�Å5A�é�.½d(J�K�9�.Ì�

ëêéÏ�½d(J�K�.��,�â½|¢Sêâu��.�½d5U9½

d°Ý,¿©Û�©¤�ï��²;B-S�.9ÄO4/2�ÅÅÄÇ�.3¢S½

|¥�½d�É.

(2) 4/2�ÅÅÄÇ9V�êa*Ñ�Å·Ü�.eîªÏ�½dïÄ.�Ù

SNÌ��)nØ�.��ï!½dúª�¦)9¢y©Û�. Äk,�â7K

½|Ä:]�d��k¸þ�!ÅÄÇ�Å59a�*Ñ�A�,�ï
4/2a

*Ñ�Å·Ü�.. Ùg,|^ItôÚn!ÑtL§�5�9Fp�C���{¼

�
I�éê]��A�¼ê9T�.e�îªÏ�½dúª. 2g,éÄ:]

�d�9ÙéêÂÃÇêâ?1£ã5ÚO©Û,&?þy50ETFÏ�I�]�

d��Ä�CzA�9©Ù¤�ï�.�·^5. ��, Äu½|êâé'©

Û4/2a*Ñ�Å·Ü�.!4/2�ÅÅÄÇ�.!3/2�ÅÅÄÇ�.9Heston�

ÅÅÄÇ�.3ý¢½|¥�½dLy,¿u�4/2a*Ñ�Å·Ü�.3Ï�

½|¥�½d°Ý.

(3)Äu4/2-CIRa*Ñ�Å·Ü�.�îªÏ�½dïÄ.�ÙÌ�Äu1

noÙ�ïÄSN,nÜ�ÄÄ:]��Ä�CzA�9½||Ç�Å5A��

ïÎÜ7K½|êâA��`z�.?1½dïÄ.Äk,3|Ç÷vCIRL§!

I�]�d�÷v4/2a*ÑL§�b�e,�ï
äkm\�A�4/2-CIRa*

Ñ�Å·Ü�.. Ùg,|^ItôÚn!V�êa*ÑL§9CIRL§�5�9F

p�C���{,¼�
4/2-CIRa*Ñ�Å·Ü�.eI�éê]��A�¼ê

9îªÏ�½dúª. ��,Äu½|êâé'©Û4/2-CIR�Å·Ü�.!4/2a

*Ñ�Å·Ü�.94/2-CIRa*Ñ�Å·Ü�.3îªÏ�½d¥�½dLy,

¼��`�îªÏ�½d�.,��`Ý]|Ü¯K�ïÄJønØÄ:.

(4)Äu4/2-CIRa*Ñ�Å·Ü�.��`Ý]|ÜïÄ.�Ù�Ì�SN

k4/2-CIRa*ÑÝ]|Ü�.��ï!�`¯K�¦)9ëê�¯a5©Û�.

Äk,Äu�Å·Ü�.3Ï�½dïÄ¥�Ly,�Ù3½|dÕ1�±!|

Ç�½�Ã!�¦�ê9û)�¬�]�|¤�cJe,�ï
4/2-CIRa*Ñ

Ý]|Ü�.. Ùg,�âÄ�5y9�Å��nØ¼�
T�.e��`Ý]

üÑ!�`ºx����!g`ºx��9�^���. ��,ÏLê��~©

Û�.ëêé�`ºx��9�^���K�.
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1.4 ïïïÄÄÄggg´́́���ïïïÄÄÄ���{{{

1.4.1 ïïïÄÄÄggg´́́

3·I7K½|ØäuÐÚ�õ��µe,O(©Û7K]�d�CÄA�,

´Ý]örº7K½|uÐª³�­�Ãã,�´Ün�ïÏ�½d9Ý]|Ü

�.�Ä:. d	,�ïÎÜ7K]�¢SuÐª³�½|�.,ïÄ7Kû)¬

½d9�`Ý]¯K,�±k�/5;Ý]ö3�´L§¥¤¡��]7$�º

x. ��©±7KÄ:]�Ä�CÄA�9½||Ç�Å5�Ì��\:,�ï

ÎÜ7K]�¢SuÐª³�½|�.,éÏ�½d9�`Ý]¯K?1ïÄ,

¿�â¢S½|êâ©Û�.�½d5U9�.ëêé�`ºx��Ú�^�

��K�.äN5ù: Äk,±I�]�d�ÅÄ��Å5Ú½||Ç��Å5�

Ì��â,�ïÄu4/2-CIR��Å·Ü�.éîªÏ�?1½dïÄ.ÏLê�

©Û��{©Û|Ç�Å5éÏ�½d�.½d(J�K�,¿�â¢Sêâé

�.ëê?1�O©Û�.�½d5U.Ùg,3I�]�ÅÄÇäk�Å5�

cJe,±I�]�d��k¸þ�9a��A��Ø%,�ï4/2a*Ñ�Å·

Ü�.éîªÏ�½d¯K?1ïÄ.3dÄ:þ,�â¢S½|êâé�.ë

ê?1�O,¿é�.�½d5U?1�\&?. 2g,¿©�ÄI�]�Ä�C

zA�9½||Ç�Å5éÏ�d��K�,�ï4/2-CIRa*Ñ�Å·Ü�.

éîªÏ�?1½dïÄ.�â½|¢Sêâé�.ëê?1�O,¿òd�.

�½d5U�cü�À�e�.�½d5U?1é',©ÛØÓ�.3îªÏ�

½d¯K¥�½d5U.��,�âÄ:]�CÄA�9½||Ç�Å5A�,3

�^¼ê��zOKe�ï�`Ý]|Ü�.,�âÄ�5y�n9�Å��n

Ø¼�T�.eÝ]|Ü��`¯K,¿ÏLê�~f©Û
�.ëêé�`º

x��Ú�^���K�.�©�Eâ´�ãXe:
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理论

分析

数值

分析

实证

分析

已有研究

基础

理论基础

研究背景

与意义
创新之处

研究思路与

研究方法
研究内容

国内外研

究现状

随机分析

基础理论

随机过程

相关理论

期权定价

理论

投资组合

理论

主要内容

总结

数值算例

及分析

求解 HJB

方程

构建投资

组合模型

求解最优投

资策略

参数

估计

推导定

价公式

求解特

征函数

敏感性

分析

构建定

价模型

图 1.1 技术路线图

文献分析法

粒子群优化

算法、对比

分析

����引理、傅

里叶变换、

欧拉变换、

动态规划原

理、效用函

数最大化理

论

结构安排

定价性

能分析

交叉验证法
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1.4.2 ïïïÄÄÄ���{{{

Äu7K½|Ä:]�Ä�CÄ9½||Ç�Å5A�éÏ�½dÚ�`

Ý]|Ü�ïÄ,Ø=I�l�.�ï�¡?1nØ&?,
�I�(Ü7K½

|¢Sêâ?1¢yu�. �©�Ìl{ü�E,�ïÄüÑ,Ì�±©z©Û

{!nØ©Û!ê�©ÛÚ¢y©Û�(Ü�ïÄ�{éÏ�½d9�`Ý]

¯KÐm?Ø.

(1)©z©Û{. éIS	�'©z?1Îno(,¿©
)¿o(Æö�Ä

uÄ:]�Ä�CzA�9½||Ç�Å5A�éÏ�½d9�`Ý]|Ü¯

K�ïÄ?Ð,�¡Ýº®kÏ�½d9Ý]|Ü�.�`":,¿é��©ï

Ä�Ì��\:,?
JÑ�©�ïÄg´.

(2)nØ©Û{. �ïÎÜ¢S7K½|A��`z�.3Ï�½dnØÚ

Ý]|ÜnØïÄ¥äkÞv�­�/ . 3Ï�½dïÄ¥,�©3®k�Å

ÅÄÇ�.!�Å|Ç�.!a�*Ñ�.9�Å·Ü�.�Ä:þ,ÄuØÓ

À��ï
�A�Ï�½d�.,¿|^ItôÚn!Fp�C�9î.C���

{,¼�
ØÓ�.eÏ�I�éê]��A�¼ê9îªÏ�½dúª;3�

`Ý]|ÜïÄ¥,ÄuÏ�½dïÄ(J,�ï
ÎÜý¢½|]�d�CÄ

A���Å·ÜÝ]|Ü�.,¿�â�`znØ9Ä�5y�n¼�
T�.

e�Ý]|Ü¯K��`).

(3)ê�©Û�¢y©Û�(Ü��{. ÄuÏ�½d9Ý]|Ü�nØï

Ä,ÏL���y{,ïÄ|Ç�Å5é�.½d(J�K�!Ï��.ëêé

½d(J�K�9Ý]|Ü�.ëêé�`ºx��9�^���K�.d	,

¢y©ÛÜ©|^âf+`z�{éÏ�½d�.ëê?1�O,¿ÏLé'©

Û��{,u�ØÓ^�e�'�.3îªÏ�½|¥�½dLy.

1.5 (((���SSSüüü

�âïÄSNò�©©�Ô�Ù!,�Ù!äNSNXe:

1�Ù´XØ.Äk,0��©�ïÄ�µÚïÄ¿Â,�[©Û�ïÄÌK

�7�5Ú­�5;Ùg,©Oò�ÅÅÄÇ�.e�Ï�½dïÄyG!a�

*Ñ�.e�Ï�½dïÄyG!�Å|Ç�.e�Ï�½dïÄyG!�Å

·Ü�.eÏ�½dïÄyG97K½|Ý]|ÜïÄyG?1�[În!8

BÚo(,²(Ï�½d9Ý]|Ü®kïÄ¤J9�ÿÐ�m;2g,�â©z
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În(J,JÑ�©�ïÄSN!ïÄg´!ïÄ�{9(�Sü;��,V)¿

Jõ�©ïÄ�M#�?.

1�Ù��'Vg�nØÄ:. Äk,0�7KêÆÄ:óä,�)�Å©Û

Ä:nØ9�ÅL§Ä�Vg. Ùg,éÏ�½d�Ä:�.Ðm?Ø,¿©Ûy

kÏ�½d�.�`":. Ì�é²;B-S�.!�ÅÅÄÇ�.!a�*Ñ�

.9�Å|Ç�.?10�. ��,0�7K½|Ý]|Ü�'nØ,X�Å��

¯K!Ä�5y�n!Hamilton-Jacobi-Bellman(HJB)�§9�^¼ê�. �Ü©

SN��YÏ�½d9Ý]|Ü�ïÄJø
nØ| .

1nÙ´Äu4/2-CIR�Å·Ü�.�îªÏ�½dïÄ.7K½|¥K�]

�½d�Ï�kNõ,�|ÇÚ]�ÅÄÇ´��­��Ï�.Ïd,�Ùò]�

ÅÄÇ�Å5Ú½||Ç�Å5�(Ü,�ï
4/2-CIR�Å·Ü�.,¼�
T

�.eîªÏ�½dúª,¿©Û�.ëêéÏ�½d(J�K�.d	,Äu½

|¢Sêâé�.ëê?1�O,¿ÏL¢y©Û�y�.�Ün5!k�59

°(Ý.

1oÙ´Äu4/2a*Ñ�Å·Ü�.�îªÏ�½dïÄ.Äk,3I�]

�d�äk�ÅÅÄ�cJe,òa�*ÑL§Ú\�£ãI�]�Ä�CzA

���.¥,¿Äud�ï4/2a�*Ñ�Å·ÜîªÏ�½d�.. Ùg,ÏL

Fp�C���{¼�
#�.e�îªÏ�½dúª. 2g,éý¢�½|ê

â?1£ã5ÚO©Û,&?¤Àêâ�Ä�CzA�,©Û#�.�·^5Ú

Ün5. ��,�â½|ý¢êâé�.ëê?1�O,©Û�.�½d5UÚ½

d°Ý.

1ÊÙ´4/2-CIRa*Ñ�Å·Ü�.e�îªÏ�½dïÄ.Äu1nÙÚ

1oÙ�ïÄuy,I�]�d��Ä�CzA�Ú½||Ç��Å5þUK�

Ï��½d(J.Ïd,�Ùò1nÙÚ1oÙ��.?1í2,�ïQU�¡£

ãI�]�d�Ä�CzA�,qUÜn�A½||Ç�Å5�4/2-CIRa�*

Ñ�Å·Ü½d�.,¿¼�
d�.e�îªÏ�½dúª9ÙA�¼ê. d

	,|^`z�{é�.ëê?1�O,¿ò#�.�1nÙÚ1oÙ��.?

1é',©Û#�.�½d5U9`³.

18Ù´4/2-CIRa*Ñ�Å·Ü�.e��`Ý]|ÜïÄ. Äuk

'4/2�Å·Ü�.3Ï�½d¥�`ûLy,�ÙnÜ�Ä7K]�Ä�Cz

9½||Ç�Å5A�,�ï
ÎÜ¢S7K]�Ä�CÄA���`Ý]|Ü

�.. �âÄ�5y�n9�Å��nØ¼�
��^¼êe��`ºx��!
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�`Ý]üÑ9�^���,¿ÏLê��~©Û
�.ëêé�`ºx��9

�^���K�.

1ÔÙ�o(�Ð". é�©�­�ïÄ(Ø?1o(,¿é�5�ïÄ?

1Ð".
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1.6 MMM###���???

�©3®kÏ�½d9Ý]|Ü�ïÄÄ:þ,Äu�Å©Û!Ï�½d9

Ý]|ÜnØ��#ïÄ¤J,ò�ÅÅÄÇÏ�½d�.!�Å|ÇÏ�½d

�.!a�*ÑÏ�½d�.9�Å·ÜÏ�½d�.?1*Ð,©O�ï
Ø

ÓÀ�e�`z�.,¿ÏL¢S½|êâu�
�.3îªÏ�½d¯K¥�

½d5U.d	,ÏLê�~f©Û�.ëêéÏ�½d(J9Ý]üÑ�K�.

�©�Ì�M#:Xe:

�´ÄuÄ:]��ÅÅÄ!k¸!þ�!a�9½||Ç�Å5�A�,

©O�ï
4/2-CIR�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIRa*Ñ�

Å·Ü�.. Ù¥, 4/2-CIR�Å·Ü�.Ì��7Ä:]�ÅÄÇ9|Ç�Å5

A�Ðm,T�.Ø=Ó�)û
Heston�ÅÅÄÇ�.eÏ�Û¹ÅÄÇ­¡

Lu²"93/2�ÅÅÄÇ�.eÏ�Û¹ÅÄÇ­¡LuÍ��¯K,
�é

½||Ç�Å5A�?1
�¡£ã,�Ö
yk�ÅÅÄÚ�Å|Ç·Ü�.

�Øv; 4/2a*Ñ�Å·Ü�.Ì��Ä
Ä:]�Ä�CzA�éÏ�½d

(J�K�,�'uDÚ��ÅÅÄ9a�*Ñ·Ü�.,T�.Ø=£ã
Ä

:]��k¸!þ�9�ÅÅÄA�,
�°(�x
Ä:]���é¡a�A

�; 4/2-CIRa*Ñ�Å·Ü½d�.nÜ�Ä
Ä:]��Ä�CÄA�9½

||Ç��Å5A�,T�.��ï�\�¡��Ä
K�Ï�d��Ï�.

�´�ï
ÎÜ¢S7K½|A��Ý]|Ü�.,¼�
T�.e��`

Ý]üÑ.®k'uÓ��Ä�ÅÅÄÇ!�Å|Ç!k¸!þ�9a�*ÑA

�é�`Ý]|Ü¯K�ïÄ,�õÄuHeston�ÅÅÄÇÚ3/2�ÅÅÄÇ�.

Ðm,�Heston�ÅÅÄÇ93/2�ÅÅÄÇéÄ:]���x��¡¡. �é


ó,äkVÏfA��4/2�ÅÅÄÇ�.éÄ:]�ÅÄÇ�Å5A���x

���¡. d	,®kÄu4/2�ÅÅÄÇ�.e��`Ý]|Ü¯K=lÄ:�

.Ñu,¿��ÄÄ:]��k¸!þ�!�é¡a�9½||Ç��Å5A�.

Ïd,�©3b½ºx]÷v4/2-CIRa*Ñ�.�b½e,�ï
4/2-CIRa*Ñ

�Å·ÜÝ]|Ü�..

n´�©¤�ï4/2-CIR�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIRa

*Ñ�Å·Ü�.þJp
®k�ÅÅÄÇ�.�½d°Ý.Ù¥,äkm\�

A�4/2-CIRa*Ñ�Å·Ü�.3îªÏ�½d¥�Ly�`. T(ØØ=`

²Äu7KÄ:]�d�Ä�CÄA�9½||Ç�Å5A��ïÏ�½d�
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.�ÜnÚk�5,
��Ý]|Ü�.��ïJø
#�ïÄg´. d	,æ

^ØÓÝ]|Ü�.¤�Ý]üÑ��^�����L², 4/2-CIRa*ÑÝ]

|Ü�.e�Ý]üÑ`u4/2�ÅÅÄÇ94/2-CIR�Å·Ü�.e�Ý]ü

Ñ.T(ØØ=L²�©Äu4/2-CIRa*Ñ�Å·Ü�.?1Ý]ûü�Ün

5,¿�y²
Äud�.¤�Ý]üÑ��`5.
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2 nnnØØØÄÄÄ:::

�ÙÌ�0��ÅL§!�Å©Û!Ï�½d�.9Ý]|Ü�Ä:nØ,

��YÏ�½d9Ý]|Ü�ïÄJønØ| .

2.1 777KKKêêêÆÆÆ���'''nnnØØØ

2.1.1 ���ÅÅÅLLL§§§���'''nnnØØØ

�ÅL§37K½|êâA��£ã¥äk�'­���^. Ïd,�Jp

é7K½|Ä:]�d�ª³�[Ü§Ý,��!ò£ãÄ:]�d�ª³L§

¥¤I�ÅL§9�'L§�Vg?10�. Ì��)�ÅL§!�L§!ÙK

$Ä!ItôL§!LévyL§!ÑtL§9aL§��Ä�Vg.

½½½ÂÂÂ 2.1(Choe, 2016;���ÅÅÅLLL§§§)�I ∈ R´�¢ê8, (Ω,F ,P)��VÇ�m.

eéu∀t ∈ I, X(ω, t)Ñ´½Â3���mþ����ÅCþ,K¡ù��ÅCþ

x��ÅL§,P�{X(ω, t), t ∈ I},{P�{X(t), t ∈ I}½{Xt}t∈I ,Ù¥, I¡�ëê

8!�I8½�m8.

½½½ÂÂÂ 2.2(Choe, 2016;���)b½�ÅL§{Xt}t∈I´'u{Ft}t∈I·A�,¿�é

u∀t, Xt´�È�,=E[|Xt |]< ∞

(1)eéu∀s≤ t,kXs = E[Xt |Fs],K¡{Xt}t∈I´���;

(2)eéu∀s≤ t,kXs ≤ E[Xt |Fs],K¡{Xt}t∈I´��e�;

(3)eéu∀s≤ t,kXs ≥ E[Xt |Fs],K¡{Xt}t∈I´��þ�.

½½½ÂÂÂ 2.3(Choe, 2016; Yan, 2018; ÙÙÙKKK$$$ÄÄÄ) b½{X(t), t ≥ 0}´��ÅL§,

e÷v±e^�

(1) X0 = 0;

(2)é¤k�0≤ s≤ t,OþXt−XsÑlþ��0,���t− s���©Ù;

(3)éu∀t0 < t1 < t2 < .. . < tn,OþXt1−Xt0,Xt2−Xt1, . . . ,Xtn−Xtn−1�pÕá,

K¡{X(t), t ≥ 0}�ÙK$Ä.

½½½ÂÂÂ 2.4(Shreve, 2004; ItôLLL§§§) b½{Wt}t≥0´(Ω,F ,P)¥�ÙK$Ä,

KItôL§´äkXe½Â��ÅL§

Xt = X0 +
∫ t

0
usds+

∫ t

0
vsdWs, (2.1.1)

Ù¥, ut´�È·AL§, vt´²��È�·AL§.
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d	,Qäkê��Å5qäk�5�LévyL§,U
��Ün�£ã7K

½|�k¸!þ�9a�����A�,37K½|�ïÄ¥äk2�A^. �

©1o!Ê98ÙSNòÄudL§�ï�'�.,�édL§�'Vg9úª

?1{ü0�.

½½½ÂÂÂ 2.5(Nunno�, 2008; LévyLLL§§§) b½(Ω,F ,P)´�����VÇ�m,

{X(t), t ≥ 0}´��VÇ�mþ��ÅL§,e�ÅL§{X(t), t ≥ 0}÷v±e^

�,K¡Ù�LévyL§

(1) X(0) = 0 (P-a.s.);

(2) {X(t), t ≥ 0}äkÕáOþ5, =éu¤k�t > 0,h > 0, OþX(t + h)−

X(t)�X(s),s≤ tÕá;

(3) {X(t), t ≥ 0}äk²­Oþ5, =éu¤k�t > 0,h > 0,, OþX(t + h)−

X(t)�X(h)k�Ó�VÇ©Ù;

(4) {X(t), t ≥ 0}´�ÅëY�,=é∀t ≥ 0,ε > 0,klim
s→t

P{|X(t)−X(s)|> ε}=0;

(5) {X(t), t ≥ 0}äkëY´»,={X(t), t ≥ 0}���´»´mëY�,��3

�4�.

½½½ÂÂÂ 2.6(Shreve, 2004; ÑÑÑtttLLL§§§) eVÇ�m(Ω,F ,P)¥�OêL

§{N(t), t ≥ 0}÷v±e^�,K¡Ù�ëê�λ (λ > 0)�ÑtL§

(1) N(0) = 0;

(2) {N(t), t ≥ 0}´ÕáOþL§;

(3) 3?��Ý�t��mS¯�u)�gêÑlþ��λ t�Ñt©Ù, =

é∀t ≥ 0,τ > 0,k

P{N(t + τ)−N(t) = k}= (λ t)k

k!
e−λ t ,k = 0,1,2, . . . .

½½½ÂÂÂ 2.7(Shreve, 2004;aaaLLL§§§)�(Ω,F ,P)��VÇ�m, Ft ´TVÇ�m

þ�6�. b½{W (t)}t≥0´'uFt�ÿ�ÙK$Ä, {N(t)}t≥0´'uFt�ÿ�

ÑtL§, �éu¤k�u > t, W (u)−W (t)ÚN(u)−N(t)þ�Ft�pÕá. eb

½{X(t)}t≥0´äkXe/ª�mëY�ÅL§

X(t) = X(0)+ I(t)+R(t)+ J(t),

Ù¥, I(t) =
∫ t

0 A(s)dW (s)´�Ft�'��BÈ©, R(t) =
∫ t

0 L(s)ds´�·AL§�

iùÈ©, J(t)´�·A�mëYXaL§,K¡{X(t)}t≥0�aL§.

½½½ÂÂÂ 2.8(Nunno�, 2008; Lévy-Itôúúúªªª)�(Ω,F ,P)��VÇ�m, {X(t), t ≥
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0}´äkXe/ª�Itô-LévyL§

X(t) = x+
∫ t

0
α(s)ds+

∫ t

0
β (s)dW (s)+

∫ t

0

∫
R

γ(s,z)N(ds,dz),

Ù¥, α(s),β (t),γ(t,z)þ���L§.

b½ f : (0,∞)×R→ R´VÇ�m(Ω,F ,P)¥�¼ê,-

Y (t) := f (t,X(t)), t ≥ 0.

KL§{Y (t), t ≥ 0}�´Itô-LévyL§,Ù�©/ªXe

dY (t) =
∂ f
∂ t

(t,X(t))dt +
∂ f
∂x

(t,X(t))α(t)dt +
∂ f
∂x

(t,X(t))β (t)dW (t)

+
∫

R

[
f (t,X(t)+ γ(t,z))− f (t,X(t−))− ∂ f

∂x
(t,X(t))γ(t,z)

]
ν(dz)dt

+
∫

R

[
f (t,X(t−)+ γ(t,z))− f (t,X(t−))

]
N(dt,dz)

+
1
2

∂ 2 f
∂x2 (t,X(t))β 2(t)dt.

Ù¥, ν´{X(t), t ≥ 0}�LévyÿÝ.

3Ï�½d9Ý]|ÜïÄ¥, ��'��´�ïºx¥5ÿÝeI

�]�÷v��©�§, ºx¥5ÿÝ´ÏLéý¢ÿÝ?1ÿÝC�

¼�. �Radon-Nikodym �êÚGirsanov½n´?1ÿÝC��'�. Ïd,

éRadon-Nikodym�ê9Girsanov½n?1�[0�, �Ï�½d9Ý]|Ü�

.��ïJø�æ.

½½½ÂÂÂ 2.9(Choe, 2016; Kwok, 2008; Radon-Nikodym���êêê) -PÚQ´ÿÝ�

m(Ω,F )þ�k�ÿÝ, eQ� P, K�3���K�ÿ¼êX : Ω→ R, ¦�

é∀A ∈F ,k

Q(A) =
∫

A
XdP,

K¡X´QéP�Radon-Nikodym�ê.

2.1.2 ���ÅÅÅ©©©ÛÛÛ���'''nnnØØØ

Ünk�¦)I�]�÷v��©�§´Ï�½d9Ý]|ÜïÄ�Ä:,


ItôÚn9Feynaman-Kac½néu¦)�©�§�©­�.d	,�;�½dL

§¥�)@|,I3ºx¥5ÿÝe�ï½d�.,�3ºx¥5ÿÝeI�]
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��byd�´���. éuºx¥5ÿÝeÏ�½d¯K�ïÄ,  I�ò

äk¤£��Ä�L§=z��L§,ù�L§�=zI�|^Girsanov½n. Ä

ud, ��!Ì�0�ItôÚn!Feynaman-Kac½n9Girsanov½n�nØ, ��

YÏ�½d9Ý]|Ü�.��ï9¦)C½Ä:.

ÚÚÚnnn 2.1(Kwok, 2008; ItôÚÚÚnnn) b½ f (t,x)´'ut�g��, 'ux�gë

Y���ëY¼ê, Ù'ut Úx� �ê� ft(t,x), fx(t,x)Ú fxx(t,x), {Xt}t≥0´

d(2.1.1)ª½Â�ItôL§,Kéu∀t ≥ 0,k

d f (t,Xt) = ft(t,Xt)dt + fx(t,Xt)vtdWt + fx(t,Xt)utdt +
1
2

fxx(t,Xt)v2
t dt.

½½½nnn 2.1(Choe, 2016; Feynman-Kac½½½nnn) -F,µ,σ : [0,T ]×R → R´'

utÚx���¼ê, h : R→ R´'ux���¼ê. éuXe� �©�§ ∂F
∂ t (t,x)+µ(t,x)∂F

∂x (t,x)+
1
2σ2(t,x)∂ 2F

∂x2 (t,x) = 0,0 < t < T,

F(T,x) = h(x),

e�ÅL§{Xt}t≥0÷vdXt = µ(t,Xt)dt +σ(t,Xt)dWt ,K

F(t,x) = E[h(XT )|Ft ]
∣∣
Xt=x = E[h(XT )|Xt = x].

½½½nnn 2.2(Kwok, 2008; Girsanov½½½nnn)-{Wt}t∈[0,T ]´VÇ�m(Ω,F ,P)þ�

ÙK$Ä,e{Ft}t∈[0,T ]´�éA�&E6, b½{θ(t)}t∈[0,T ]´'u&E6Ft �

�·L§. éut ∈ [0,T ],½Â

W̃t =
∫ t

0
θ(s)ds+Wt ,

Xt = exp
{
−
∫ t

0
θ(s)dWs−

1
2

∫ t

0
θ

2(s)ds
}
,

�θ÷v±eNovikov^�

E
[

exp
{

1
2

∫ T

0
θ

2(s)ds
}]

< ∞,

=E[X(T )] = 1,½Â��#�ÿÝQ,¦�

Q(A) =
∫

A
X(T )dP, ∀A ∈F ,

K{W̃t}t∈[0,T ]´��ÙK$Ä.
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2.2 ÏÏÏ���½½½dddnnnØØØ���...

B-SÏ�½dnØ��7K+�A^��2��½dnØ,3Ï�½d+�

äkp§
q�¿Â.8c,éuÏ�½dnØ�ïÄ�õ´�éB-S�.�Øv

Ðm. Ïd,�©kéB-S�.?10�¿�ãÙØv,��éyk�éB-S�.Ø

v�U?�.?1{ü�ã,?
ÚÑ�©�Ì�'5:9SN.3�YÙ!¥,

ò±��!¤�½d�.�ÄO�.,&?#ï�.�½d5U.

2.2.1 Black-Scholes���...

Black-Scholes(B-S)�.´BlackÚSchole(1973)JÑ,Ù��²;�Ï�½d

�.®�2�A^uÏ�½d�ïÄ¥,±d�.��ÄO�.äk�½�ïÄ

Ä:.

B-S�.�A^I÷v±eb�^�:

(1)7K½|´���,=½|þØ�3@|Å¬!�´¤^Ú<s[;

(2)½|�ë�ö�±ëY?1�´,¿#N��;

(3)½|�Ãºx|ÇÚÅÄÇþ�~ê;

(4)3Ï�Ü��±kÏS,I�]�Ø|Gù|,�Ã�E½Ù¦©�;

(5)I�]�d�ÑlAÛÙK$Ä,=dSt = µStdt +σStdWt .

�âI�]�d�÷v��Å�©�§,�±¼�Ï�Ü�d�÷v� �

©�§,=

∂V
∂ t

+
1
2

σ
2S2

t
∂ 2V
∂S2 + rSt

∂V
∂S
− rV = 0, (2.2.1)

Ù¥, VL«Ï�3t���d�, rL«Ãºx|Ç.

ÏL¦)Ï�Ü�d�÷v� �©�§,�¼�B-S�.eîªwÞÏ�

½dúªXe

C(St , t) = StN(d1)−Ke−r(T−t)N(d2), (2.2.2)

Ù¥, d1 =
ln St

K +(r+ 1
2 σ2)(T−t)

σ
√

T−t
, d2 = d1−σ

√
T − t, C(St , t)L«�1d��K!�Ï

F�T�îªwÞÏ�3t���d�, N(·)L«��©Ù�\È©Ù¼ê.

�,B-S�.3Ï�½dïÄ¥äkp§
q�¿Â,�Ùî��b�^�

�7K½|�¢S�¹Ø�Î,ÏdÆöéB-S�.?1U?,lØÓ�ÝÑuJ

Ñ
�þU?�Ï�½d�.. �éB-S�.¥~ê|Ç!~êÅÄÇ9I�]
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�Ñl��©Ù�b�,©OJÑ
äk�Å|Ç!�ÅÅÄÇ9a*ÑA��

Ï�½d�..

2.2.2 CIR���ÅÅÅ|||ÇÇÇ���...

�XI[²L�ü±97K½|G¹��ØäCz,|ÇØ2´��~ê


äk�½�ÅÄ5. �é|Ç��Å5¯K, Vasicek(1977)JÑ
Vasicek�.^

u£ã]�|Ç�Ä�L§. Cox�(1985)JÑCIR�.Ì�£ã�Ï|Ç�þ�

£E5. �,VasicekÚCIR�.þ��
Æö�2�'5,�Vasicek�.¥|Ç

�UÑyK���¹,
CIR�.duÙFeller^����,¦�|Ç���þ�

u". d	,8cIS|Ç�ÑyK���¹,
�©�ïÄÌ��éIS7K½

|Ðm. Ïd,��!Ì�éCIR�Å|Ç�.?10�.

CIR�.e|Ç÷v±eÄ��§

drt = κ(θ − rt)dt +σ
√

rtdWr,t , (2.2.3)

Ù¥, κ�|Ç�þ�£E�Ý, θ�|Ç�þ�£EY², σ�|Ç�ÅÄÇ,

�2κθ ≥ σ2.

s��|Ç�VÇ�Ý�

f (rs,s;rt , t) = ce−u−v
(v

u

) q
2

Iq(2(uv)
1
2 ),

c≡ 2κ

σ2(1− e−κ(s−t))
,

u≡ crte−κ(s−t),

v≡ crs,

q≡ 2κθ

σ2 −1,

Ù¥, Iq(·)´?��Bessel¼ê. AO/,Ù©Ù¼ê´gdÝ�2q+2,�¥%ë

ê�2u��¥%k�©Ùχ2(2crs;2q+2,2u). þ�Ú��©O�

E(rs|rt) = rte−κ(s−t)+θ(1− e−κ(s−t)),

Var(rs|rt) = rt

(
σ2

κ

)
(e−κ(s−t)− e−2κ(s−t))+θ

(
σ2

κ

)
(1− e−κ(s−t))2.
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2.2.3 ���ÅÅÅÅÅÅÄÄÄÇÇÇ���...

éuB-S�.ÅÄÇ�~ê�b�,Æö��ï
ØÓ��ÅÅÄÇ�.,�

ïÄÌ�'5��²;�Heston�ÅÅÄÇ�.9Ù�'�3/2�ÅÅÄÇ�.

Ú4/2�ÅÅÄÇ�.. Ïd,��!Ì�éHeston�ÅÅÄÇ�., 3/2�ÅÅÄ

Ç�.Ú4/2�ÅÅÄÇ�.?1�[0�.

2.2.3.1 Heston���ÅÅÅÅÅÅÄÄÄÇÇÇ���...

Heston�ÅÅÄÇ�.b½I�]�d�St÷v±e�Å�©�§

dSt = µStdt +
√

VtStdWt , (2.2.4)

Ù¥, StL«I�]�3t���d�, µL«Ï"£�, Wt�ÙK$Ä, Vt�I�]

�d��ÅÄÇ.

I�]�d�ÅÄÇVt÷vXe�§

dVt = α(θ −Vt)dt +σ
√

VtdWv,t , (2.2.5)

Ù¥, ëêα,θ ,σ©OL«ÅÄÇ�þ�£E�Ý!þ�£EY²9ÅÄÇ,

Wv,t�IOÙK$Ä,�d <Wv,t ,Wt >= ρdt.

Heston�ÅÅÄÇ�.eîªÏ��½dúª

C(St ,Vt , t) = StΠ1−Ke−rT
Π2, (2.2.6)

Ù¥, C(St ,Vt , t)L«îªwÞÏ�d�, StL«t��I�]��d�, KL«�1

d�, Π j, j = 1,2��A�A�¼ê,äN/ªXe

Π j(x,v, ln(K)) =
1
2
+

1
π

∫
∞

0
Re
[

e−iu ln(K)Φ j(x,v, t,u)
iu

]
du,

Φ j(x,v, t,u) = exp{C(τ,u)+D(τ,u)v+ iux} ,

C(τ,u) = ruiτ +
a

σ2

[
(b j−ρσ iu+d)τ−2ln

(
1−gedτ

1−g

)]
,

D(τ,u) =
b j−ρσ iu+d

σ2

(
1− edτ

1−gedτ

)
,

g =
b j−ρσ iu+d
b j−ρσ iu−d

,

d =
√
(ρσ iu−b j)2−σ2(2ϕ jiu−u2),
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Ù¥, x = lnSt ,τ = T − t,v = Vt , ϕ1 =
1
2 ,ϕ2 = −1

2 ,b1 = α +λ −ρσ ,b2 = α +λ ,a =

αθ , λL«ÅÄÇºxd�.

2.2.3.2 3/2���ÅÅÅÅÅÅÄÄÄÇÇÇ���...

�,Heston�ÅÅÄÇ�.ÏÙU
Ün£ã7K½|¥�ÅÄÇ���

A�
Úå
2�'5,�3¢SA^¥E�3�
Øv. X,�
[ÜÍ��

I�]�­¡�)�����ÅÄÇëê,¦��OëêØ÷vFeller^��;d

	,duHeston�ÅÅÄÇ�.é�~$�½=ò���ÅÄÇ��D����

�­,Ã{[Ü4à�¹¦�T�.¤�O�Ï�Û¹ÅÄÇ­¡ªu²�.u

´,�)ûù�¯K, Heston(1997)JÑ
3/2�ÅÅÄÇ�.,Ùb�ÅÄÇÑl

_CIRL§,#N]�ÅÄÇÑy¸��4à´»,d�.e¤�)�Û¹ÅÄÇ

­¡��Í�.

3/2�ÅÅÄÇ�.b½I�]�d�St÷v±e�§

dSt = µStdt +
√

VtStdWt , (2.2.7)

Ù¥, StL«I�]�3t���d�, µL«Ï"£�, Wt�ÙK$Ä. Vt�I�]

�d��ÅÄÇ.

3d�¹e,I�]�d�ÅÄÇVt÷vXe�§

dVt =Vt(η−κVt)dt + εV
3
2

t dWv,t , (2.2.8)

Ù¥,ëêκVtL«ÅÄÇ�þ�£E�Ý, η

κ
L«ÅÄÇ�þ�£EY², ε�Å

ÄÇ�ÅÄÇ, Wv,t�IOÙK$Ä,�d <Wv,t ,Wt >= ρdt. d	,du(2.2.8)ª¥

*Ñ�´�ÅÅÄÇVt�3/2g�,Ïdòd�.¡�3/2�ÅÅÄÇ�..

2.2.3.3 4/2���ÅÅÅÅÅÅÄÄÄÇÇÇ���...

3/2�ÅÅÄÇ�.�,�Ö
Heston�ÅÅÄÇ�.�"�,�Äu3/2�Å

ÅÄÇ�.¤�)�Ï�Û¹ÅÄÇ­¡��Í�.¢S½|¥Ï�Û¹ÅÄÇ

L¡Q�Uªu²"��U��Í�,
Heston�ÅÅÄÇ�.�3/2�ÅÅÄÇ

�.�)�Ï�Û¹ÅÄÇ�Ç�U£ã�«�¹. Ïd,�Ó�)ûHeston�

ÅÅÄÇ�.Ú3/2�ÅÅÄÇ�.�":, Grasselli(2017)JÑ
4/2�ÅÅÄÇ

�.,T�.äkVÏ��.�A:,�±�O(/£ã7K½|êâÅÄÇ�

Cz�¹.
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4/2�ÅÅÄÇ�.b½I�]�d�St÷v±e�§

dSt = µStdt +
(

a
√

Vt +
b√
Vt

)
StdWt , (2.2.9)

Ù¥, StL«I�]�3t���d�, µL«Ï"£�, Wt�ÙK$Ä, Vt�I�]

�d��ÅÄÇ.

d�,I�]�d�ÅÄÇVt÷vXe�§

dVt = α(θ −Vt)dt +σVtdWv,t , (2.2.10)

Ù¥,ëêαL«ÅÄÇ�þ�£E�Ý, θL«ÅÄÇ�þ�£EY², σL«Å

ÄÇ�ÅÄÇ, Wv,t�IOÙK$Ä,�d <Wv,t ,Wt >= ρdt.

XJZt =V−1
t ,K_CIRL§÷v��Å�©�§Xe

dZt = α̃Zt(θ̃ −Zt)dt + σ̃Z
3
2
t dWv,t , (2.2.11)

Ù¥, α̃ = αθ −σ2, θ̃ = α

αθ−σ2 , σ̃ =−σ .

�â(2.2.11)ª�±wÑ, 3/2�ÅÅÄÇ�.�Heston�ÅÅÄÇ�.��

É´3/2�ÅÅÄÇ�.äk����5¤£�, þ�£E�Ý´���ÅC

þ. d	, duI�]�d�¤÷v��§(2.2.9)¥*Ñ�´CIR�Ú3/2��U

\(=1/2+3/2)�¡Ù�4/2�ÅÅÄÇ�.. ��§(2.2.9)¥a = 1,b = 0�4/2�Å

ÅÄÇ�.òz�Heston�ÅÅÄÇ�.;��§(2.2.9)¥a = 0,b = 1�4/2�Å

ÅÄÇ�.òz�3/2�ÅÅÄÇ�..

2.2.4 aaa***ÑÑÑ���...

²;B-S�.¥b½Ï�I�]�d�Ñl��©Ù, ��XéÏ�

½dSN��\ïÄuy, Ï�I�]�d�¬ÏÉ�	.�¸Ï��

K�
Ñyd��ØëYa�y�, �
�xù«a�y�, Æö�ò

a�ºxÚ\�I�]�d�L§¥. 
LévyL§duÙU
£ã7K

½|êâ�a�þ�A��²wÕá5Úmë�45, �2�^uÏ�

½d�.¥. LévyL§3Ï�½d¥�A^�@dMerton(1976)JÑ. d	,

MadanÚSeneta(1990)!Carr�(2002)!Cai�(2009)!KouÚWang(2004)©OJÑ


VG�.!CGMY�.!·Ü�êa��.ÚV�êa��.. Ù¥V�

ê©Ùäk²w�k¸þ�A�,U
�¡£ã7K½|êâ�k¸þ�9a�
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A�,�©Ì�34/2�ÅÅÄÇ�.Ä:þÚ\d�.ÐmïÄ.

3V�êa�*Ñ�.¥,b½I�]�d�L§÷v±e�§

dSt = (µ−λκ)Stdt +σdWt +d
(N(t)

∑
i=1

(Vi−1)
)
, (2.2.12)

Ù¥, Wt´IOÙK$Ä, N(t)´rÝ�λ�ÑtL§, Vi´ÕáÓ©Ù��K�Å

CþS�, κ := E[V ]−1 = pη1
η1−1 +

qη2
η2+1 −1.

b½Y = lnV ,KY´�é¡�V�ê©Ù,Ù�Ý¼êXe

fY (y) = pη1e−η1yI{y≥0}+qη2eη2yI{y<0}, η1 > 1, η2 > 0, (2.2.13)

Ù¥, p, q ≥ 0,�p+q = 1,V�ê©Ù�Ï"©O� 1
η1
Ú 1

η2
, pÚq©OL«�þ

aÚ�ea�VÇ.

2.3 ÝÝÝ]]]|||ÜÜÜ���'''nnnØØØ

�©Ì�é7KêÆ¥�Ï�½d9Ý]|Ü¯K?1ïÄ, 2.2!Ì�éÏ

�½d9Ý]|Ü�.�ï�Ä�nØ?1
{ü0�. éu�`Ý]üÑ�

¦)¯KI$^�Å��9Ù�'nØ.Ïd,��!Ì�0��Å���'n

Ø!Ä�5y�n!HJB�§9�^¼ê�SN,�18Ù�`Ý]|ÜüÑ�

¦)JønØ| .

2.3.1 ���ÅÅÅ������nnnØØØ

b½(Ω,F ,P)´����VÇ�m, {Ft}t∈[0,T ]´�6�,�ÅXÚ÷v±e

�Å�©�§

dXt = µ(Xt ,ut , t)dt +σ(Xt ,ut , t)dWt , (2.3.1)

�µ(Xt ,ut , t)Úσ(Xt ,ut , t)÷v�½^��,þã�§�3��)

Xt = x+
∫ t

0
µ(Xs,us,s)ds+

∫ t

0
σ(Xs,us,s)dWs, X0 = x. (2.3.2)

�¼ê f (Xt , t)´'ut�g��,'uX�gëY���ëY��¼ê,K�
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âItôÚn,k

f (Xt , t) =x+
∫ t

0

∂ f
∂ t

(Xs,us,s)ds+
1
2

∫ t

0

∂ 2 f
∂x2 (Xs,us,s)σ2(Xs,us,s)ds

+
∫ t

0

∂ f
∂x

(Xs,us,s)σ(Xs,us,s)dWs +
∫ t

0

∂ f
∂x

(Xs,us,s)µ(Xs,us,s)ds, (2.3.3)

P

L f (x, t) =
∂ f
∂ t

(Xt ,ut , t)+
∂ f
∂x

(Xt ,ut , t)µ(Xt ,ut , t)ds+
1
2

∂ 2 f
∂x2 (Xs,us,s)σ2(Xs,us,s),

(2.3.4)

K��

E[ f (x, t)] = x+E
[∫ t

o
L f (Xs,us,s)ds

]
. (2.3.5)

�Å`z¯K�8I´Ïé�`��üÑu∗Ú8I¼ê����¼êH(x, t),

¦�±e8I¼ê��

Hu(x, t) = Ex,t

[∫ T

t
f (Xs,us,s)ds+H(X(T ),T )

]
, (2.3.6)

�¼êH(x, t) = sup
u∈Π

Hu(x, t).

T¯K�¦)KI�A^Ä�5y�n�HJB�§.

2.3.2 ÄÄÄ���555yyy���nnn���HJB���§§§

Ä�5y�n�@dBellmanJÑ,q¡�Bellman�`z�n,ÙL�ª�:

H(x, t) = sup
u∈Π

Ex,t

[∫ T

t
f (Xs,us,s)ds+H(X(T ),T )

]
, (2.3.7)

K

H(x, t) = sup
u∈Π

Ex,t

[∫ t+h

t
f (Xs,us,s)ds+H(X(t +h), t)

]
,

≥ E
[∫ t+h

t
f (Xs,us,s)ds+H(X(t +h), t)

]
. (2.3.8)

b½M´ÛÜ�,�Hv
1w,K3«m[t, t +h]þdItôÚn��

H(xt+h, t +h) = H(x, t)+
∫ t+h

t
L H(Xs,us,s)ds+M, (2.3.9)
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éþªü>¦Ï"��

0≥ E
[∫ t+h

t
(L H(Xs,us,s)+ f (Xs,us,s))ds

]
. (2.3.10)

bXu∗´��`üÑ,K

0 = E
[∫ t+h

t
(L ∗H(X∗s ,u

∗
s ,s)+ f (X∗s ,u

∗
s ,s))ds

]
, (2.3.11)

?
��Ä�5y�§,=HJB�§Xe

sup
u∈Π

{L H(Xs, ,s)+ f (Xs,us,s)}= 0, (2.3.12)

��(Ü>.^�=���`üÑu∗.

2.3.3 ���^̂̂¼¼¼êêê

�^¼ê´L«Ý]öéÂÃÚºx Ð§Ý�¼ê. ���¹eºx��

.Ý]ö�õ,=Ý]ö��^¼ê÷v±e^�

U
′
(x)> 0, U

′′
(x)< 0. (2.3.13)

3�^¼êµee,��^ýéºx��XêÚ�éºx��XêÝþºx

��§Ý.Ù¥,ýéºx��XêrA =−U
′′
(x)

U ′(x)
,�éºx��XêrR =−xU

′′
(x)

U ′(x)
.

7K½|¥~^��^¼ê

(1)~Xê�éºx���^¼ê,=��^¼ê(CRRA)

U(x) =
xδ

δ
, δ < 1,δ 6= 0, (2.3.14)

d�, rA = 1−δ

x , rR = 1− δ , AO/, �δ → 1�, �^¼êC�éê�^¼ê,

=U(x) = lnx,�rA = 1
x , rR = 1.

(2)~Xêýéºx���^¼ê,=K�ê�^¼ê(CARA)

U(x) =−e−δx, δ > 0, (2.3.15)

d�, rA = δ , rR = δx.

(3)�g�^¼ê:

U(x) = x−δx2, x <
1

2δ
, δ > 0. (2.3.16)
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(4)V­.ýéºx���^¼ê(HARA)

U(x) =
1−δ

δ

(
αx

1−δ
+β

)δ

, (2.3.17)

Ù¥, δ 6= 1, αx
1−δ

+β > 0, α > 0.

AO/, �δ = −∞,β = 1�, HARA�^¼êC�CARA�^¼ê; �δ <

1,β = 0�, HARA�^¼êC�CRRA�^¼ê;�δ = 2�, HARA�^¼êC�

�g�^¼ê.
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3 ÄÄÄuuu4/2-CIR���ÅÅÅ···ÜÜÜ���...���îîîªªªÏÏÏ���½½½dddïïïÄÄÄ

Cc5,�XS
5Ú	
5ÀÂºx�ØäO\,7K½|?\c¤�k

�Ø­½�Ï.7K½|�5�Ø(½5,¦�7K]�d�ÑyO�½@��

CÄ�¹. 
Ï���­��7Kû)¬,U
k�5;½|ºx. éuÏ�½

dnØ�ïÄ,��²;�´dBlack�(1973)ÚMerton(1973)JÑ�B-S�.,�

T�.¥I�]�d�ÅÄÇ9½||Ç�~ê�b�, �7K½|¢S�¹

Ø�Î.Ïd, �
ÆöéÅÄÇÚ|Ç�~ê�^�?1�°, &?�ÅÅÄ

Ç9�Å|Ç�.e�Ï�½d¯K.8c,K�������ÅÅÄÇ�.Ì

�kHeston�ÅÅÄÇ!3/2�ÅÅÄÇ�.94/2�ÅÅÄÇ�.. Ù¥, 4/2�

ÅÅÄÇ�.ÏÙäkVÏfA�, �Ùé7K½|êâÄ�A��£ã��

�¡. �T�.eÏ�½d¯K�ïÄE?uÐ?�ã, k�?�Ú�\ïÄ.

^u£ã|ÇCÄA���.Ì�kVasicek�.ÚCIR�.. Ù¥, CIR�.d

uÙFeller^����, ¦�|ÇØ¬ÑyK���¹
Úå
2�Æö�'

5(HeÚZhu, 2018;�¨¸�,2018;�ï�Ú���, 2020;�). d	,yk'u�

ÅÅÄÇÚ�Å|Ç·Ü�.eÏ�½d¯K�ïÄ�õÄuüÏfHeston�

ÅÅÄÇ�.Ðm(Chen�, 2017; ChangÚWang, 2020; HeÚChen, 2022;�),
'

uäkVÏf4/2�ÅÅÄÇ��Å|Ç·Ü�.eÏ�½d¯K�ïÄEk�

?�Ú&Ä.Äud,�ÙSNò4/2�ÅÅÄÇ�.�CIR�Å|Ç�.�(Ü,

�ï
4/2-CIR�Å·ÜÏ�½d�.,¿Äud�.éîªÏ�½d¯K?1

ïÄ.�Ù¤�ï�4/2-CIR�Å·Ü�.äkVÏf�.�A�,�üÏf�.

�'d�.Ø=U°(�x7K½|ÅÄÇ�ÅÄ�¹,
��U�°(��[

|Ç�þ�£EÚ�Å5A�. �®kÏ�½d�.
ó,�Ù¤�ï�.�Î

Ü7K½|A�,´L
Ï�½d�.�nØïÄ.

�Ù(�Xe: 1�!�ï4/2-CIR�Å·ÜÏ�½d�.,¿|^ItôÚn!

Fp�C�9î.C���{¼�Äu4/2-CIR�Å·Ü�.�îªÏ�½dú

ª;1�!�ê�©Û,&?4/2-CIR�Å·Ü�.�½d5U±9�.¥Ì�ë

êé�.½d(J�K�;1n!�Äu4/2-CIR�Å·Ü�.�îªÏ�½d

¢y©Û,À�þy50ETFÏ�êâ,�y4/2-CIR�Å·Ü�.3îªÏ�½d

¯K¥�k�5Ú°(Ý;1o!��Ù�!.
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3.1 4/2-CIR���ÅÅÅ···ÜÜÜ���...������ïïï

�Ä�7K½|êâk¸!þ�!ÅÄÇ8à9½||Ç�Å5�A�é

7Kû)�¬d�äkwÍK�,��!òäkVÏfA��4/2�ÅÅÄÇ�

.�CIR�Å|Ç�.�(Ü,�ï
4/2-CIR�Å·ÜÏ�½d�.,¿{�0

�4/2-CIR�Å·Ü�.�Ä�SN.

b�7K½|÷vXe^�

(1)�´½|´���,=�´L§¥Ã�´¤^!Ø|G�E!�´Ã�

�©�#Nñ�;

(2)I�]�d��Ì4/2�ÅÅÄÇ�.;

(3)Ãºx|ÇrtÑlCIRL§.

b½(Ω,F ,Q)����VÇ�m,K4/2-CIR�Å·Ü�.÷vXe�§

dSt

St
= rtStdt +

(
a
√

Vt +
b√
Vt

)
dWt ,

dVt = αv(θv−Vt)dt +σv
√

VtdWv,t ,

drt = αr(θr− rt)dt +σr
√

rtdWr,t ,

(3.1.1)

Ù¥, St�I�]�d�;�ÅÅÄÇVt9�Å|ÇrtþÑlCIRL§,�αvÚαr©

OL«ÅÄÇÚ|Ç�þ�£E�Ý; θvÚθr©O�ÅÄÇÚ|Ç�þ�£EY

²; σvÚσr©O�ÅÄÇL§Ú|ÇL§�ÅÄÇ; a, b�~ê; Wt ,Wv,t ,Wr,t�IO

ÙK$Ä,�d <Wt ,Wv,t >= ρdt,d <Wt ,Wr,t >= 0,d <Wv,t ,Wr,t >= 0.

5: b½(3.3.1)ª¥I�]�d�÷v��©�§¥rt�~ê�, 4/2-CIR�

Å·Ü�.òz�4/2�ÅÅÄÇ�.(Grasselli, 2017); (3.3.1)ª¥ëêa = 1,b =

0�, 4/2-CIR�Å·Ü�.òz�Heston-CIR�Å·Ü�.(HeÚZhu, 2018).

3.2 4/2-CIR���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd

3.1!{ü0�
4/2-CIR�Å·Ü�.�Ä�SN, ��!Ì�éÄ

u4/2-CIR�Å·Ü�.�îªÏ�½dnØ?1ïÄ. du4/2-CIR�Å·Ü

�.÷v� �©�§��E,, éJÏL��¦) �©�§��{��½

dúª. Ïd, ©¥Ì�ÏL¦)I�éê]�d��A�¼ê, ?�Ú2¼

�4/2-CIR�Å·Ü�.e�îªÏ�½dúª.
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3.2.1 ÄÄÄuuu4/2-CIR���ÅÅÅ···ÜÜÜ���...���éééêêê]]]���ddd���AAA���¼¼¼êêê

�¼�4/2-CIR�Å·Ü�.e�îªÏ�½dúª,��!k¦)Ï�I�

éê]�d��A�¼ê,��½n3.1.

½½½nnn 3.1 b½3ºx¥5ÿÝQe,I�]�d�Ñl4/2-CIRL§, u ∈R,@

oÙ2ÂA�¼êXe

E
(
euYT

∣∣Yt ,Vt ,rt
)
= exp

{
Vt

σ2
v

(
−uaρσv +αv−

√
Acoth

(√Aτ

2
))

+
α2

v θvτ

σ2
v

}
× exp

{
u
(

Yt +
bραv−aραvθv

σv
−ab+u(1−ρ

2)ab
)

τ

}
×

( √
A

σ2
v sinh

(√Aτ

2

)
)B+1(

C− uaρ

σv

)−( 1
2+

B
2 +

αvθv
σ2v

+ ubρ

σv

)

× v
1
2+

B
2−

αvθv
σ2v
− ubρ

σv
t

Γ

(
1
2 +

B
2 +

αvθv
σ2

v
+ ubρ

σv

)
Γ(B+1)

× exp

2αrθr

σ2
r

ln
(

2λre
(αr−λr)

2 τ

D

)
+

2u
(

1− e−λrτ

)
rt

D


×1 F1

(
1
2
+

B
2
+

αvθv

σ2
v

+
ubρ

σv
,B+1,

AVt

E

)
(3.2.1)

Ù¥, 1F1��AÛ®6¼ê,�

A = α
2
v −2σ

2
v

(
u
(

aραv

σv
− 1

2
a2
)
+

1
2

u2 (1−ρ
2)a2

)
,

B =
2

σ2
v

√(
αvθv−

σ2
v

2

)2

−2σ2
v

(
u
(

bρ

σv

(
σ2

v
2
−αvθv

)
− b2

2

)
+

1
2

u2 (1−ρ2)b2
)
,

C =
1

σ2
v

(√
Acoth

(√Aτ

2

)
+αv

)
, D = 2λre−λrτ +(αr +λr)

(
1− e−λrτ

)
,

E = σ
4
v sinh2 (√Aτ

2
)(

C− uaρ

σv

)
, λr =

√
α2

r −2σ2
r u, τ = T − t.

yyy²²² -Yt = lnSt ,K�â(3.1.1)ª��

YT −Yt =
∫ T

t
rsds− 1

2

∫ T

t

(
a
√

Vs +
b√
Vs

)2

ds+ρ

∫ T

t

(
a
√

Vs +
b√
Vs

)
dWv,s

+
√

1−ρ2
∫ T

t

(
a
√

Vs +
b√
Vs

)
dWs,s

=
∫ T

t
rsds+

(
bρα1

σv
− aραvθv

σv
−ab

)
τ +

ρa
σv

(VT −Vt)+
bρ

σv
ln

VT

Vt
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+

(
aραv

σv
− a2

2

)∫ T

t
Vsds+

(
bρ

σv

(
σ2

v
2
−αvθv

)
− 1

2
b2
)∫ T

t

1
Vs

ds

+
√

1−ρ2
∫ T

t

(
a
√

Vs +
b√
Vs

)
dWs,s, (3.2.2)

d�,ÙÝ1¼ê�

E
(
euYT | Yt ,Vt

)
= exp

{
u
(

Yt +
∫ T

t
rsds+

((b−aθv)ραv

σv
−ab

)
τ +

bρ

σv
ln

VT

Vt

+
(aραv

σv
− a2

2

)∫ T

t
Vsds+

(bρσv

2
− αvθvbρ

σv
− b2

2

)∫ T

t

1
Vs

ds
)

+u
√

1−ρ2
∫ T

t

(
a
√

Vs +
b√
Vs

)
dW⊥v,s +

uρa
σv

(VT −Vt)

}
= exp

{
uYt +u

(
bραv

σv
− aραvθv

σv
−ab

)
τ +u2 (1−ρ

2)abτ

}
× exp

{
−uρa

σv
Vt−

ubρ

σv
lnVt

}
·E
[

exp
{

u
∫ T

t
rsds

}]
×E

[
V

ubρ

σv
T exp

{
−µVT −α

∫ T

t
Vsds−β

∫ T

t

1
Vs

ds
}]

, (3.2.3)

Ù¥

α =−u
(

aραv

σv
− 1

2
a2
)
− 1

2
u2 (1−ρ

2)a2,

β =−u
(

bρ

σv

(
σ2

v
2
−αvθv

)
− 1

2
b2
)
− 1

2
u2 (1−ρ

2)b2,

µ =−uaρ

σv
.

-

I1 = exp
{

uYt +u
(

bραv

σv
− aραvθv

σv
−ab

)
τ +u2 (1−ρ

2)abτ

}
, (3.2.4)

I2 = exp
{
−uρa

σv
Vt−

ubρ

σv
lnVt

}
, (3.2.5)

I3 = E
[

exp
{

u
∫ T

t
rsds

}]
, (3.2.6)

I4 = E
[
V

ubρ

σv
T exp

{
−µVT −α

∫ T

t
Vsds−β

∫ T

t

1
Vs

ds
}]

, (3.2.7)

K

E
(
euYT | Yt ,Vt

)
= I1 · I2 · I3 · I4. (3.2.8)
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�âScott(1997)�¼�ª(3.2.6)Xe

I3 = exp
(

2αrθr

σ2
r

ln
[

2λre
(αr−λr)

2 τ

D

]
+

2u(1− e−λrτ)rt

D

)
, (3.2.9)

Ù¥

D = 2λre−λrτ +(αr +λr)(1− e−λrτ),

λr =
√

α2
r −2σ2

r u, (αr ≥ σr
√

2u).

�âGrasselli(2017)��(3.2.7)ª�

I4 =

(
µ +

1
σ2

v

(√
Acoth(

√
Aτ/2)+αv

))−( 1
2+

m
2−α+αvθv

σ2v

)
V
−αvθv

σ2v
t

×
( √

AVt

σ2
v sinh(

√
Aτ/2)

)m+1 Γ

(
1
2 +

m
2 + ubρ

σv
+ αvθv

σ2
v

)
Γ(m+1)

× exp
(

1
σ2

v

(
α

2
v θvτ−

√
AVt coth(

√
Aτ/2)

)
+αvVt

)

×1 F1

(
1
2
+

m
2
+

ubρ

σv
+

αvθv

σ2
v

,m+1,

(
2
√

AVt
σ2

v sinh(
√

Aτ/2)

)2

4
(
µ + 1

σ2
v
(
√

Acoth(
√

Aτ/2)+αv)
)),
(3.2.10)

Ù¥, τ = T − t,ΓL«³ê¼ê, 1F1L«®Ü.�AÛ¼ê,³ê¼êÚ�AÛ®

6¼ê�O���Lanczos(1964)ÚNardin�(1992).

?�Ú,òª(3.2.4),(3.2.5),(3.2.9)9(3.2.10)�\ª(3.2.8)�¼�I�]�éê

d��A�¼êL�ª. y..

3.2.2 ÄÄÄuuu4/2-CIR���ÅÅÅ···ÜÜÜ���...���îîîªªªÏÏÏ���½½½dddúúúªªª

3.2.1!¼�
Ï�I�]�éêd�A�¼ê,��!Äu±þA�¼ê�

Ñ4/2-CIR�Å·Ü�.e�îªÏ�½dúª. ��½n3.2.

½½½nnn 3.2 b½3ºx¥5ÿÝQe,�ÏF�T ,�1d��K,I�]�÷

v(3.1.1)ª�Ã�EîªÏ�½dúªXeµ

C(S,R,V,T ) = S0−
Ke−

∫ T
0 rsds

2π

∫ izi+∞

izi−∞

ΦT (−z)
e−izk

z2− iz
dz, (3.2.11)

Ù¥, ΦT (−z)�I�éê]�d��2ÂA�¼ê, 0 < Im(z) < 1,k = ln S0
K +
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e
∫ T

0 rsds.

AO/,�zi =
1
2�,½dúª{z�Xe/ª:

C(S,R,V,T ) = S0−
√

S0Ke−
1
2
∫ T

0 rsds

2π

∫ +∞

−∞

Re[ΦT (u−
i
2
)eiuk]

1
u2 + 1

4

du. (3.2.12)

yyy²²² b½y = YT ,K34/2-CIR�Å·Ü�.eîªwÞÏ��ÂÃ£��

f (y) = min(ey,K),

b�z ∈ C,KÙ2ÂFourierC��

f̂ (z) = F [ f (y)] =
∫

eizy f (y)dy =
∫ lnK

−∞

eizyeydy+K
∫

∞

lnK
eizydy, (3.2.13)

-z = u+ izi,�âEulerúª��, 0 < Im(z)< 1�, (3.2.13)ª¥m>�È©â

k½Â,�

f̂ (z) =
e(iz+1) lnK

iz+1
−K

eiz lnK

iz
=

K(iz+1)

z2− iz
, 0 < Im(z)< 1, (3.2.14)

d�,ºx¥5ÿÝe�ÂÃ¼êXe

f (y) = (ST −K)+ = ST −min(ST ,K) , (3.2.15)

l
��,îªwÞÏ�d�Xe

C(S,R,V,T ) =e−
∫ T

0 rsdsE[ f (y)]

=e−
∫ T

0 rsdsE [ST −min(ST ,K)]

=e−
∫ T

0 rsdsE [ST |F0]− e−
∫ T

0 rsdsE [min(ST ,K)]

=S0−
e−

∫ T
0 rsds

2π
E
[∫ izi+∞

izi−∞

e−izy f̂ (z)dz
]

=S0−
Ke−

∫ T
0 rsds

2π

∫ izi+∞

izi−∞

ΦT (−z)
Kiz

z2− iz
dz. (3.2.16)

-k = ln S0
K + e

∫ T
0 rsds,K

C(S,R,V,T ) = S0−
Ke−

∫ T
0 rSds

2π

∫ izi+∞

izi−∞

ΦT (−z)
e−izk

z2− iz
dz.
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�zi =
1
2�,�âÈ©C�9FourierÈ©�é¡5,k

C(S,R,V,T ) = S0−
√

S0Ke−
1
2
∫ T

0 rsds

2π

∫
∞

−∞

Re
[

ΦT

(
u− i

2

)
eiuk
]

1
u2 + 1

4

du,

Ù¥,A�¼êΦT�L�ª��½n3.1. y..

d½n3.1Ú½n3.2��,�Ï�I�]�Ð©d�!�Ï�m!�1d�

9�.ëê®��,=��4/2-CIR�Å·Ü�.e�Ï�d�.

3.3 4/2-CIR���ÅÅÅ···ÜÜÜ���...ëëëêêê���êêê������[[[���©©©ÛÛÛ

�!òÏL�
ê��~,©Û4/2-CIR�Å·Ü�.�k�5,¿é�.ë

ê?1¯a5©Û,&?4/2-CIR�Å·Ü�.Ì�ëêéÏ�½d(J�K�.

3.3.1 4/2-CIR���ÅÅÅ···ÜÜÜ���...½½½ddd555UUU©©©ÛÛÛ

�ÙSNÌ�Äu7K½||Ç�Å5À�Ðm. Ïd,�`²�Å|Çé

Ï�½d(J�K�,��!Äu4/2-CIR�Å·Ü�.Ú4/2�ÅÅÄÇ�.?

1ê�©Û,�Aëê���L3.1.

L3.1 ê�©Ûëê��

�. S0 V0 αv θv σv r0 αr θr σr ρ

4/2-CIR 1.35 0.04 1.8 0.04 0.8 0.02 2 0.2 0.56 -0.7
4/2-SV 1.35 0.04 1.8 0.04 0.8 0.02 - - - -0.7

ÄuL3.1¤�ëê�, |^½n3.1Ú½n3.29Grasselli(2017)¥��'L

�ª=�¼�4/2-CIR�Å·Ü�.Ú4/2�ÅÅÄÇ�.e�Ï�d�. �

â4/2-CIR�Å·Ü�.94/2�ÅÅÄÇ�.¤�Ï�d���É,©Û|Çé

Ï�½d(J�K�,�.½d(JXã3.1-ã3.2.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5

T

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

ã3.1 �ÏÏ�éÏ�d��K�

3 3.1 3.2 3.3 3.4 3.5 3.6 3.7

K

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

ã3.2 �1d�éÏ�d��K�
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ã3.1L²,�XÏ��Ï�m�O\, 4/2�ÅÅÄÇ�.Ú4/2-CIR�Å·Ü

�.�½d(J�ÉwÍ,`²Ï���Ï�m��,|Çé�.½d(J�K

���.ù�¢S½|A��Î,=�X�m�O\½||Ç��ÅÅÄA��

²w. Ïd,3Ï�½d�.��ïL§¥�Ä|ÇÏ�éÏ�d��K���

Ün. dã3.2��,�Ï�m�½�, 4/2-CIR�Å·Ü�.Ú4/2�ÅÅÄÇ�.

e�Ï�d�þ��1d��O�
C�,Ù(JÎÜ7K½|¥Ï�d��ý

¢CÄA�,=�Ù¤�ï4/2-CIR�Å·Ü�.3Ï�½|¥�½d(Jäk

�½�ÜnÚk�5.

?�Ú,�`²�ï4/2-CIR�Å·Ü�.?1Ï�?1½dïÄ�7�5,

e¡ò�ÑØÓ�.e�½dØ�. (JXL3.2.

L3.2 4/2-CIR�Å·Ü�.�4/2�ÅÅÄÇ�.�é½dØ�

T 0.25 0.5 0.75 1 1.25 1.5 1.75

Abs 0.0149 0.0347 0.0554 0.0757 0.0876 0.0765 0.0388

dL3.2�é½dØ�(J��,�X�Ï�m�ØäO�, 4/2-CIR�Å·Ü

�.�4/2�ÅÅÄÇ�.�½dØ�ÅìO�.dd��,�X�Ï�m�O�,

|ÇéÏ�½d(J�K��wÍ,?�Ú`²3Ï�½d�.��ïL§¥A

¿©�Ä|ÇÏ�,±d5ü$|Ç�Å5Úå��.½dØ�.

3.3.2 4/2-CIR���ÅÅÅ···ÜÜÜ���...ëëëêêê¯̄̄aaa555©©©ÛÛÛ

d3.3.1!�ê�©Û(J��, 4/2-CIR�Å·Ü�.U
éÏ�?1Ün½

d,�d�.¥ëê�õ. ��y�.¥ØÓëêéÏ�½d(J�K�,��!

æ^���y{é�.ëê?1ê�©Û,�y�.Ì�ëêé�.½d(J�

K�,ëê���L3.1. ê�©Û(JXã3.3-3.8¤«.

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

v

0.85

0.9

0.95

1

1.05

1.1

1.15

K=2.95
K=3.2
K=3.5

ã3.3 αvé½d(J�K�

1.8 2 2.2 2.4 2.6 2.8 3 3.2 3.4 3.6

r

0.84

0.85

0.86

0.87

0.88

0.89

0.9

0.91

0.92

0.93

0.94

K=2.95
K=3.2
K=3.5

ã3.4 αré½d(J�K�
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0.04 0.045 0.05 0.055 0.06 0.065 0.07

v

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

K=2.95
K=3.2
K=3.5

ã3.5 θvé½d(J�K�

0.3 0.4 0.5 0.6 0.7 0.8 0.9

r

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

K=2.95
K=3.2
K=3.5

ã3.6 θré½d(J�K�

0.7 0.75 0.8 0.85 0.9 0.95 1

v

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15
K=2.95
K=3.1
K=3.3

ã3.7 σvé½d(J�K�

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55

r

0.88

0.89

0.9

0.91

0.92

0.93

0.94

0.95

K=2.95
K=3.1
K=3.3

ã3.8 σré½d(J�K�

ã3.3-3.8©O�Ñ
ØÓ�1d�eαv!αr!θv!θr!σv!σré�.½d

(J�K�. Xã3.3 ¤«, �1d��½�, Äu4/2-CIR�Å·Ü�.�Ï

�d��ÅÄÇþ�£E�Ýαv�O�
~�; ã3.4L², �1d��½�,

Äu4/2-CIR�Å·Ü�.�Ï�d��|Çþ�£E�Ýαr�O�
~�;

ã3.5L²,�1d��½�,Äu4/2-CIR�Å·Ü�.�Ï�d��ÅÄÇþ�

£EY²θv�O\
~�;ã3.6L²,�1d��½�,Äu4/2-CIR�Å·Ü�

.�Ï�d��|Çþ�£EY²θr �O\
~�;ã3.7L²,�1d��½�,

Äu4/2-CIR�Å·Ü�.�Ï�d��ÅÄÇL§�ÅÄÇσv�O\
O\;

ã3.8L²,�|ÇÅÄÇσr���,Äu4/2-CIR�Å·Ü�.�Ï�d�vk²

wCz,�|ÇÅÄÇ���½��,Äu4/2-CIR�Å·Ü�.�Ï�d��|

ÇÅÄÇσr�O\
O\;d	,ã3.3-3.8L²,Äu4/2-CIR�Å·Ü�.�Ï�

d���1d��O\
~�.

nþ¤ã, Äu4/2-CIR�Å·Ü�.�Ï�d��ÅÄÇ±9|Ç�þ

�£E�Ý, þ�£EY²K�', =Äu4/2-CIR�Å·Ü�.�Ï�d��

ÅÄÇÚ|Ç�þ�£E�Ýαv!αr9þ�£EY²θv!θr�O\
~�; Ä

u4/2-CIR�Å·Ü�.�Ï�d��ÅÄÇ�ÅÄÇσv9|Ç�ÅÄÇσr��
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',=�XσvÚσr�O\Äu4/2-CIR�Å·Ü�.�Ï�d����O\.

3.4 4/2-CIR���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd¢¢¢yyy©©©ÛÛÛ

��!±50ETFÏ��ïÄé�, u�4/2-CIR�Å·Ü�.�½d°Ý.

8c, 50ETFÏ�ÚVIX�êÏ�´�äk�L5�ïÄ���2�îªÏ

�. Lin�(2017) Äu4/2�ÅÅÄÇ�.éVIX�êÏ�½d¯K?1ïÄ,

�y¢Äu4/2�ÅÅÄÇ�.éVIX�êÏ��½d(J`u3/2�ÅÅÄ

Ç�.ÚHeston�ÅÅÄÇ�.. ÏLÎnyk©zuyÄu4/2�ÅÅÄ

Ç�.é50ETFÏ�?1½d�ïÄÿkØv. 
50ETF��IS�@�´

�îªÏ�äk�½�L5, Äud�y½d�.�k�5Ú°(Ýäk

�½�¢S¿Â(Çc��, 2019). Ïd, �©À�50ETFÏ���ïÄé�.

Äu2020c11�5Fþy50ETFÏ��ý¢êâé4/2-CIR�Å·Ü�., 4/2�

ÅÅÄÇ�.9B-S�.ëê?1�O. òëê�O��\4/2-CIR�Å·Ü

�., 4/2�ÅÅÄÇ�.9B-S�.eîªÏ�½dúª, ¼��A½d�

.e�Ï�nØ�, ¿ò���.e�Ï�½d(J�ý¢Ï��?1

'�, ©Û�.½d°Ý. I�]�Ð��S0 = 3.418. êâ5
: Windêâ

¥(https://www.wind.com.cn/).

3.4.1 4/2-CIR���ÅÅÅ···ÜÜÜ���...ëëëêêê���OOO

é½d�.ëê��°(�O´Jp�.½d°Ý�'�,��!$^âf

+`z�{�O½d�.�ëê. b���dn1��ÏFl(l = 1,2, · · · ,n1)Úm1�

�1d� j( j = 1,2, · · · ,m1)|¤,âf+`z�{�8I¼ê�

MSE =
1

m1n1

n1

∑
l=1

m1

∑
j=1

(Cl j−Ĉl j)
2, (3.4.1)

Ù¥, Cl jÚĈl j©O�LÏ��½|d�±9�â�.���Ï�d�.ëê�O

(J�L3.3.

L3.3 ëê�O�

�. a b αv θv σv ρ αr θr σr

4/2-CIR 0.4500 0.0200 2.7859 0.2051 0.6935 -0.7000 0.0704 0.0328 0.0135
4/2-SV 0.2033 0.0314 0.4021 0.0390 0.0924 -0.3023 - - -

B-S - - - - 0.2500 - - - -
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3.4.2 4/2-CIR���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd(((JJJ©©©ÛÛÛ

�?�Ú&?4/2-CIR�Å·Ü�.�½d5U, Äu3.3�.ëê�O�,

©O�â(2.2.2)ª!Grasselli(2017)¥Ï�½dúª9�Ù1�!½n3.29½

n3.2O�B-S�., 4/2�ÅÅÄÇ�.94/2-CIR�Å·Ü�.e�Ï�d�,¿

�½|ý¢Ï�êâ?1é', ©ÛB-S�.!4/2�ÅÅÄÇ�.94/2-CIR�

Å·Ü�.�½d°Ý.ØÓ�.e�½d(J9ý¢Ï�d�Xã3.9-ã3.10.

ã3.9�ØÓ�ÏFeÏ�d���1d��Cz�¹,ã3.10��1d�©O�

��Ú�����¹eÏ�d���Ï�m�Cz�¹.

2.9 3 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5
T=0.0548

2.9 3 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5
T=0.1315

2.9 3 3.1 3.2 3.3 3.4 3.5 3.6 3.7
0

0.1

0.2

0.3

0.4

0.5

0.6
T=0.3808

2.9 3 3.1 3.2 3.3 3.4 3.5 3.6 3.7 3.8
0

0.1

0.2

0.3

0.4

0.5

0.6
T=0.6301

ã3.9 ½d(J��1d�Czã

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

T

0.45

0.475

0.5

0.525

0.55

0.575

0.6
K=2.95
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T

0
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0.08

0.1

0.12

0.14

0.16
K=3.8

ã3.10 ½d(J��Ï�mCzã
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dã3.9-ã3.10��, �Ï�m�½�, B-S�.!4/2�ÅÅÄÇ�.

94/2-CIR�Å·Ü�.e�Ï�d���1d��O\
~�, �¢Sê

âCz�¹�¬Ü;�1d��½�,�X�Ï�m�O\Ï�d�ØäO�,�

.�½d(JÎÜ¢S½|Ï�Cz�¹, ù`²�Ù¤�ï½d�.Ünk

�. d	,�Ï�m���,²;B-S�.!4/2�ÅÅÄÇ�.94/2-CIR�Å·Ü

�.�½d(JÄ���,�X�Ï�m�O\,���.�½d(JäkwÍ

�É.ù`²�X�Ï�m�O\,|ÇéÏ�d��K�Åì²w,�ý¢½|

|ÇCzéÏ�d��K��ÎÜ.nÜ5w, 4/2-CIR�Å·Ü�.�½d(J

�\�Cý¢�, 4/2�ÅÅÄÇ�.g�,²;B-S�.�½d(J��. ùÌ�

´Ï�²;B-S�.b�^�Lu��,�¢S7K½|Ø�Î,
�ÅÅÄÇ�

.¿©�Ä
7K½|��ÅØ(½5, ��ÅÅÄÇ�.�½d(J`u²

;B-S�.. d	,�Ï�m��|Çé½d(J�K��wÍ.Ïd,�©Q�Ä

ÅÄÇ�Å5q�Ä|Ç�Å5�4/2-CIR�Å·Ü�.½d(J`u=�ÄÅ

ÄÇ�Å5�4/2�ÅÅÄÇ�..

3.4.3 4/2-CIR���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½dddØØØ���©©©ÛÛÛ

Äu3.4.2!�½d(J,��!éB-S�.!4/2�ÅÅÄÇ�.94/2-CIR�

Å·Ü�.�½dØ�?1©Û. Äk, ±50ETF11�	2950!50ETF12�

	2950!50ETF3�	2950!50ETF6�	2950!50ETF11�	3300!50ETF12�

	3300!50ETF3�	3300!50ETF6�	3300!50ETF11�	3800!50ETF12�

	3800!50ETF3�	3800!50ETF6�	3800Ï�©ÛB-S�.!4/2�ÅÅÄ

Ç�.94/2-CIR�Å·Ü�.�ýéØ�. Ùg,æ^þ�Ø�(MSE)Ú²þý

éz©'Ø�(MAPE)ïþ���.�½d°Ý.(J�L3.8-L3.9¤«.

L3.8 ýéØ�

�Ï�m
K = 2.95 K = 3.30 K = 3.80

B-S 4/2-SV 4/2-CIR B-S 4/2-SV 4/2-CIR B-S 4/2-SV 4/2-CIR

0.0548 0.0090 0.0087 0.0016 0.0162 0.0013 0.0012 0.0009 0.0037 0.0025
0.1315 0.0339 0.0288 0.0197 0.0348 0.0036 0.0093 0.0055 0.0100 0.0044
0.3808 0.0761 0.0492 0.0154 0.0713 0.0161 0.0126 0.0339 0.0134 0.0034
0.6301 0.1054 0.0630 0.0030 0.0949 0.0260 0.0008 0.0538 0.0125 0.0119

XL3.8¤«, ��Ï�m�Ó�, 4/2-CIR�Å·Ü�.�½dØ���,

4/2�ÅÅÄÇ�.g�,²;B-S�.½dØ���.d	,�X�Ï�m�O�,
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B-S�.!4/2�ÅÅÄÇ�.94/2-CIR�Å·Ü�.�m�½dØ��É�\

²w,=�X�Ï�m�O\ÅÄÇ9|Çé�.½d(J�K��5�wÍ.

L3.9 ½dØ�

½dØ�
½d�.

B-S 4/2-SV 4/2-CIR

MSE 0.0032 0.0005 0.0002
MAPE 0.2984 0.1512 0.0765

L3.9�.½dØ�(JL², lþ�Ø��Ýw, ²;B-S�.

�MES(0.0032)��, 4/2�ÅÅÄÇ�.(0.0005)g�, 4/2-CIR�Å·Ü�

.(0.0002)��. dd��, 4/2-CIR�Å·Ü�.�½d(J`u4/2�ÅÅÄ

Ç�.�²;B-S�.. l²þýéz©'Ø��Ý��, 4/2-CIR�Å·Ü�.

�MAPE(0.0765)��u4/29B-S �.�MAPE(0.1512Ú0.2984), L²4/2-CIR�

Å·Ü�.�½dØ���!½d(J�`. Ïd,�'u²;B-S�.94/2�

ÅÅÄÇ�., 4/2-CIR�Å·Ü�.3îªÏ�½d¥�½dØ���,?�Ú

L²�Ù¤�ï�.äk�½�¢S¿Â.

3.5 ���ÙÙÙ���(((

¿©�Ä7K]�d���ÅÅÄA�9|Ç�Å5é�.½d(J�K

�,�Ù�ï
4/2-CIR�Å·Ü�.,¿éd�.eîªÏ�?1½d©Û.Ä

k,Äu7K]�d�Ä�CzA�9|Ç�Å5A��ï
4/2-CIR�Å·Ü

�.,¿í�ÑÄu4/2-CIR�.�I�éê]�d�A�¼ê9îªÏ�½d

úª. Ùg,Äu4/2-CIR�Å·Ü�.?1ê�©Û,&?|Çé�.½d(J

�K�,¿é4/2-CIR�Å·Ü�.¥Ì�ëê?1¯a5©Û,ïÄ�.ëêé

Ï�½d(J�K�.��,Äuþy50ETFÏ�½|êâ,|^âf+`z�{

�O�.��ëê,¿Äuëê�O�é�.�½d°ÝÚØ�?1©Û.ïÄ

L²: �ÏÏ���,|Ç�Å5A�é�.�½d(JK��²w,=3�ÅÅ

ÄÇ�.e�Ä|ÇÏ�éÏ�½d�K��ïÏ�½d�.äk­��¢S

¿Â.ÅÄÇÚ|Ç�þ�£E�Ý9þ�£EY²éÏ�d�äk��K�ª

³,ÅÄÇ�ÅÄÇ9|Ç�ÅÄÇéÏ�d�äk��K��^. d	,�²

;B-S�.94/2�ÅÅÄÇ�.�', 4/2-CIR�Å·Ü�.�ýéØ�!þ�Ø

�9²þýéz©'Ø�þ��,3îªÏ�½d¥LyÑ
�`�½d(J.
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4 ÄÄÄuuu4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...eee���îîîªªªÏÏÏ���½½½dddïïïÄÄÄ

1nÙ�é7K½|]�d�ÅÄÇ�Å59|Ç�Å5éÏ�½

d�K�¯K, �ï
äk4/2�ÅÅÄÇ9CIR�Å|Ç�4/2-CIR�Å·Ü

îªÏ�½d�., ¿é�.�½d5U?1©Û. ïÄuy: |Ç9Å

ÄÇ�Å5é�.½d(JäkwÍK�, �4/2-CIR�Å·Ü�.U
J

pyk4/2�ÅÅÄÇ9B-S�.�½d°Ý, �Ý]ö|^Ï�5;ºx

Jø
nØ�æ. ØÅÄÇ�Å59½||Ç�Å5é�.½d(Jä

k�½�K�	, 7K½|êâ�k¸!þ�9a�A�é�.½d�

J�äk�½�K�. d	, I�]�éêd�äkéêþ�£E�A:,

XEscobar-AnelÚGong(2020)!Zhu�(2019)!Liu(2020)�ïÄuy, äkþ�£

EA��.�½d(J`u��½d�.,=3�ï½d�.L§¥�Äþ�£

E5U
Jp�.�½d°Ý.Ïd,�ÙÌ�ÄuVÏf4/2�ÅÅÄÇ�.é

äka�A��Ï�½d¯K?1ïÄ,¿©O�Ñäkþ�£EA�Úm\�

A�I�éê]�d�A�¼ê9îªÏ�½dúª. ïÄuyT�.Ø=´L


Ï�½d�.�nØµe,
�Jp
®kÏ�½d�.�½d°Ý,�Ý]

ö�ÑÜnÝ]Jø
nØ�â,Ó���?�Ú|^Ï�?1ºxéÀJø


�æ.

�Ù(�Xe: 1�!Äu7K½|]��k¸!þ�!ÅÄÇ8à9a�

*Ñ�A�,�ï
4/2a*Ñ�Å·Ü�.. 1�!é4/2a*Ñ�Å·Ü�.e

îªÏ�½dnØ?1&?,¿¼�4/2a*Ñ�Å·Ü�.eéê]�d��

A�¼ê9ÙîªÏ�½dúª. 1n!é4/2a*Ñ�Å·Ü�.?1¢yu

�,�y�.3ý¢½|¥�½d�J.Äk,é¢yêâ?1£ã5ÚO©Û,

&?êâA���.b�^��¬Ü§Ý;Ùg,Äuâf+`z�{é�.ë

ê?1�O,¿Äuëê�O�©Û�.�½d5U;��,©Û4/2a*Ñ�Å

·Ü�.�½dØ�,&?½d�.�½d°ÝÚk�5. 1o!��Ù�!.

4.1 4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...������ïïï

b�½|÷vXe^�:

(1)�´½|´���,�´L§¥Ã�´¤^!Ø|G�E!�´Ã��

©�#Nñ�;

(2)Ãºx|Çr�~ê;
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(3)I�]��Ìa�*ÑL§;

(4)I�]�d��a�gêÑlÑtL§,a�ÌÝÑlV�ê©Ù;

(5)a�ÌÝ!a�gêÚÙK$Änö�m�pÕá.

b½3VÇ�m(Ω,F ,P)¥,I�]�d�÷v±e�Å�©�§

dSt

St
= (µ−β lnSt)dt +(a

√
Vt +

b√
Vt
)dWP

t +(eξ −1)dNP
t , (4.1.1)

Ù¥, StL«t��I�]�d�, µ�¤£Xê, β > 0, WP
t �PÿÝe�ÙK$Ä,

NP
t �PÿÝerÝ�λ�ÑtL§, eξL«a�ÌÝ, ξÑlV�ê©Ù,Ùa��

�©O�η1Úη2,ÅÄÇVt÷vCIRL§

dVt = ζ (η−Vt)dt +σv
√

VtdWP
v,t , (4.1.2)

Ù¥, ζ�PÿÝeÅÄÇ�þ�£E�Ý, η�PÿÝeÅÄÇ�þ�£EY²,

σv�PÿÝeÅÄÇ�ÅÄÇ,�÷v2ζ η ≥ σ2
v .

···KKK 4.1 b½(Ω,F ,Q)´�����VÇ�m,K� |ρa|< ζ

σv
,

σ2
v ≤ 2ζ η−2|ρb|σv,

�, Q´P��dÿÝ.

y²L§aqë�©zEscobar-AnelÚGong(2020).

3þã�½���VÇ�m(Ω,F ,Q)¥,I�d�÷v±e�Å�©�§
dSt

St
= (r−λκ−β lnSt)dt +(a

√
Vt +

b√
Vt
)dWt +(eξ −1)dNt ,

dVt = αv(θv−Vt)dt +σv
√

VtdWv,t ,

(4.1.3)

Ù¥, αv = ζ + γσv, θv =
ζ η

ζ+γσv
, �÷v2αvθv ≥ σ2

v , ëêαv, θv, a, b, σv, γ , β ∈ R,

WtÚWv,t´QÿÝe�IOÙK$Ä,�d〈Wt ,Wv,t〉= ρdt,V0 = v∈R+,κ :=E[eξ −1].

XJZt =V−1
t ,K_CIRL§÷v��Å�©�§Xe

dZt = α̃vZt(θ̃v−Zt)dt + σ̃vZ
3
2
t dWv,t , (4.1.4)

Ù¥, α̃v = αvθv−σ2
v , θ̃v =

αv
αvθv−σ2

v
, σ̃v =−σv.

�â(4.1.4)ª�±wÑ, 3/2�ÅÅÄÇ�.�Heston�ÅÅÄÇ�.��É

´3/2�ÅÅÄÇ�.äk����5¤£�, þ�£E�Ý´���ÅCþ.
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d	, du(4.1.3)ª¥*Ñ�´CIR�Ú3/2��U\(=1/2+3/2), �¡Ù�4/2�

ÅÅÄÇ�.. �a = 1,b = 0��§(4.1.3)�éêþ�£Ea*ÑHeston�Å

ÅÄÇ(LMRJ-Heston-SV)�.; �a = 0,b = 1��§(4.1.3)�éêþ�£Ea*

Ñ3/2�ÅÅÄÇ(LMRJ-3/2-SV)�.;�a 6= 0,b 6= 0��§(4.1.3)�éêþ�£E

a*Ñ4/2�ÅÅÄÇ(LMRJ-4/2-SV)�..

4.2 4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd

Äu4.1!�ï�4/2a*Ñ�Å·Ü�.,�!{ü0�A�¼ê9Ï�½

dúªy²L§¥¤I�Ä�Ún,¿|^ItôÚn!¯�Fp�C�9î.C�

��{¼�4/2a*Ñ�Å·Ü�.eîªÏ�I�]�éêd��A�¼ê9

Ù½dúª.

ÚÚÚnnn 4.1 b½β ∈ R, τ = T − t, Xt÷vXe�©�§

dXt = αv(θv−Xt)dt +σv
√

XtdBt , (4.2.1)

K

∫ T

t
e−β (T−s)√XsdBs =

(
XT − e−βτXt

)
σv

− αvθv(1− e−βτ)

σvβ
− β −αv

σv

∫ T

t
e−β (T−s)Xsds,∫ T

t

e−β (T−s)
√

Xs
dBs =

1
σv

ln
XT

Xe−βτ

t
+

σ2
v −2αvθv

2σv

∫ T

t

e−β (T−s)

Xs
ds+

αv(1− e−βτ)

σvβ

− β

σv

∫ T

t
e−β (T−s) lnXsds,

Ù¥, αv!θv!σv > 0,�2αvθv ≥ σ2
v ; Bt�IOÙK$Ä.

yyy²²² b½Xt÷v(4.2.1)ª,-X̃t = eβ tXt ,K

dX̃t = d(eβ tXt) = αvθveβ tdt + eβ t(β −αv)Xtdt +σveβ t√XtdBt ,

�n�

eβ t√XtdBt =
1
σv

(dX̃t−αvθveβ tdt− eβ t(β −αv)Xtdt), (4.2.2)

é(4.2.2)ªü>3«m[t,T ]þÈ©,�

∫ T

t
eβ s√XsdBs =

eβT XT − eβ tXt

σv
− αvθv(eβT − eβ t)

σvβ
− β −αv

σv

∫ T

t
eβ sXsds, (4.2.3)
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éª(4.2.3)ü>ÓØeβT ,k

∫ T

t
e−β (T−s)√XsdBs =

(
XT − e−βτXt

)
σv

− αvθv(1− e−βτ)

σvβ
− β −αv

σv

∫ T

t
e−β (T−s)Xsds.

-X̂t = eβ t 1
Xt

,Ón��

∫ T

t

e−β (T−s)
√

Xs
dBs =

1
σv

ln
XT

Xe−βτ

t
+

σ2
v −2αvθv

2σv

∫ T

t
e−β (T−s) 1

Xs
ds+

αv(1− e−βτ)

σvβ

− β

σv

∫ T

t
e−β (T−s) lnXsds.

y..

ÚÚÚnnn 4.2(Escobar-AnelÚGong, 2020) b½h1(t), h2(t)34«m[t,T ]þëY�

k., hÚg©O´ÙCqÈ©�.eXt÷v(4.2.1)ª,K

∫ T

t
h1(s)Xsds≈ 1

τ

∫ T

t
h1(s)ds

∫ T

t
Xsds = h

∫ T

t
Xsds, (4.2.4)∫ T

t
h2(s)

1
Xs

ds≈ 1
τ

∫ T

t
h2(s)ds

∫ T

t

1
Xs

ds = g
∫ T

t

1
Xs

ds. (4.2.5)

ÚÚÚnnn 4.3(Escobar-AnelÚGong, 2020) �Xx = {Xx
t , t ≥ 0}´�©�§(4.2.1)ª

�), h,g ∈ R,¦�

h >− α2
v

2σ2
v
, g≥−(2αvθv−σ2

v )
2

8σ2
v

,

K

E
[
e−h

∫ t
0 Xsds−g

∫ t
0

1
Xs ds∣∣Xt

]
=

√
H sinh

(
αvt
2

)
αv sinh

(√
Ht
2

) × e
X0+Xt

σ2v

(
αv coth(αvt

2 )−
√

H coth
(√

Ht
2

))

×
Iν1

(
2
√

HX0Xt

σ2
v sinh(

√
Ht
2 )

)
Iν2

(
2αv
√

X0Xt
σ2

v sinh(αvt
2 )

) , (4.2.6)

Ù¥, ν1 =

√
(2θvαv−σ2

v )
2+8σ2

v g
σ2

v
,ν2 =

2θvαv
σ2

v
−1,H = α2

v +2hσ2
v .

ÚÚÚnnn 4.4(Jeanblanc�, 2009) b½Xt÷v(4.2.1)ª,KÙ=£�Ý fXt (y)�L�

ªXe

fXt (y) =
eαvt

2c(t)
×
(

yeαvt

X0

)ν2/2

× exp
(
−X0 + yeαvt

2c(t)

)
× Iq

(√
X0 · yet

c(t)

)
Iy≥0, (4.2.7)
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Ù¥, c(t) = σ2
v

4αv
(eαvt−1)L«gdÝ, ν2 =

2αvθv
σ2

v
−1��¥%ëê.

4.2.1 ÄÄÄuuu4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...���éééêêê]]]���ddd���AAA���¼¼¼êêê

��!Ì�0�Äu4/2a*Ñ�Å·Ü�.�éê]�d��A�¼ê9

Ùy²L§.

½½½nnn 4.1 b½3��VÇ�m(Ω,F ,Q)¥, u ∈ R, Yt = lnSt ,Ï�I�]�d

�÷v(4.1.3)ª,KÙ^�A�¼êXe

Φ(u) =E[exp(iuYT )|Ft ]

=exp

{
iu

(
e−βτYt +

1− e−βτ

β

[
(r−λκ)−ab+

(b−aθv)ραv

σv

]

−aρ

σv
e−βτVt−

bρ

σv
e−βτ lnVt +

iu(1−ρ2)ab(1− e−2βτ)

2β

)}

×E
[
V−A

T exp
{
−BVT +

∫ T

t

[
Ce−β (T−s)+De−2β (T−s)

]
Vsds

+
∫ T

t

Ee−β (T−s)+Fe−2β (T−s)

Vs
ds− iubρ

σv

∫ T

t
e−β (T−s) lnVsds

}]

×
(

η1− iu
η1− iue−βτ

)−pλ

β

(
η2 + iu

η2 + iue−βτ

)−(1−p)λ
β

, (4.2.8)

Ù¥

A =
−iubρ

σv
,C = iu

(
− a2

2
− aρ(β −αv)

σv

)
,D =

−u2a2(1−ρ2)

2
,

B =
−iuaρ

σv
,E = iu

(
−b2

2
− bραvθv

σv
− bρσv

2

)
,F =

−u2b2(1−ρ2)

2
.

yyy²²² -Yt = lnSt ,�âItôÚn��

dYt =

[
r−λκ− 1

2

(
a
√

Vt +
b√
Vt

)2
−βYt

]
dt +

(
a
√

Vt +
b√
Vt

)
dWt +ξ dNt .

b½

Xt = eβ tYt , (4.2.9)
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é(4.2.9)ª¦��

dXt = eβ t
{[

r−λκ− 1
2

(
a
√

Vt +
b√
Vt

)2
]

dt +
(

a
√

Vt +
b√
Vt

)
dWt +ξ dNt

}
,

(4.2.10)

é(4.2.10)ªü>¦È©,�

XT =Xt +
∫ T

t
eβ s
[

r−λκ− 1
2

(
a
√

Vs +
b√
Vs

)2
]

ds+
∫ T

t
eβ s

ξ dNs

+
∫ T

t
eβ s
(

a
√

Vs +
b√
Vs

)
dWs,

(4.2.11)

ò(4.2.11)ª�\(4.2.9)ª,k

YT =
∫ T

t
e−β (T−s)

[
r−λκ− 1

2

(
a
√

Vs +
b√
Vs

)2
]

ds+
∫ T

t
e−β (T−s)

ξ dNs

+ e−βτYt +
∫ T

t
e−β (T−s)

(
a
√

Vs +
b√
Vs

)
dWs,

Ù¥, τ = T − t,Kéê]�d��^�A�¼êXe

E[exp(iuYT )|Ft ] =exp
{

iue−βτYt +
iu
β
(r−λκ−ab)(1− e−βτ)

}
×E
[

exp
{
−1

2
iu
(

a2
∫ T

t
e−β (T−s)Vsds+b2

∫ T

t
e−β (T−s) 1

Vs
ds
)

+iu
∫ T

t
e−β (T−s)

(
a
√

Vs +
b√
Vs

)
dWs

}]
×E
[

exp
{

iu
∫ T

t
e−β (T−s)

ξ dNs

}]
≡I1× I2× I3. (4.2.12)

éWt?1©),O�I2. �âÚn4.1

I2 ≡E
[

exp
{
− iua2

2

∫ T

t
e−β (T−s)Vsds− iub2

2

∫ T

t
e−β (T−s) 1

Vs
ds

+iuaρ

∫ T

t
e−β (T−s)√VsdBs + iubρ

∫ T

t
e−β (T−s) 1√

Vs
dBs

+
1
2
(iu)2(1−ρ

2)
∫ T

t
e−2β (T−s)

(
a
√

Vs +
b√
Vs

)2

ds

}]

=E
[

exp
{
−1

2
iua2

∫ T

t
e−β (T−s)Vsds− 1

2
iub2

∫ T

t
e−β (T−s) 1

Vs
ds

−1
2

u2a2(1−ρ
2)
∫ T

t
e−2β (T−s)Vsds−u2(1−ρ

2)ab
∫ T

t
e−2β (T−s)ds
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+
1
2
(iu)2b2(1−ρ

2)
∫ T

t

e−2β (T−s)

Vs
ds+ iuaρ

[
VT − e−βτVt

σv

−αvθv(1− e−βτ)

σvβ
− β −αv

σv

∫ T

t
e−β (T−s)Vsds+ iubρ

[
1
σv

lnVT −
1
σv

× lnV e−βτ

t − αvθv

σv

∫ T

t
e−β (T−s) 1

Vs
ds+

αv(1− e−βτ)

σvβ
+

σv

2

∫ T

t

1
Vs

×e−β (T−s)ds− β

σv

∫ T

t
e−β (T−s) lnVsds

]}
=exp

{
iu

(
iu(1−ρ2)ab(1− e−2βτ)

2β
− aρe−βτVt

σv
− aραvθv(1− e−βτ)

σvβ

−bρ lnVt

σv
e−βτ

)}
+

bραv

σvβ
(1− e−βτ)

×E
[

exp
{

iu
(
−a2

2
− aρ(β −αv)

σv

)∫ T

t
e−β (T−s)Vsds+a2(1−ρ

2)

×(iu)2

2

∫ T

t
e−2β (T−s)Vsds+ iu

(
−b2

2
− bραvθv

σv
+

bρσv

2

)
×
∫ T

t
e−β (T−s) 1

Vs
ds+(1−ρ

2)
(iu)2b2

2

∫ T

t
e−2β (T−s) 1

Vs
ds

+
iuaρVT + iubρ lnVT

σv
− iubρβ

σv

∫ T

t
e−β (T−s) lnVsds

}]
=exp

{
(iu)2(1−ρ2)ab(1− e−2βτ)

2β
− iuaρ

σv
e−βτVt−

iuaραvθv

σvβ
(1− e−βτ)

− iubρ

σv
e−βτ lnVt +

iubραv

σvβ
(1− e−βτ)

}
×E

[
V

iubρ

σv
T exp

{
iuaρ

σv
VT

+
∫ T

t

[
iu
(
−a2

2
− aρ(β −αv)

σv

)
Vse−β (T−s)− u2a2(1−ρ2)

2
e−2β (T−s)Vs

]
ds

+
∫ T

t

[
iu
(
−b2

2
− bραvθv

σv
− bρσv

2

)
1
Vs

e−β (T−s)+(iu)2 b2

2
(1−ρ

2)

×e−2β (T−s) 1
Vs

]
ds− iubρβ

σv

∫ T

t
e−β (T−s) lnVsds

}]
. (4.2.13)

�éI3. b�{Tk}k≥1´[t,T ]þu)a���m,@oI3�±L«Xe

I3 ≡E
[

exp
{

iu
∫ T

t
e−β (T−s)

ξ dNs

}]
=E

[
E

[
exp

{
NT−Nt

∑
k=1

iue−β (T−Tk)ξk

}∣∣∣∣F N
T

]]

=E

[
NT−Nt

∏
k=1

{
pη1

η1− iue−β (T−Tk)
+

(1− p)η2

η2 + iue−β (T−Tk)

}]
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=
∞

∑
n=0

e−λτ [λ (T − t)]n

n!
×E

[
n

∏
k=1

{
pη1

η1− iue−β (T−Tk)

+
(1− p)η2

η2 + iue−β (T−Tk)

}∣∣∣∣NT −Nt = n
]
, (4.2.14)

|^ÑtL§�5�,¼�

E
[

pη1

η1− iue−β (T−Tk)

∣∣∣∣NT −Nt = n
]
=p− p

βτ
ln

η1− iu
η1− iue−βτ

,

aq/,k

E
[

(1− p)η2

η2 + iue−β (T−Tk)

∣∣∣∣NT −Nt = n
]
= 1− p− 1− p

βτ
ln

η2 + iu
η2 + iue−βτ

,

l


I3 =e−λτ
∞

∑
n=0

(λτ)n

n!

[
1− 1

βτ
ln
(

η1− iu
η1− iue−βτ

)p(
η2 + iu

η2 + iue−βτ

)1−p
]n

=e−λτ exp

{
λτ

[
1− 1

βτ
ln
(

η1− iu
η1− iue−βτ

)p(
η2 + iu

η2 + iue−βτ

)1−p
]}

=

(
η1− iu

η1− iue−βτ

)− pλ

β

(
η2 + iu

η2 + iue−βτ

)− (1−p)λ
β

. (4.2.15)

òI1!I29I3�L�ª�\(4.2.12)ª��

E[exp(iuYT )|Ft ] =exp
{

iue−βτYt +
iu
β

[
(r−λκ)−ab− aραvθv

σv
+

bραv

σv

]
×(1− e−βτ)− iuaρ

σv
e−βτVt−u2(1−ρ

2)ab
1− e−2βτ

2β

− iubρ

σv
e−βτ lnVt

}
×E

[
V−A

T exp
{
−BVT +

∫ T

t

[
Ce−β (T−s)

+De−2β (T−s)
]

Vsds+
∫ T

t

[
Ee−β (T−s)+Fe−2β (T−s)

] 1
Vs

ds

− iubρ

σv

∫ T

t
e−β (T−s) lnVsds

}]

×
(

η1− iu
η1− iue−βτ

)−pλ

β

(
η2 + iu

η2 + iue−βτ

)−(1−p)λ
β

,

Ù¥, A!B!C!D!E!F�L�ª��½n4.1. y..

�O��B,e¡ò�ÑI�]�3Ãm\�A�¹e�2Â^�A�¼ê.

íííØØØ 4.1 b½3��VÇ�m(Ω,F ,Q)¥,I�]�d�ÑlÃm\�A
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�4/2a*Ñ�Å·Ü�.,KÙ2Â^�A�¼êXe¤«

E[exp{iuYT}
∣∣Ft ] =exp

{
iu
(
(r−λκ−ab)(1− e−βτ)

β
+

iuab(1− e−2βτ)

2β

)
+ iue−βτYt

}
e

Vt+VT
σ2v

(
αv coth(αvτ

2 )−
√

H coth
(√

Hτ

2

))
Iν1(λ1)

Iν2(λ2)

×
(

η1− iu
η1− iue−βτ

)− pλ

β

(
η2 + iu

η2 + iue−βτ

)− (1−p)λ
β

×
√

H sinh
(

αvτ

2

)
αv sinh

(√
Hτ

2

) , (4.2.16)

Ù¥

C̃ =
iua2

2
, D̃ =−−u2a2

2
, Ẽ =

iub2

2
, F̃ =−−u2b2

2
,λ1 =

2
√

HVtVT

σ2
v sinh

(√
Hτ

2

) ,
λ2 =

2αv
√

VtVT

σ2
v sinh

(
αvτ

2

) ,ν1 =

√
(2αvθv−σ2

v )
2 +8gσ2

v
σ2

v
,ν2 =

2αvθv

σ2
v
−1,

h =
1
τ

[
C̃
β

(
1− e−βτ

)
+

D̃
2β

(
1− e−2βτ

)]
,H = α

2
v +2hσ

2
v ,

g =
1
τ

[
Ẽ
β

(
1− e−βτ

)
+

F̃
2β

(
1− e−2βτ

)]
.

yyy²²² �âÃm\�A^�,-ρ = 0,K½n4.1¥�Ñ�^�A�¼êXe

E
[
exp{iuYT}

∣∣Ft
]
=exp

{
iu
β
(r−λκ−ab)(1− e−βτ)− u2ab(1− e−2βτ)

2β

+iue−βτYt

}(
η1− iu

η1− iue−βτ

)− pλ

β

(
η2 + iu

η2 + iue−βτ

)− (1−p)λ
β

×E
[

exp
{
−
∫ T

t

[
C̃e−β (T−s)+ D̃e−2β (T−s)

]
Vsds

−
∫ T

t

[
Ẽe−β (T−s)+ F̃e−2β (T−s)

] 1
Vs

ds
}]

, (4.2.17)

Ù¥

C̃ =
iua2

2
, D̃ =

u2a2

2
, Ẽ =

iub2

2
, F̃ =

u2b2

2
.

b½h1(s)Úh2(s)´÷vXeL�ª�k.¼ê

h1(s) = C̃e−β (T−s)+ D̃e−2β (T−s), h2(s) = Ẽe−β (T−s)+ F̃e−2β (T−s),
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K�âÚn4.2�

∫ T

t
h1(s)Vsds = h

∫ T

t
Vsds,

∫ T

t
h2(s)

1
Vs

ds = g
∫ T

t

1
Vs

ds,

Ù¥

h =
1
τ

[
C̃
β
(1− e−βτ)+

D̃
2β

(1− e−2βτ)

]
,

g =
1
τ

[
Ẽ
β
(1− e−βτ)+

F̃
2β

(1− e−2βτ)

]
,

�h >− α2
v

2σ2
v

, g≥−(2θvαv−σ2
v )

2

8σ2
v

,�âÚn4.3��

E
[

exp
{
−h
∫ T

t
Vsds−g

∫ T

t

1
Vs

ds
}]

=

√
H sinh

(
αvτ

2

)
αv sinh

(√
Hτ

2

) Iν1(λ1)

Iν2(λ2)

× e
Vt+VT

σ2v

(
αv coth(αvτ

2 )−
√

H coth
(√

Hτ

2

))
, (4.2.18)

Ù¥

H = α
2
v +2hσ

2
v , ν1 =

√
(2αvθv−σ2

v )
2 +8gσ2

v
σ2

v
, ν2 =

2αvθv

σ2
v
−1,

λ1 =
2
√

HVtVT

σ2
v sinh

(√
Hτ

2

) , λ2 =
2αv
√

VtVT

σ2
v sinh

(
αvτ

2

) .
?
�âÚn4.4=��±þ^�A�¼ê��,íØ4.1�y. y..

�âëêa!b!β�ØÓ���Ñ±eíØ.

íííØØØ 4.2 ea = 0, b 6= 0,K4/2a*Ñ�Å·Ü�.òz�3/2a*Ñ�Å·

Ü�.,�

E[exp{iuYT}
∣∣Ft ] =exp

{
iue−βτYt +

iu(r−λκ)(1− e−βτ)

β

}
Iν1(λ3)

Iν2(λ3)

×
(

η1− iu
η1− iue−βτ

)− pλ

β

(
η2 + iu

η2 + iue−βτ

)− (1−p)λ
β

, (4.2.19)

Ù¥, λ3 =− 2αv
√

VtVT
σ2

v sinh(−αvτ

2 )
,�ν1!ν2!Ẽ!F̃!g�L�ªÓíØ4.1.

íííØØØ 4.3 eb = 0, a 6= 0,K4/2a*Ñ�Å·Ü�.òz�Hestona*Ñ�Å

·Ü�.,�

E[exp{iuYT}
∣∣Ft ] =exp

{
iue−βτYt +

iu(r−λκ− aραvθv
σv

)(1− e−βτ)

β
− iuaρ

σv
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× e−βτVt

}(
η1− iu

η1− iue−βτ

)− pλ

β

(
η2 + iu

η2 + iue−βτ

)− (1−p)λ
β

×

(
(B′σ2

v +αv)
(
e
√

H ′τ −1
)
+
√

H ′
(
e
√

H ′τ +1
)

2
√

H ′e
(
√

H′+αv)τ
2

)− 2αvθv
σ2v

× exp

{
−Vt

(B′σ2
v +2h′)

(
e
√

H ′τ −1
)
−B′
√

H ′
(
e
√

H ′τ +1
)

(B′σ2
v +αv)

(
e
√

H ′τ −1
)
+
√

H ′
(
e
√

H ′τ +1
) },
(4.2.20)

Ù¥

B′ =− iuaρ

σv
, C′ =

iua2

2
− aρ(β −αv)

σv
, D′ =−(iu)2(1−ρ2)a2

2
,

H ′ = α
2
v +2h′σ2

v , h′ =
1
τ

[
C′

β

(
1− e−βτ

)
+

D′

2β

(
1− e−2βτ

)]
.

íííØØØ 4.4 eβ = 0,K4/2a*Ñ�Å·Ü�.òz�Ãþ�£EA��4/2a

*Ñ�Å·Ü�.,�

E[exp{iuYT}
∣∣Ft ] =exp

{
iuYt + iu

(
r−λκ−ab+(1−ρ

2)iuab− aραvθv

σv

)
τ

)
+

iubραv

σv
τ

}
V

1
2+

m
2−

αvθv
σ2v
− iubρ

σv
t

(
υ + K̃

)− 1
2−

m
2 +w−αvθv

σ2v

×

( √
H̃

σ2
v sinh2 (√H̃τ

2

)
)m+1

Γ

(
1
2 +

m
2 −w+ αvθv

σ2
v

)
Γ(m+1)

× exp

{
α2

v θvτ−
√

H̃Vt coth
(√H̃τ

2

)
+αvVt− iuaρσvVt

σ2
v

}

× exp
{

λτ

(
pη1

η1− iu
+

(1− p)η2

η2 + iu
−1
)}

×1 F1

(
1
2
+

m
2
−w+

αvθv

σ2
v

,m+1,
H̃Vt

σ4
v sinh2 (√H̃τ(υ+K̃)

2

)
)
,

(4.2.21)

Ù¥, Γ(·)L«³ê¼ê, 1F1(·, ·, ·)��AÛ®6¼ê,�

υ =− iuaρ

σv
, w =

iubρ

σv
, ϕ =−iu

[
aραv

σv
− σ2

v
2

+
iu(1−ρ2)a2

2

]
,

δ =−iub
[

ρ(σ2
v −2αvθv)

2σv
+

(
iu(1−ρ2)−1

)
b

2

]
, H̃ = α

2
v +2ϕσ

2
v ,
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m =

√
(2αvθv−σ2

v )
2 +8σ2

v δ

σ2
v

, K̃ =

√
H̃ coth

(√
H̃τ

2

)
+αv

σ2
v

.

íØ4.2!íØ4.39íØ4.4�y²L§ÓíØ4.1.

4.2.2 ÄÄÄuuu4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...���îîîªªªÏÏÏ���½½½dddúúúªªª

Äu4.2.1!¤�I�]�éê]�d�¤÷v�A�¼ê,��!ò�ÑÄ

u4/2a*Ñ�Å·Ü�.�îªÏ�½dúª.

½½½nnn 4.2 b½3��VÇ�m(Ω,F ,Q)¥,I�]�d�÷v(4.1.1)ª,K

�Ï�m�T ,�1d��K�îªwÞÏ�½dúªXe

C(S0,T,K) = S0−
Ke−rT

2π

∫ iz2+∞

−iz2−∞

Φ(−z)
e−izk

z2− iz
dz, 0 < Im(z)< 1, (4.2.22)

Ù¥, k = ln S0
K + rT , z = z1 + iz2,�z1,z2 ∈ R.

AO/,�z2 =
1
2�

C(S0,T,K) = S0−
√

S0Ke−
1
2 rT

π

∫
∞

0
Re
[

Φ(z1−
1
2

i)eiz1k
]

1
z2

1 +
1
4

dz1, (4.2.23)

Φ(·)L«A�¼ê, Re[·]L«�¢Ü.

yyy²²² -y = YT = lnST ,�1d�K > 0,KîªwÞÏ��ÂÃ¼ê�

f (y) = max{ST −K,0}, (4.2.24)

éuz ∈ C,Ù2ÂFp�C��

f̂ (z) = F [ f (y)] =
∫
C

eizy max(ey−K,0)dy =
∫

∞

lnK
e(iz+1)ydy−

∫
∞

lnK
eizyKdy

=
e(iz+1)y

iz+1

∣∣∣∞
lnK
−K

eizy

iz

∣∣∣∞
lnK

. (4.2.25)

b½

z = z1 + iz2,

�âî.úª,k

e(iz+1)y

iz+1
=

e(1−z2)yeiz1y

iz1− z2 +1
=

e(1−z2)y

iz1− z2 +1

[
cos(z1y)+ isin(z1y)

]
,
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XJ e(iz+1)y

iz+1 k½Â,7LkIm(z)> 1,K

e(iz+1)y

iz+1

∣∣∣∞
lnK

= lim
y→+∞

e(iz+1)y

iz+1
− e(iz+1) lnK

iz+1
=−e(iz+1) lnK

iz+1
. (4.2.26)

Ó�/,�¦Keizy

iz k½Â,7LkIm(z)> 0,K

Keizy

iz

∣∣∣∞
lnK

=−Keiz lnK

iz
, (4.2.27)

��y e(iz+1)y

iz+1 Ú
Keizy

iz þk½Â,7LkIm(z)> 1,l


f̂ (z) =
∫
C

eizy max(ey−K,0)dy =−e(iz+1) lnK

iz+1
+

Keiz lnK

iz
=− Kiz+1

z2− iz
. (4.2.28)

Ïd

C(S0,T,K) =e−rTE
[

f (lnST )
]
=

e−rT

2π
E
[∫ iz2+∞

iz2−∞

S−iz
T f̂ (z)dz

]
=− Ke−rT

2π

∫ iz2+∞

iz2−∞

exp{−iz[lnS0 + rT ]}Φ(−iz)
Kiz

z2− iz
dz. (4.2.29)

-k = ln S0
K + rT ,K

C(S0,T,K) =−Ke−rT

2π

∫ iz2+∞

iz2−∞

e−izk
Φ(−iz)

1
z2− iz

dz, Im(z)> 1. (4.2.30)

�0 < Im(z)< 1�,îªÏ�½dúªXe

C(S0,T,K) = S0−
Ke−rT

2π

∫ iz2+∞

−iz2−∞

Φ(−z)
e−izk

z2− iz
dz, 0 < Im(z)< 1,

AO/,�z2 =
1
2�,k

C(S0,T,K) = S0−
√

S0Ke−
1
2 rT

π

∫
∞

0
Re
[

Φ(z1−
1
2

i)eiz1k
]

1
z2

1 +
1
4

dz1,

Ù¥, Re[·]L«�¢Ü,A�¼êΦ(·)�L�ª�4.2.1!. y..

4.3 4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd¢¢¢yyy©©©ÛÛÛ

��!Ì�Äuþy50ETFÏ�, u�LMRJ-4/2-SV!4/2-SV!3/2-SV±

9Heston-SV�.3îªÏ�¥�½dLy. Äk, é50ETFÏ��I�?1

£ã5ÚO©Û,&?Ï�I�]�9Ùéê]�d��Ä�CzA�;Ùg,�
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�y½d�.�Ün5,|^âf+`z�{�O�.ëê;��,é�.½d(

J?1©Û,&?�.½d5U.

4.3.1 III���]]]���ddd���£££ããã555ÚÚÚOOO©©©ÛÛÛ

�u�I�]�d�Czª³��Ù¤�ïLMRJ-4/2-SV�.�A�´Ä�

Î,��!éÏ�I�]�d�?1£ã5ÚO©Û,&?¤Àêâ�Ä�Cz

A�. ã4.1-ã4.3©O�Ñ
I�]�Â�d!I�]�éêÂÃª³9Q-Qã.

ã4.1¤«�2018c3�14F�2024c5�10F50ETF�Â�dr³(êâlWindê

â¥¥¼�). ÄuI�êâ�±��1494�FéêÂÃ�,ÙCzª³Xã4.2¤

«.

11/01/17 03/16/19 07/28/20 12/10/21 04/24/23 09/05/24
2.2

2.4

2.6

2.8

3

3.2

3.4

3.6

3.8

4

4.2

50ETF

ã4.1 50ETF

11/01/17 03/16/19 07/28/20 12/10/21 04/24/23 09/05/24
-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

ã4.2 éêÂÃ

-0.08 -0.06 -0.04 -0.02 0 0.02 0.04 0.06 0.08

Data

0.001
0.003

0.01
0.02

0.05
0.10

0.25

0.50

0.75

0.90
0.95

0.98
0.99

0.997
0.999

P
ro

ba
bi

lit
y

ã4.3 Q-Qã

ã4.1-4.2L², I�]�äka�A�, �ÙéêÂÃäkþ�£EA5.

ã4.3L²I�]�éêÂÃÇäkþ�A5.

�?�Ú©ÛêâA�,�Ñ±eÚOþ�.(JXL4.1¤«.
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L4.1 50ETFéê]�d�£ã5ÚO©Û

¶¡ ��� ��� þ� IO�  Ý ¸Ý ��þ p�

50ETF 0.0848 -0.0775 -0.00007 0.0124 0.0867 7.3257 1494 0.001

XL4.1¤«,�� Ý�0.0867 > 0,ù¿�X��´�m���,¿���

�©Ù;¸Ý�7.3257 > 3,=��¥yÑk¸þ�A�. Ïd,L²²;B-S�.

¥I�]�Ñl��©Ù�b�¿ØÜn.

nþ¤ã,I�]�d�äk±eA:

(1)I�]�äk�Åa�A�;

(2)I�d�äkk¸!þ�����A�;

(3)éêÂÃêâäkþ�£E�A:;

(4)I�]�d�ÅÄÇäk�ÅCz�A�.

Ïd, Äu±þ©Û���©¤ïÄ¢yêâ�Ä�CzA�ÎÜ©¥�

ïLMRJ-4/2-SV�.�A:,L²nØþÄuLMRJ-4/2-SV�.éÏ�?1½d

äk�½�Ün5.

d	,é�.ëê�k��O´|^�.?1½d�cJ.Ïd,e¡òé�

©#�ï�.9¤ÀÄO�.¥�ëê?1�O.

4.3.2 4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...ëëëêêê���OOO

duLMRJ-4/2-SV�.¥�ëêLõ(β!a!αv!θv!σv!λ!p!η1!η2),

��?1�O�©(J.Ïd,�©òëê�O¯K=z�`z¯K,|^âf+

`z�{(PSO)�O�.ëê. ��yëê�O�­è59�.�½dÚýÿU

å,òêâ©���SÚ��	ü|. Ù¥,��Sêâ^u�Oëê,��	ê

â^u�y�.�½dÚýÿUå.

äN5ù, ±2021c7�20F�Ï�d���u���S�.½

d5U�êâ, ±2021c7�21F�Ï�êâ��u��.ýÿUå

���	êâ. ¿��?�Ú�y�.éØÓa.Ï��½dÚ

ýÿ�J, òÏ�êâ©�na(¢�Ï�(ITM)!²�Ï�(ATM)!J

�Ï�(OTM))?1©Û. d	, ¤ÀÏ�Ü���ÏF©O�2021c7

�28F!2021c8�25F!2021c9�22F!2021c12�22F; ��Sêâ�Ð

©��3.408;��	êâ�Ð©��3.421;Ãºx|Çr = 0.03.

¢yu�L§¥Tþ�cz�Ï�m,äN��Xe
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��ST�: T =
{ 8

365 ,
36

365 ,
64

365 ,
155
365

}
.

��	T�: T =
{ 7

365 ,
35

365 ,
63

365 ,
154
365

}
.

é¤k��êâ?1®o,(J��L4.2.

L4.2 50ETFÏ�êâ

FÏ o�
S/K

ITM (≥ 1.01) ATM (0.98,1.01) OTM (≤ 0.98)

July 20, 2021
0.1425 0.2925 0.1014 0.0307

(40) (16) (4) (20)

July 21, 2021
0.1461 0.3001 0.1047 0.0311

(40) (16) (4) (20)

L4.2�Ñ
ØÓa.Ï����²þd�±9�A���þ. )ÒSêâL

«Ï�êþ,)Ò	êâL«Ï��²þd�.

e¡ò�â`znØ,|^âf+`z�{é�.¥ëê?1�O.âf+

`z8I¼ê��1nÙëê�OÜ©SN.ëê�O(JXL4.3¤«.

L4.3 ëê�O�

�. β a αv θv σv ρ λ p η1 η2

LMRJ-4/2-SV 5.2989 0.9975 0.5014 0.9987 0.2768 - 0.6038 0.9625 1.0990 0.1434
4/2-SV - 0.3827 0.9829 0.8658 0.4016 -0.7273 - - - -
3/2-SV - 0 0.4836 0.3819 0.3273 -0.9381 - - - -

Heston-SV - 1 0.5271 0.4662 0.6213 -0.7564 - - - -

�`²LMRJ-4/2-SV�.�½d5U,©¥ò4/2-SV!3/2-SVÚHeston-SV�

.��éì�.,¤k�.��'ëê�þ3L4.3¥�Ñ.

4.3.3 4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd(((JJJ©©©ÛÛÛ

lI�]�d��£ã5ÚO(J9�.ëê�O(J��, �©�ï

�LMRJ-4/2-SV�.ÎÜ¢Sêâ�Ä�CzA�,=ÄuLMRJ-4/2-SV�.é

Ï�?1½d´Ünk��. ��*©Û��.eÏ��d�r³�ý¢d��

r³�¹,�â�Ï�m�ØÓòêâ©�4|,?Ø�1d�CzéÏ�d�r

³�K�,��.ëê��L4.3,½d(JXã4.5.
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Heston-SV
3/2-SV

ã4.5 ��S½d(J

dã4.5��, �Ï�m�Ó�, Ï�½|d���1d��O

�
~�, �âLMRJ-4/2-SV�.!4/2-SV�.!3/2-SV�.9Heston-SV�

. ½ d � � � d � ª ³ � � � 1 d � � O \ 
 ~ �, = Ä

uLMRJ-4/2-SV!4/2-SV!3/2-SVÚHeston-SV�.�nØd��ý¢d�C

zª³��, `²
LMRJ-4/2-SV½d�.�k�5. d	, lã4.5�±w

Ñ, ÄuLMRJ-4/2-SV�.eîªÏ�½dúª���Ï�d�­���

Cý¢êâ­�, 4/2-SV�.g�, 
3/2-SVÚHeston-SV�.�é��, ùL

²LMRJ-4/2-SV�.�½d(J`u4/2-SV!3/2-SVÚHeston-SV�.�½d(

J.d	,��Ï�m���, LMRJ-4/2-SV�.!4/2-SV!3/2-SVÚHeston-SV�

.�½d(JÄ��Ó, ��X�Ï�m�ØäCO\, LMRJ-4/2-SV�

.�½d(J²w`u4/2-SV!3/2-SVÚHeston-SV�., =�Ï�m��,

LMRJ-4/2-SV�.�½d°Ý�p. ùÌ�´Ï��Ï�m��I�]�d

�CzA�éÏ�½d(J�K��²w. nþ��, LMRJ-4/2-SV�.U
é

îªÏ�?1Ünk�½d,¿�Ù½d(J`uÙ§�ÅÅÄÇ�.,L²�

ïLMRJ-4/2-SV�.´�©7��.

�,��S½d(JL²,�'uHeston-SV�.!3/2-SV�.Ú4/2-SV�.


óLMRJ-4/2-SV�.�½d(J�`,�ùk�U´êâ�LÝ[Ü
���.
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Ïd,�?�Ú�yLMRJ-4/2-SV�.���	ýÿUå,ÄuL4.3¤�ëê�,

?1��	½d(J©Û,�ã4.6.
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ã4.6 ��	½d(J

ã4.6��	(JL², é��	êâ
ó, �.½d(J���

S��, =LMRJ-4/2-SV�.�½d(J�`, 4/2-SV�.g�, 3/2-SV�.

ÚHeston-SV�.�é��. d	, �X�Ï�m�O\LMRJ-4/2-SV�.�

½d(J�4/2-SV!3/2-SVÚHeston-SV�.��É�²w. ��S	�ù�(

ØÌ�´Ï�Ï��Ï�m��,I�]�����A�!éêþ�£EA�!

a�±9�ÅÅÄA��²w,
LMRJ-4/2-SV�.��ïnÜ�Ä
±þA�,

ÏdÙ½d(J�'4/2-SV!3/2-SVÚHeston-SV�.¥yÑ
�Ð�½d(J.

4.3.4 4/2aaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½dddØØØ���©©©ÛÛÛ

��y�.�½d°Ý, À�þ��Ø�(RMSE)5ïþ�.�½d°Ý.

L4.4�Ñ
��SÚ��	�.�RMSE�.��SØ�(J^u�yëê�O

(J���5±9�.½d(J�Ün5,��	Ø�(J^uu�ëê�­è
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5Ú�.�ýÿUå. RMSEäNL�ªXe

RMSE =

√√√√ 1
m1n1

n1

∑
l=1

m1

∑
j=1

(Cl j−Ĉl j)2, (4.3.1)

Ù¥, n1!m1!Cl jÚĈl j©OL«�Ï�m!�1d�!Ï�ý¢�9�O�.

L4.4 Ø�©Û

S/K
��SRMSE ��	RMSE

LMRJ-4/2-SV 4/2-SV 3/2-SV Heston LMRJ-4/2-SV 4/2-SV 3/2-SV Heston

≥ 1.01
0.0136 0.0889 0.1203 0.1230 0.0182 0.0907 0.1220 0.1248

(16)
(0.98,1.01)

0.0170 0.1115 0.1437 0.1429 0.0228 0.1136 0.1457 0.1453
(4)
≤ 0.98

0.0137 0.0912 0.1207 0.1107 0.0150 0.0931 0.1229 0.1133
(20)
Total

0.0141 0.0925 0.1230 0.1193 0.0172 0.0994 0.1250 0.1215
(40)

�âL4.4¥ØÓÏ�a.e�RMSE���, ��S	äk���½

dLy. Äk, ��S	���.eITMÚOTMÏ��RMSEþ�uATMÏ

��RMSE�, `²©¥¤�9�.é¢�Ï�ÚJ�Ï��½d°Ý

pué²�Ï��½d°Ý. Ùg, �4/2-SV!3/2-SVÚHeston-SV�.�',

LMRJ-4/2-SV�.e�aÏ��RMSE�þ��(��SITM!ATMÚOTMÏ

� �RMSE© O �0.0136!0.0170Ú0.0137; � � 	ITM!ATMÚOTMÏ �

�RMSE©O�0.0182!0.0228Ú0.0150), =�'u4/2-SV!3/2-SVÚHeston-SV

�.
óLMRJ-4/2-SV�.e�ATM!OTM9ITMÏ�½dØ�þ��. d

	, ÄuLMRJ-4/2-SV�.?1½d���S	o�RMSE�þ��, =�N5

ùLMRJ-4/2-SV�.�½d°Ý`u4/2-SV!3/2-SVÚHeston-SV�.. ��, ¤

k�.���	Ï�[ÜØ�þ�u��SØ�,Ì�´Ï��.ëê´ÏL�

�Sêâ�O¤��ÎÜ��Sêâ(�,ÎÜý¢�¹.

nþ��, LMRJ-4/2-SV�.éÏ�I�]�êâ�[Ü§Ý�p,

Äud�.�îªÏ�½dØ���!½d(J�`, 4/2-SV�.g�,

3/2-SVÚHeston-SV�.½d(J�é��. ùÌ�´Ï�LMRJ-4/2-SV�.

nÜ�Ä
I�]�d��k¸!þ�!a�*Ñ!éêþ�£E±9ÅÄÇ

Ø5KÅÄ�A�,'��¡/©Û
Ï�I�]�d��Ä�Czª³. d	,

4/2-SV�.��'3/2-SVÚHeston-SV�.éÅÄÇ�£ã�¿©,¤±Ù½d(
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J`u3/2-SVÚHeston-SV�.. �4/2-SV�.¿vk�ÄI�]��a�*Ñ

9éêþ�£EA�,ÏdÙ½d(JØXLMRJ-4/2-SV�..

4.4 ���ÙÙÙ���(((

�ÙÌ�Äu7K½|êâ�k¸!þ�!ÅÄÇ8à9a��Ä�

CzA�, �ï
LMRJ-4/2-SVîªÏ�½d�., ¿Äud�.é50ETFÏ�

?1¢yïÄ, ©ÛT�.3·I7K½|û)�¬½d¯K¥�½d�

J. Äk, é½|^�?1b�, ¿ïá
4/2a*Ñ�Å·Ü�.. Ùg, |

^ItôÚn!¯�Fp�C�±9î.Cz��{¼�
LMRJ-4/2-SV�.e

I�éê]�d��A�¼ê9îªÏ�½dúª. 2g, ¦^âf+`z�

{é�.ëê?1�O, ¼��|­½�ëê�O�. ��, òLMRJ-4/2-SV�

.e�½d(J�4/2-SV!3/2-SVÚHeston-SV�.�½d(J?1é', ©

ÛLMRJ-4/2-SV�.�½d5U.(Jw«: äkVÏfA��4/2-SV�.'üÏ

f3/2-SVÚHeston-SV�.éI�]�d�ª³�[Ü§Ý�Ð,½d(J�`;

äkéêþ�£EA��a*Ñ�ÅÅÄÇLMRJ-4/2-SV�.'üX�VÏf

�ÅÅÄÇ4/2-SV�.�½d°Ý�p,=�Ù�ï�LMRJ-4/2-SV�.3îª

Ï�½d¥Ly�Ð, 4/2-SV�.g�, 3/2-SVÚHeston-SV�.�½d�J�é

��. ùL²�ïLMRJ-4/2-SV�.´�©7��,T�.Ø=U
Jp7Kû

)�¬�½d°Ý,
��U´LÏ�½d�.�nØµe.
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5 ÄÄÄuuu4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...���îîîªªªÏÏÏ���½½½dddïïïÄÄÄ

1nÙÚ1oÙ34/2�ÅÄÇ�.�Ä:þ©Ol�Å|ÇÚa*Ñ�Ý

\Ã,�ï
�A�îªÏ�½d�.,¿éØÓ^�e#�ï�.�½d5U

?1
ïÄ,uyäk�Å|ÇÚa*ÑA��4/2�ÅÅÄÇ�.þU
Jp

X4/2�ÅÅÄÇ�.e�îªÏ�½d°Ý.�cüÙ¥¿�Ó��Ä|Ç�

�Å5�a*ÑA�. Ïd,�ÙÄu1n!oÙSN,éÓ�äk�Å|ÇÚa

*ÑA��4/2�ÅÅÄÇ�.e�îªÏ�½d¯K?1ïÄ.

�Ù(�Xe: 1�!Äu7K½|Ä:]��k¸þ�!ÅÄÇ8à!

a�*Ñ9½||Ç��Å5A�, �ï4/2-CIRa*Ñ�Å·Ü�.. 1�!

é4/2-CIRa*Ñ�Å·Ü�.eîªÏ�½dnØ?1&?,¼�4/2-CIRa*

Ñ�Å·Ü�.e�îªÏ�½dúª. 1n!Äu4/2-CIRa*Ñ�Å·Ü�

.?1¢y©Û,u�ÄuØÓÀ�¤�ï�.3ý¢½|¥�½d�J.1o

!��Ù�!.

5.1 4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...������ïïï

b½(Ω,F ,{Ft}t∈[0,T ] ,P)´�����VÇ�m, {Ft}t∈[0,T ]´dÙK$Ä)

¤�më�4�&E6, PL«{¤VÇÿÝ,I�]�d�÷vXe�§

dSt

St
= µdt +(a

√
vt +

b
√

vt
)dWP

t +ησr
√

rtdWP
r,t +(eξ −1)dNP

t , (5.1.1)

Ù¥, µ , η´~ê, StL«t���¦�d�, WP
t , WP

r,tþ�IOÙK$Ä, NP
t ´r

Ý�λ p �ÑtL§, �WP
r,t , WP

t , NP
t �pÕá, ξÑlV�ê©Ù, Ù�Ý¼ê

� fξ (y) = pη1e−η1yIy≥0 +qη2eη2yIy<0, η1 > 1,η2 > 0, p+q = 1.

ÅÄÇÚ|Ç÷vXeCIRL§dvt = ζv(ηv− vt)dt +σv
√

vtdWP
v,t ,

drt = ζr(ηr− vt)dt +σr
√

rtdWP
r,t ,

(5.1.2)

Ù¥, ζv!ηv!σv©OL«ÅÄÇL§�þ�£E�Ý!þ�£EY²9ÅÄÇ,

�2ζvηv ≥ σ2
v , ζr!ηr!σr©OL«|ÇL§�þ�£E�Ý!þ�£EY²9

ÅÄÇ,�2ζrηr ≥ σ2
r , WP

v,tÚWP
t ��'Xê�ρ , WP

v,tÚWP
r,t�pÕá.

b½Q´P��d�ÿÝ, ν p(dy)´eξ −1�VÇ©Ù, ν(dy)´rÝ�λ�a�
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©Ù, ψ(y) = λ

λ p
ν(dy)

ν p(dy) −1,y ∈ R,L§X = Xt , t ∈ [0,T ]½ÂXe

Xt :=
dQ
dP

= exp{−(λ −λ
p)t} X̃1

t X̃2
t

Nt

∏
j=1

(1+ψ(m j)), (5.1.3)

Ù¥, m j = eξ j −1, X̃1
t , X̃2

t ´ü��Å�ê�L§,½ÂXe

X̃1
t = exp

{
−
∫ T

t
λ
√

vsdWP
s −

1
2

∫ T

t
λ

2
vsds

}
, (5.1.4)

X̃2
t = exp

{
−
∫ T

t

λr

σr

√
rtdWP

r,s−
1
2

∫ T

t

λ 2
r

σ2
r

rsds
}
. (5.1.5)

� Å � ê � L §X̃1
t ÚX̃2

t 3 ÿ ÝPe � � � ´ » � p Õ á, K �

âCherny(2016)½n2.4k

X̃t =X̃1
t X̃2

t

=exp
{
−
∫ T

t
λ
√

vsdWP
s −

1
2

∫ T

t
λ

2
vsds−

∫ T

t

λr

σr

√
rtdWP

r,s−
1
2

∫ T

t

λ 2
r

σ2
r

rsds
}
,

(5.1.6)

´���. ,
,L§X3ºx¥5ÿÝek½Â,��=�3QÿÝeÙ�ý�

��¿�I�]�byL§��5¤á,=

u− rt +λE(eξ −1)− λr

σr

√
rtησr

√
rt−λ

√
vt

(
a
√

vt +
b
√

vt

)
= 0, P−a.s, (5.1.7)

��yÿÝCz½ûÐ,KI�yNovikov^�¤á,=

E
[

exp
{

1
2

∫ T

t
λ

2
vsds

}]
< ∞, (5.1.8)

E
[

exp
{

1
2

∫ T

t

λ 2
r

σ2
r

rsds
}]

< ∞. (5.1.9)

�âKraft(2005)·K5.1��,þª¤á7÷v

1
2

λ
2 ≤ ζ 2

v
2σ2

v
,

1
2

λ 2
r

σ2
r
≤ ζ 2

r
2σ2

r
.

�âCheng(2021)��,by]�d��5¤á7L÷v

σ
2
v ≤ 2ζvηv−2|σvρb|, (5.1.10)
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d	,�
éÀ|Çºx,�âZhang(2023)I÷v±e^�

λ
2
r ≥ 2σ

2
r , (5.1.11)

nþ��,ÿÝC�½ÂûÐI÷vXe^�

|λ |< ζv

σv
, (5.1.12)

σ
2
v ≤ 2ζvηv−2|σvρb|, (5.1.13)

2σ
2
r ≤ λ

2
r ≤ ζ

2
r . (5.1.14)

�âGirsanovs½n,��3Qe�ÙK$ÄWt!Wr,t!Wv,t9ÑtL§Nt ,=

dWt = dWP
t +λ

√
vtdt, dWr,t = dWP

r,t +
λr

σr

√
rtdt, dNt = dNP

t −λdt.

l
,3QÿÝeI�]�d�!ÅÄÇ9|Ç©O÷vXe�§:

dSt

St
= (rt +λ (avt +b)+λrηrt−λκ)dt +(a

√
vt +

b
√

vt
)dWt

+ησr
√

rtdWr,t +(eξ −1)dNt ,

dvt = αv(θv− vt)dt +σv
√

vtdWv,t ,

drt = αr(θr− rt)dt +σr
√

rtdWr,t ,

(5.1.15)

Ù¥, κ = E[eξ −1] = pη1
η1−1 +

qη2
η2+1 −1, αv = ζv +σvλv, θv =

ζvηv

ζv+σvλ
, αr = ζr +σrλr,

θr =
ζrηr

ζr+λr
.d	, 2αvθv = 2 ζvηv

ζv+σvλ
(ζv+σvλ )= 2ζvηv≥σ2

v , 2αrθr = 2 ζrηr
ζr+λr

(ζr+λr)=

2ζrηr ≥ σ2
r ,=3QÿÝe÷vFeller^�.

5.2 4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd

5.2.1 ÄÄÄuuu4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...���éééêêê]]]���ddd���AAA���¼¼¼êêê

�¼�4/2-CIRa*Ñ�Å·Ü�.e�îªÏ�½dúª,��!�âItôÚ

n!V�êa*ÑL§�Ä�nØ9CIRL§�Ä�5��¼�T�.eI�é

ê]�d��A�¼ê,��½n5.1.

½½½nnn 5.1 b½3��VÇ�m(Ω,F ,{Ft}t∈[0,T ],Q)¥, u ∈ R, Yt = lnSt ,Ï�
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I�]�d�÷v(5.1.15)ª,KÙ^�A�¼êXe

Φt,T (u) =E[exp(iuYT )|Ft ]

=exp

{
−rt

(αrϕ−2D)(e
√

hrτ −1)−ϕ
√

hr(e
√

hrτ +1)
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)
− iuaρ

σv
vt

}

× exp
{[

iuYt + iu(λb−ab+ iuab(1−ρ
2)−λκ)τ

]
− iubρ

σv
lnvt

+

(
iubραv

σv
− iuaραvθv

σv
− iuηαrθr

)
τ− iuηrt

}(
f (τ,vt)

2

)1+g

× (ψ +H(τ))
−
(

1
2+

g
2−ν+αvθv

σ2v

)
Γ

(
1
2 +

g
2 −ν + αvθv

σ2
v

)
Γ(1+g)

v
−αvθv

σ2v
t

× exp

{
1

σ2
v

(
α

2
v θvτ−

√
hvtcoth

(√
hτ

2

)
+αvvt

)}

×1 F1

(
1
2
+

g
2
−ν +

αvθv

σ2
v

,1+g,
f 2(τ,vt)

4(ψ +H(τ))

)

×

(
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

2
√

hre
√

hr+αr
2 τ

)− 2αrθr
σ2r

× exp
{

λ (T − t)
(

pη1

η1− iu
+

qη2

η2 + iu
−1
)}

, (5.2.1)

Ù¥, 1F1�Ü6�AÛ¼ê,�

A =−iu
(

aλ − 1
2

a2 +
1
2

iu(1−ρ
2)a2 +

1
σv

aραv

)
,

B =−iu
(

1
2

iu(1−ρ
2)b2− 1

2
b2 +

1
2

bρσv−
1
σv

bραvθv

)
,

D =−iu
(

1− 1
2

η
2
σ

2
r +ηλr +ηαr

)
, hr = α

2
r +2Dσ

2
r ,

H(τ) =
1

σ2
v

(
√

hcoth

(√
hτ

2

)
+αv

)
, h = α

2
v +2Aσ

2
v ,

f (τ,vt) =
2
√

hvt

σ2
v sinh(

√
hτ

2 )
, g =

1
σ2

v

√
(2αvθv−σ2

v )
2 +8σ2

v B,

ν =− iubρ

σv
, ψ =− iuaρ

σv
, ϕ =−iuη , τ = T − t.

yyy²²² -Yt = lnSt ,�âItôÚn��

dYt =

[
rt−λ (avt +b)+ rtλrη−

1
2

(
a
√

vt +
b
√

vt

)2

− 1
2

η
2
σ

2
r rt−λκ

]
dt (5.2.2)
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+ησr
√

rtdWr,t +

(
a
√

vt +
b
√

vt

)
dWt +ξ dNt , (5.2.3)

K

YT =
∫ T

t

[
rs−λ (avs +b)− 1

2

(
a
√

vs +
b
√

vs

)2
+ rsλrη−

1
2

rsη
2
σ

2
r −λκ

]
ds

+Yt +
∫ T

t

(
a
√

vs +
b
√

vs

)
dWs +

∫ T

t
ησr
√

rsdWr,s +
Nt

∑
j=1

ξ j. (5.2.4)

-u ∈ R,Kéê]�d��^�A�¼êΦt,T (u) := E[exp(iuYT )|Ft ]Xe

Φt,T (u) = E
[

exp
{

iu
[
Yt +

∫ T

t
rsds+

∫ T

t
λavsds+

∫ T

t
λbds+

∫ T

t
λrηrsds

−1
2

a2
∫ T

t
vsds− 1

2
b2
∫ T

t

1
vs

ds−ab
∫ T

t
ds− 1

2

∫ T

t
η

2
σ

2
r rsds

−λκ

∫ T

t
ds+

∫ T

t

(
a
√

vs +
b
√

vs

)
dWs +

∫ T

t
ησr
√

rsdWr,s

+
Nt

∑
j=1

ξ j

]}∣∣∣Ft

]

=E
[

exp
{

iu
[
Yt +

∫ T

t

(
1− 1

2
η

2
σ

2
r +ηλr

)
rsds+aλ

∫ T

t
vsds

−1
2

a2
∫ T

t
vsds+(λb−ab−λκ)(T − t)− 1

2
b2
∫ T

t

1
vs

ds

+a
∫ T

t

√
vsdWs +b

∫ T

t

1
√

vs
dWs +η

∫ T

t
σr
√

rsdWr,s +
Nt

∑
j=1

ξ j

]}∣∣∣Ft

]

=E
[

exp
{

iu
[
Yt +(λb−ab−λκ)(T − t)

]
+ iuaλ

∫ T

t
vsds

+iu
∫ T

t

(
1− 1

2
η

2
σ

2
r +ηλr

)
rsds− iu

1
2

a2
∫ T

t
vsds− iu

1
2

b2
∫ T

t

1
vs

ds

+iu
∫ T

t

(
a
√

vs +
b
√

vs

)
dWs + iuη

∫ T

t
σr
√

rsdWr,s + iu
Nt

∑
j=1

ξ j

}∣∣∣Ft

]
=E
[
exp
{(

iuYt +[iuλb− iuab− iuλκ +(iu)2(1−ρ
2)ab](T − t)

)
+iu

Nt

∑
j=1

ξ j + iu
∫ T

t

(
1− 1

2
η

2
σ

2
r +ηλr

)
rsds+ iuη

∫ T

t
σr
√

rsdWr,s

+iubρ

∫ T

t

1
√

vs
dWv,s + iuaλ

∫ T

t
vsds+

1
2
(iu)2(1−ρ

2)a2
∫ T

t
vsds

− iua2

2

∫ T

t
vsds− iub2

2

∫ T

t

1
vs

ds+ iuaρ

∫ T

t

√
vsdWv,s

+
1
2
(iu)2(1−ρ

2)b2
∫ T

t

1
vs

ds
}∣∣∣Ft

]
(5.2.5)
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∫ T

t

√
vsdWv,s =

1
σv

(vT − vt)−
αvθv

σv
(T − t)+

αv

σv

∫ T

t
vsds,∫ T

t

1
√

vs
dWv,s =

1
σv

(lnvT − lnvt)−
αvθv

σv

∫ T

t

1
vs

ds+
σv

2

∫ T

t

1
vs

ds+
αv

σv
(T − t),∫ T

t

√
rsdWr,s =

1
σr

(rT − rt)−
αrθr

σr
(T − t)+

αr

σr

∫ T

t
rsds,

KA�¼êΦt,T (u)�nXe

Φt,T (u) =E
[
exp
{[

iuYt + iu(λb−ab+ iuab(1−ρ
2)−λκ)(T − t)

]
+

(
iubραv

σv
− iuaραvθv

σv
− iuηαrθr

)
(T − t)+ iuη(rT − rt)

+
∫ T

t

(
−1

2
u2(1−ρ

2)b2− 1
2

iub2 +
1
2

iubρσv−
1
σv

iubραvθv

)
1
vs

ds

+
∫ T

t

(
iuaλ − 1

2
iua2 +

1
2
(iu)2(1−ρ

2)a2 +
1
σv

iuaραv

)
vsds

+iu
∫ T

t

(
1− 1

2
η

2
σ

2
r +ηλr +ηαr

)
rsds+ iu

Nt

∑
j=1

ξ j

+
iuaρ

σv
(vT − vt)+

iubρ

σv
ln

vT

vt

}∣∣∣Ft

]
=E
[
exp
{[

iuYt + iu(λb−ab+ iuab(1−ρ
2)−λκ)(T − t)

]
+

iubραv

σv
(T − t)− iuaραvθv

σv
(T − t)− iuηαrθr(T − t)− iuηrt

+
∫ T

t

(
iuaλ − 1

2
iua2 +

1
2
(iu)2(1−ρ

2)a2 +
1
σv

iuaραv

)
vsds

+
∫ T

t

(
1
2
(iu)2(1−ρ

2)b2− 1
2

iub2 +
1
2

iubρσv−
1
σv

iubραvθv

)
1
vs

ds

+iuηrT + iu
∫ T

t

(
1− 1

2
η

2
σ

2
r +ηλr +ηαr

)
rsds+ iu

Nt

∑
j=1

ξ j

− iuaρ

σv
vt−

iubρ

σv
lnvt +

iuaρ

σv
vT +

iubρ

σv
lnvT

}∣∣∣Ft

]
=exp

{[
iuYt + iu(λb−ab+ iuab(1−ρ

2)−λκ)(T − t)
]
− iuaρ

σv
vt

+
iuραv(b−aθv)

σv
(T − t)− iuηαrθr(T − t)− iuηrt−

iubρ

σv
lnvt

}
×E

[
v−ν

T exp
{
−ψvT −

∫ T

t
Avsds−

∫ T

t
B

1
vs

ds
}]

×E
[

exp
{
−ϕrT −

∫ T

t
Drsds

}]
×E

{
exp

(
iu

Nt

∑
j=1

ξ j

)}
, (5.2.6)
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Ù¥

A =−iu
(

aλ − 1
2

a2 +
1
2

iu(1−ρ
2)a2 +

1
σv

aραv

)
,

B =−iu
(

1
2

iu(1−ρ
2)b2− 1

2
b2 +

1
2

bρσv−
1
σv

bραvθv

)
D =−iu

(
1− 1

2
η

2
σ

2
r +ηλr +ηαr

)
,

ν =− iubρ

σv
,ψ =− iuaρ

σv
,ϕ =−iuη .

e

A >− 1
2σ2

v
α

2
v ,

B≥− 1
8σ2

v
(2αvθv−σ

2
v )

2,

ψ ≥− 1
σ2

v

(√
α2

v +2Aσ2
v +αv

)
,

ν <
1

2σ2
v

(
2αvθv +σ

2
v +
√
(2αvθv)2 +8σ2

v B
)
,

K

E
[

v−ν

T exp
{
−ψvT −

∫ T

t
Avsds−

∫ T

t
B

1
vs

ds
}]

=

(
f (τ,vt)

2

)1+g

(ψ +H(τ))
−
(

1
2+

g
2−ν+αvθv

σ2v

)
Γ

(
1
2 +

g
2 −ν + αvθv

σ2
v

)
Γ(1+g)

× exp

{
1

σ2
v

(
α

2
v θvτ−

√
hvtcoth

(√
hτ

2

)
+αvvt

)}
v
−αvθv

σ2v
t

×1 F1

(
1
2
+

g
2
−ν +

αvθv

σ2
v

,1+g,
f 2(τ,vt)

4(ψ +H(τ))

)
, (5.2.7)

Ù¥, 1F1�Ü6�AÛ¼ê,�

H(τ) =
1

σ2
v

(
√

hcoth

(√
hτ

2

)
+αv

)
, g =

1
σ2

v

√
(2αvθv−σ2

v )
2 +8σ2

v B,

f (τ,vt) =
2
√

hvt

σ2
v sinh(

√
hτ

2 )
, h = α

2
v +2Aσ

2
v , τ = T − t.

e

D >− α2
r

2σ2
r
,
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ϕ ≥−
√

α2
r +2Dσ2

r +αr

σ2
r

,

K

E
[

exp
{
−ϕrT −

∫ T

t
Drsds

}]

=

(
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

2
√

hre
√

hr+αr
2 τ

)− 2αrθr
σ2r

× exp

{
−rt

(αrϕ−2D)(e
√

hrτ −1)−ϕ
√

hr(e
√

hrτ +1)
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

}
, (5.2.8)

Ù¥, hr = α2
r +2Dσ2

r ,τ = T − t.

�âV�êL§��

E

{
exp

(
iu

Nt

∑
j=1

ξ j

)}
= exp

{
λ (T − t)

(
pη1

η1− iu
+

qη2

η2 + iu
−1
)}

. (5.2.9)

?
��

Φt,T (u) =exp
{[

iuYt + iu(λb−ab+ iuab(1−ρ
2)−λκ)τ

]
− iuaρ

σv
vt

+

(
iubραv

σv
− iuaραvθv

σv
− iuηαrθr

)
τ− iuηrt−

iubρ

σv
lnvt

}
× exp

{
1

σ2
v

(
α

2
v θvτ−

√
hvtcoth

(√
hτ

2

)
+αvvt

)}
v
−αvθv

σ2v
t

× (ψ +H(τ))
−
(

1
2+

g
2−ν+αvθv

σ2v

)
Γ

(
1
2 +

g
2 −ν + αvθv

σ2
v

)
Γ(1+g)

× exp

{
−rt

(αrϕ−2D)(e
√

hrτ −1)−ϕ
√

hr(e
√

hrτ +1)
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

}

×

(
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

2
√

hre
√

hr+αr
2 τ

)− 2αrθr
σ2r

× exp
{

λτ

(
pη1

η1− iu
+

qη2

η2 + iu
−1
)}(

f (τ,vt)

2

)1+g

×1 F1

(
1
2
+

g
2
−ν +

αvθv

σ2
v

,1+g,
f 2(τ,vt)

4(ψ +H(τ))

)
.

y..

íííØØØ 5.1 �a = 1, b = 0�, 4/2-CIRa*Ñ�Å·Ü�.òz�Heston-CIRa
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*Ñ�Å·Ü�.,éA�A�¼êXe

Φt,T (u) =E[exp(iuYT )|Ft ]

=exp

{
−rt

(αrϕ−2D)(e
√

hrτ −1)−ϕ
√

hr(e
√

hrτ +1)
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

}

× exp
{

iuYt− iuλκτ− iuρ

σv
vt−

(
iuραvθv

σv
+ iuηαrθr

)
τ− iuηrt

}

×

(
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

2
√

hre
√

hr+αr
2 τ

)− 2αrθr
σ2r

×

(
(σ2

v ψ +αv)(e
√

hτ −1)+
√

h(e
√

hτ +1)

2
√

he
√

h+αv
2 τ

)− 2αvθv
σ2v

× exp

{
−vt

(αvψ−2A)(e
√

hτ −1)−ψ
√

h(e
√

hτ +1)

(σ2
v ψ +αv)(e

√
hτ −1)+

√
h(e
√

hτ +1)

}

× exp
{

λτ

(
pη1

η1− iu
+

qη2

η2 + iu
−1
)}

. (5.2.10)

Ù¥, A, D, ϕ , ψ , h, hr, τ�L�ª��½n5.1.

íííØØØ 5.2 �a = 0, b = 1�, 4/2-CIRa*Ñ�Å·Ü�.{z�3/2-CIRa*

Ñ�Å·Ü�.,éA�A�¼êXe

Φt,T (u) =E[exp(iuYT )|Ft ]

=exp

{
−rt

(αrϕ−2D)(e
√

hrτ −1)−ϕ
√

hr(e
√

hrτ +1)
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

}

× exp
{

iuYt + iu
(

λ −λκ +
ραv

σv
−ηαrθr

)
τ− iuρ

σv
lnvt− iuηrt

}

×

(
(σ2

r ϕ +αr)(e
√

hrτ −1)+
√

hr(e
√

hrτ +1)

2
√

hre
√

hr+αr
2 τ

)− 2αrθr
σ2r
(

eαvτ

vt

)ν

×
(

2αvvt

σ2
v (eαvτ −1)

) 1
2+

g
2−ν+αvθv

σ2v
Γ

(
1
2 +

g
2 −ν + αvθv

σ2
v

)
Γ(1+g)

×1 F1

(
1
2
+

g
2
−ν +

αvθv

σ2
v

,1+g,
2αvvt

σ2
v (eαvτ −1)

)
× e
− 2αvvt

σ2v (eαvτ−1) exp
{

λτ

(
pη1

η1− iu
+

qη2

η2 + iu
−1
)}

. (5.2.11)

Ù¥, B, D, ϕ , ν , g, hr, τ�L�ª��½n5.1.

íííØØØ 5.3 �η = 0,�a,b 6= 0�, 4/2-CIRa*Ñ�Å·Ü�.òz�4/2a*
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Ñ·Ü�.,éA�A�¼êXe

Φt,T (u) =exp
{[

iuYt + iu(λb−ab+ iuab(1−ρ
2)−λκ)τ

]
− iuaρ

σv
vt

+

(
iubραv

σv
− iuaραvθv

σv

)
τ + iurtτ−

iubρ

σv
lnvt

}
v
−αvθv

σ2v
t

×
(
ψ +H(τ)

)−( 1
2+

g
2−ν+αvθv

σ2v

)( f (τ,vt)

2

)1+g Γ

(
1
2 +

g
2 −ν + αvθv

σ2
v

)
Γ(1+g)

× exp

{
1

σ2
v

(
α

2
v θvτ−

√
hvtcoth

(√
hτ

2

)
+αvvt

)}

×1 F1

(
1
2
+

g
2
−ν +

αvθv

σ2
v

,1+g,
f 2(τ,vt)

4(ψ +H(τ))

)
× exp

{
λ (T − t)

(
pη1

η1− iu
+

qη2

η2 + iu
−1
)}

. (5.2.12)

Ù¥, A, B, ψ , ν , g, h, τ , f (τ,vt), H(τ)�L�ª��½n5.1.

5.2.2 ÄÄÄuuu4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...���îîîªªªÏÏÏ���½½½dddúúúªªª

½½½nnn 5.2 b½3��VÇ�m(Ω,F ,{Ft}t∈[0,T ],Q)¥, I�]�d�÷

v(5.1.15)ª,K�Ï�m�T ,�1d��K�îªwÞÏ�½dúªXe

C(S0,T,K) = S0−
Ke−rT

2π

∫ iz2+∞

−iz2−∞

Φ(−z)
e−izk

z2− iz
dz, 0 < Im(z)< 1, (5.2.13)

Ù¥, k = ln S0
K + e

∫ T
0 rsds, z = z1 + iz2,�z1,z2 ∈ R.

AO/,�z2 =
1
2�

C(S0,T,K) = S0−
√

S0Ke−
1
2 rT

π

∫
∞

0
Re
[

Φ(z1−
1
2

i)eiz1k
]

1
z2

1 +
1
4

dz1, (5.2.14)

Φ(·)L«A�¼ê, Re[·]L«�¢Ü.

y²L§Ó½n3.29½n4.2,�d?�Ñ.

5.3 4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...îîîªªªÏÏÏ���½½½ddd¢¢¢yyy©©©ÛÛÛ

�u�©¥�ï�.3îªÏ�½d¯K¥���5Úk�5, �!Ä

u4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIR�Å·Ü�

.?1¢y©Û.Äk,Äuþy50ETFÏ�½|êâ,|^âf+`z�{�O

79



=²ã²�ÆÆ¬Æ Ø© Äu4/2�Å·Ü�.�îªÏ�½d9Ý]|ÜïÄ

½d�.¥���ëê. Ùg,�â�.ëê�9½n3.2!½n4.29½n5.2O

�4/2-CIR�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIRa*Ñ�Å·Ü�

.e�Ï�d�,¿òO�(J�ý¢�?1'�,&Ä��.UÄéÏ�?1

k�½d. ��,�âþ��Ø�Ú²þz©'Ø�µ��.�½d°Ý.

5.3.1 4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...ëëëêêê���OOO

�u��.�½d9ýÿUå, ��!{�0�¢y©Ûêâ�À�9

�.ëê�OÄ�SN.3¢y©ÛL§¥, ±2024c2�8Fþy50ETFÏ��

½d(J©Û�.3��S�½dLy, ±2024c2�19Fþy50ETFÏ�½d

(J©Û�.3��	�½dLy. �Ù¤À��S	Ï�Ü���ÏF©

O�: 2024c2�28F!2024c3 �27F!2024c6�26F!2024c9�25F; �1

d�©O�: 2.05!2.1!2.15!2.2!2.25!2.3!2.35!2.4!2.45!2.5!2.55!2.6;

2024c2�8Fþy50ETFÏ�I�]�d�Ð©�S0 = 1.049; 2024c2�19Fþ

y50ETFÏ�I�]�d�Ð©�S0 = 1.054. (êâ5
: Windêâ¥)

Äu1n!oÙëê�O�{,�Ù$^âf+`z�{,ÏL��zþ�

Ø�¼��.ëê�O�.ëê�O(JXL5.19ÙYL5.1.

L5.1 ëê�O�

�. β a αv θv σv λ̄ ρ λ

4/2-CIR-Jump - 0.7539 0.9382 0.4621 0.5698 0.8472 -0.6271 0.6283
LMRJ-4/2-SV 3.9784 0.8297 0.8673 0.6649 0.7021 - - 0.7369

4/2-CIR - 0.9351 0.7264 0.5738 0.6573 - -0.9318 -

YL5.1 ëê�O�

�. p η1 η2 αr θr σr η

4/2-CIR-Jump 0.7293 1.8523 0.4109 0.8346 0.5945 0.7258 0.3427
LMRJ-4/2-SV 0.6642 1.0439 0.8563 - - - -

4/2-CIR - - - 0.6397 0.5908 0.8642 -

5.3.2 4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...½½½ddd(((JJJ©©©ÛÛÛ

�u��©¤�ï�.3Ï�½dA^¥���5,��!Äu4/2-CIRa*

Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIR�Å·Ü�.e�îªÏ�

½dúªO�2024c2�8Fþy50ETFÏ�d�,¿ò��.¤�(J�¢yý

¢�?1'�. ã5.1-ã5.4©O�Ñ
2024c2�8Fþy50ETFÏ�½|d�,Ä
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u4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIR�Å·Ü�

.¤�Ï�d��n�ã.

ã5.1 ½|d� ã5.2 4/2-CIRa*Ñ�Å·Ü�.½d(J

ã5.3 4/2a*Ñ�Å·Ü�.½d(J ã5.4 4/2-CIR�Å·Ü�.½d(J

dã5.1-ã5.4��, Äu4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü

�.94/2-CIR�Å·Ü�.¤�Ï�d��½|d�ª³��.`²�©¤�

ï4/2-CIRa*Ñ�Å·Ü�.!4/2-CIR�Å·Ü�.94/2a*Ñ�Å·Ü�

.3Ï�½d¯K�ïÄ¥þäk�½�ÜnÚk�5. �ã5.1-ã5.4n�ã=

UwÑ�.½d(J�ý¢½|d��ª³,¿ØU�ß¼���.½d(J�

ý¢��m��å,�ØU¼���.�m�½d�É.Ïd,��*a��.½

d(J�ý¢��m��É,e¡�â�ÏÏ��ØÓ,ò�.½d(J�½|

ý¢��d�r³±uã5.5.
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0.2
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T=0.3534

4/2-CIR-Jump

4/2-CIR
LMRJ-4/2-SV

2 2.1 2.2 2.3 2.4 2.5 2.6
0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45
T=0.6027

4/2-CIR-Jump
LMRJ-4/2-SV
4/2-CIR

ã5.5 ��S½d(J

ã5.5��S½d(J?�ÚL², 4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ

�Å·Ü�.94/2-CIR�Å·Ü�.þUéîªÏ�?1Ün½d. d	, l

ã5.5�±wÑ,éuîªÏ�
ó, 4/2-CIRa*Ñ�Å·Ü�.�½d(J��

C½|ý¢d�, 4/2a*Ñ�Å·Ü�.Ú4/2-CIR�Å·Ü�.�½d(J�

�$�,¿�þgu4/2-CIRa*Ñ�Å·Ü�.�½d(J.ù`²�é
ó�

Ù¤�ï4/2-CIRa*Ñ�Å·Ü�.3îªÏ�½d¥�½d�J�`.

ã5.1-ã5.5�Ñ
4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.

94/2-CIR�Å·Ü�.3��S�Ï�½dLy. �`²�.��	ýÿU

å,e¡�ò�âL5.1¤�ëê�94/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�

Å·Ü�.Ú4/2-CIR�Å·Ü�.e�îªÏ�½dúªO�2024c2�19F

þy50ETFÏ�d�, ¿òÄu�.¤�Ï�d�9½|d�n�ã±u

ã5.6-ã5.9.
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ã5.6 ½|d� ã5.7 4/2-CIRa*Ñ�Å·Ü�.½d(J

ã5.8 4/2a*Ñ�Å·Ü�.½d(J ã5.9 4/2-CIR�Å·Ü�.½d(J

dã5.6-5.9¼�,éu��	êâ
ó,��.�½d(J���S��,=

Äu4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIR�Å·Ü

�.¤�Ï�d����	Ï�½|d�ª³�Ó.`²�©¤�ï4/2-CIRa

*Ñ�Å·Ü�.!4/2-CIR�Å·Ü�.94/2a*Ñ�Å·Ü�.é��	ê

â�½d��Ün. ã5.6-ã5.9½d(Jn�ã=UwÑ�.��	½d(J�

Ün5,¿ØU�ß¼���.��	½d(J�½d�É9°Ý.Ïd,��*

©Û�.��	½d(J�ý¢��m��É9��.½d°Ý,�âØÓ�Ï

Ï�,ò�.��	½d(J�ý¢��d�ª³±uã5.10.
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T=0.6

4/2-CIR-Jump
LMRJ-4/2-SV
4/2-CIR

ã5.10 ��	½d(J

dã5.10��	½d(J��, 4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�

Å·Ü�.94/2-CIR�Å·Ü�.þUé��	Ï�?1k�½d. Ød±

	, 4/2-CIR a*Ñ�Å·Ü�.���	½d(J��CÏ�½|ý¢�,

4/2a*Ñ�Å·Ü�.Ú4/2-CIR�Å·Ü�.���	½d(JÄ���.

�4/2-CIRa*Ñ�Å·Ü�.���	½d(J
ó, 4/2a*Ñ�Å·Ü�.

Ú4/2-CIR�Å·Ü�.���	½d(J��. o�, 4/2-CIRa*Ñ�Å·Ü�

.!4/2a*Ñ�Å·Ü�.94/2-CIR�Å·Ü�.þJp
�AÏ�½d�.

�½d°Ý,�é
ó, 4/2-CIRa*Ñ�Å·Ü�.���	½d(J�`.

5.3.3 4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...½½½dddØØØ���©©©ÛÛÛ

��yØÓ�.eîªÏ�½d(J��É9��.�½d°Ý,�Ü©À

Jþ��Ø�(RMSE)Ýþ�.½d°Ý. RMSE�äNL�ª�(4.3.1). L5.2¤

«���S	��.�RMES.

L5.2 Ø�©Û

RMSE 4/2-CIR-Jump LMRJ-4/2-SV 4/2-CIR

��S 0.0075 0.0144 0.0179
��	 0.0153 0.0268 0.0326
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L5.2¤«���S	��.�RMSE�. dL¤«(J��, ��S

	4/2-CIRa*Ñ�Å·Ü�.�RMSE�þ��, 4/2a*Ñ�Å·Ü�.

�RMSE�g�, 4/2-CIR�Å·Ü�.�RMSE��u4/2-CIRa*Ñ�Å·Ü�

.Ú4/2a*Ñ�Å·Ü�.. `²4/2-CIRa*Ñ�Å·Ü�.3��S	�½

d°Ýþ�p, 4/2a*Ñ�Å·Ü�.g�, 4/2-CIR�Å·Ü�.�é��.

nþ��, 4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.

94/2-CIR�Å·Ü�.þäkûÐ�½dLy. �é
ó, 4/2-CIRa*Ñ�

Å·Ü�.éþy50ETFÏ�I�]�êâ�[Ü§Ý�p,¿�T�.���

�¡�£ã
½||Ç��Å5A�,�Äud�.�îªÏ�½dØ���!

½d(J�`.�,��u4/2-CIRa*Ñ�Å·Ü�.�½d(J, 4/2-CIR�Å

·Ü�.94/2a*Ñ�Å·Ü�.�½d°Ý�$. ��®k'u�ÅÅÄ!

�Å|Ç9a*Ñ·Ü�.�', 4/2-CIR�Å·Ü�.Ú4/2a*Ñ�Å·Ü

�.�LyÑ
��`û�½d5U. Ïd, �©¤�ï�4/2-CIR�Å·Ü�

.!4/2a*Ñ�Å·Ü�.94/2-CIRa*Ñ�Å·Ü�.þäk�½�nØ9

¢S¿Â.

d	, ½n3.2!½n4.29½n5.2©O�4/2-CIR�Å·Ü�.!4/2a*Ñ

�Å·Ü�.94/2-CIRa*Ñ�Å·Ü�.e�îªÏ�½dúª,3®�I

�]�d�9�.ëê��^�e,(Ü½n3.1!½n4.19½n5.1¤«A�¼

êL�ª, �¼��'�.e�Ï�nØ�,=½n3.1!½n3.2!½n4.1!½

n4.2!½n5.19½n5.2�Ï�½dnØïÄ(J,d(J�Ï�½d¢y©Û

JønØ| .

5.4 ���ÙÙÙ���(((

�ÙÄu1n!oÙ�ïÄ(J,nÜ�ÄÏ�I�]�d��k¸!þ

�!ÅÄÇ8à9a��Ä�CzA�Ú½||Ç�ÅÅÄA�,�ï
äkØ

ÓA��ñ�Ï�½d�.,¿é�Ù!¤�ï�.�½d5U?1©Û.Äk,

ÄuÏ�I�]�d��Ä�CÄA�9½||Ç�Å5A�,�ï
4/2-CIRa

*Ñ�Å·Ü�.. Ùg,|^ItôÚn!¯�Fp�C�±9î.Cz��{¼

�
4/2-CIRa*Ñ�Å·Ü�.eI�éê]�d�A�¼ê9îªÏ�½d

úª. 2g,|^âf+`z�{é�.�'ëê?1�O,¼��½d�.�

ëê�O�.��,ò4/2-CIRa*Ñ�Å·Ü�.e�½d(J�4/2a*Ñ�Å
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·Ü�.!4/2-CIR�Å·Ü�.9½|ý¢Ï�d�?1é',&?©¥¤�

ï�.3Ï�½d¯K¥�Ünk�59�.½d5U.(Jw«: 4/2-CIRa*

Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.94/2-CIR�Å·Ü�.��ïþä

k�½�ÜnÚk�5, ¿���.3îªÏ�½d¯K¥þLyÑ
�Ð�

½d5U.�é
ó, 4/2-CIRa*Ñ�Å·Ü�.3îªÏ�½d¯K¥�½d

°Ý�p, 4/2a*Ñ�Å·Ü�.�½d°Ý�4/2-CIR�Å·Ü�.�½d°

Ý��$�.nÜ5w, 4/2-CIRa*Ñ�Å·Ü�.!4/2a*Ñ�Å·Ü�.

94/2-CIR�Å·Ü�.þJp
ykÏ�½d�.�½d°Ý.Ù¥, 4/2-CIRa

*Ñ�Å·Ü�.3îªÏ�½d¯K¥�½dLy�`, 4/2a*Ñ�Å·Ü

�.Ú4/2-CIR�Å·Ü�.g�.d	,Ï�½d(J�°(,|^ÙéÀºx�

(J���,�k|ur?½|�²­$1.
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6 ÄÄÄuuu4/2-CIRaaa***ÑÑÑ���ÅÅÅ···ÜÜÜ���...������`̀̀ÝÝÝ]]]üüüÑÑÑ

�X7K½|�×�uÐ,7K½|9ÙÝ]ö¡��Ý]ºxFª²w,

XÛé]�?1`z��¤�Ù5;ºx�'�.8c,]�`z��¯K¡�

�]ÔÌ��XÛé7K]�d��k¸!þ�!a�*Ñ!�é¡59ÅÄ

Ç8à�Ä�CÄA�?1Ünï�. d	,7K½|�¯�uÐ,¦�|ÇØ2

´��~ê
´�ÅCz�,�37K½|]����ïÄ¥é|Ç�Å5��

Ä�´�©7��. 1ÊÙïÄ(JL², 4/2-CIRa*Ñ�Å·Ü�.Ø=U�

¡�x7KÄ:]��Ä�CzA�,
��U°(£ã7K½||Ç��ÅÅ

ÄA�. Ïd,�ÙÄu4/2-CIRa*Ñ�Å·Ü�.ïÄ]���`Ý]ûü¯

K,±Ï�Ý]ö�Ñ�`�Ý]ûüJønØ�â.

�Ù(�Xe: 1�!3��½|�µe,�ï
�¦L§÷v4/2-CIRa*

ÑÝ]|Ü�.,¿¼�
dÕ1�±(Pt)!|Ç�½�Ã(BT̄
t )!�¦�ê(St)9

Ùû)�¬(Ot)|¤�7K½|eªàãL÷v�Ä��§. 1�!$^Ä�5

y�n9�`znØ,��
��^¼êeÄu4/2-CIRa*ÑÝ]|Ü�.HJB

�§�)!�`ºx��9�`Ý]üÑ.1n!ïÄ
Äu4/2-CIRa*ÑÝ

]|Ü�.e�g`üÑ9�^��.1o!ÏLê��~©ÛÝ]|Ü�.Ì

�ëêé�`ºx��9�^���K�.1Ê!��Ù�!.

6.1 ������^̂̂¼¼¼êêêeee4/2-CIRaaa***ÑÑÑÝÝÝ]]]|||ÜÜÜ���...���ïïï

b½T > 0´�½¿��½�ûü�m, (Ω,F ,{Ft}0≤t≤T ,Q)����VÇ

�m, {Ft}0≤t≤T´dWs,t ,Wv,t ,Wr,t ,Nt)¤�&E6; Ws,t ,Wv,t ,Wr,t´��VÇ�m

þ�ÙK$Ä,Nt´rÝ�λ > 0�ÑtL§. 37K½|ëY�´�Ø�Ä�´

¤^Ú[Â�cJe,b�Ý]ö�?1Ý]�]�kÕ1�±(Pt)!|Ç�½

�Ã(BT̄
t )!�¦�ê(St)9Ùû)�¬(Ot).

b½Õ1�±Pt÷vXeÄ��§

dPt = rtPtdt, (6.1.1)

Ù¥,�Å|Çrt÷vCIR�.

drt = αr (θr− rt)dt +σr
√

rtdWr,t , (6.1.2)

Ù¥, αr, θr, σr ∈ R+©OL«|Ç�þ�£E�Ý!þ�£EY²9ÅÄÇ,�

87



=²ã²�ÆÆ¬Æ Ø© Äu4/2�Å·Ü�.�îªÏ�½d9Ý]|ÜïÄ

÷vFeller^�,=2αrθr ≥ σ2
r .

|Ç�½�ÃBT̄
t ÷v

dBT̄
t = [rt−λrZ(T̄ − t)rt ]BT̄

t dt−Z(T̄ − t)σr
√

rtBT̄
t dWr,t . (6.1.3)

Ù¥,ûü¼êZ(T̄ − t) = 2(eζ t−1)
2ζ+(ζ+αr+λr)(eζ t−1)

,�ζ =
√
(αr +λr)2 +2σ2

r , λr�|Ç

½|ºxÄd.

�¦�êSt÷v4/2-CIRa*ÑL§

dSt =
[
rt +λvρ(avt +b)+λs

√
1−ρ2(avt +b)+ηλrrt−λκ

]
Stdt

+
(

a
√

vt +
b
√

vt

)
St

(
ρdWv,t +

√
1−ρ2dWs,t

)
+(eξ −1)StdNt ,

+ησr
√

rtStdWr,t

(6.1.4)

Ù¥, η ∈ R�Ýþ|Çé�¦�êÄ�K��ëê, κ = E[eξ −1], ξ �IP�¦

d�u)a���ÅCþ,ea����~ê,Kκ = E[eξ −1] = eξ −1 > −1, a,

b ∈ R+,ρ ∈ (−1,1),��ÅÅÄÇvt÷vCIR�.

dvt = αv (θv− vt)dt +σv
√

vtdWv,t , (6.1.5)

Ù¥, αv, θv, σv ∈ R+©OL«ÅÄÇ�þ�£E�Ý!þ�£EY²9ÅÄÇ,

�÷vFeller^�,=2αvθv ≥ σ2
v .

b½�¦�êû)�¬I�]�d�Ñl(6.1.4)ª, 3t��Ï�d�Ot =

g(St ,vt ,rt , t),K�¦�êû)�¬÷vXe�§

dOt

Ot
=rtdt +

1
Ot

gsSt

√
1−ρ2(avt +b)

(
λsdt +

1
√

vt
dWs,t

)
+

1
Ot

∆gdNt

+
1

Ot
gsStη (λrrtdt +σr

√
rtdWr,t)+

1
Ot

gr (λrrtdt +σr
√

rtdWr,t)

+
1

Ot
gsStρ(avt +b)

(
λvdt +

1
√

vt
dWv,t

)
− 1

Ot
∆gλdt

+
1

Ot
gvσvvt

(
λvdt +

1
√

vt
dWv,t

)
,

(6.1.6)

Ù¥, ∆g = g((1+κ)St ,vt ,rt , t)−g(St ,vt ,rt , t).

b�xtL«t��Ý]ö�Ý]ãL,�Ý]|Ü3Ð©���ãLx0 > 0!

Ý]u�¦�ê�°��πs(t)!|Ç�½�Ã�°��πb(t)!û)�¬�°�

�πo1(t)!πo2(t),K¡(πs(t),πb(t),πo1(t),πo2(t))�Ý]ö�Ý]üÑ,KãLL§
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�L«�
dxt

xt
=πs(t)

dSt

St
+πb(t)

dBT̄
t

BT̄
t

+πo1(t)
dO1

t

O1
t
+πo2(t)

dO2
t

O2
t

+(1−πs(t)−πb(t)−πo1(t)−πo2(t))
dPt

Pt
.

(6.1.7)

(ÜPt , St , BT̄
t 9Ot÷v��©�§,��ãLL§xt÷v±eSDE

dxt

xt
= πs(t)

(
rt +λvρ(avt +b)+λs

√
1−ρ2(avt +b)+ηrtλr−λκ

)
dt

+πs(t)ησr
√

rtdWr,t−πb(t)λrZ(T̄ − t)rtdt +πs(t)κdNt +πb(t)rtdt

+πs(t)(a
√

vt +
b
√

vt
)(ρdWv,t +

√
1−ρ2dWs,t)+πo1(t)rtdt +πo2(t)rtdt

−πb(t)Z(T̄ − t)σr
√

rtdWr,t +πo1(t)
g1

s

O1
t

St

√
1−ρ2(avt +b)λsdt

+πo1(t)
1

O1
t

g1
s St

√
1−ρ2(avt +b)

1
√

vt
dWw, t +πo1(t)

1
O1

t
g1

r λrrtdt

+πo1(t)
1

O1
t

g1
s Stη (λrrtdt +σr

√
rtdWr,t)+πo1(t)

g1
s

O1
t

Stρ(avt +b)λvdt

+πo1(t)
1

O1
t

g1
r σr
√

rtdWr,t +πo1(t)
g1

s

O1
t

Stρ(avt +b)
1
√

vt
dWv,t

+πo1(t)
1

O1
t

g1
vσvvt

(
λvdt +

1
√

vt
dWv,t

)
−πo1(t)

1
O1

t
∆g1(λdt +dNt)

+πo2
g2

s

O2
t

St

√
1−ρ2(avt +b)λsdt +πo2(t)

g2
r

O2
t

(
λrrtdt +σr

√
rtdWr,t

)
+πo2(t)

g2
s

O2
t

St

√
1−ρ2(avt +b)

1
√

vt
dWs, t +πo2(t)

g2
s

O2
t

Stρ(avt +b)

×
(

λvdt +
1
√

vt
dWv,t

)
+πo2(t)

g2
s

O2
t

Stη (λrrtdt +σr
√

rtdWr,t)

+πo2(t)
g2

v

O2
t

σvvt

(
λvdt +

1
√

vt
dWv,t

)
−πo2(t)

1
O2

t
∆g2(λdt +dNt)

= rtdt +λsvt

[(
πs(t)+πo1(t)

g1
s

O1
t

St +πo2(t)
g2

s

O2
t

St

)√
1−ρ2

(
a+

b
vt

)]
dt

+λvvt

[(
πs(t)+πo1(t)

g1
s St

O1
t
+πo2(t)

g2
s St

O2
t

)(
a+

b
vt

)
ρ +πo1(t)

g1
vσv

O1
t

+πo2(t)
g2

vσv

O2
t

]
dt +λrrt

[
πs(t)η−πb(t)Z(T̄ − t)+πo1(t)

( g1
r

O1
t
+

g1
s Stη

O1
t

)
+πo2(t)

( g2
r

O2
t
+

g2
s Stη

O2
t

)]
dt−λ

[
πs(t)κ +πo1(t)

∆g1

O1
t
+πo2(t)

∆g2

O2
t

]
dt

+
[
πs(t)κ +πo1(t)

∆g1

O1
t
+πo2(t)

∆g2

O2
t

]
dNt +

√
vt

[(
πs(t)+πo1(t)

g1
s St

O1
t
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+πo2(t)
g2

s St

O2
t

)(
a+

b
vt

)
ρ +πo1(t)

g1
vσv

O1
t

+πo2(t)
g2

vσv

O2
t

]
dWv,t +

√
rtσr

[
πs(t)

η−πb(t)Z(T̄ − t)+πo1(t)
( g1

r

O1
t
+

g1
s Stη

O1
t

)
+πo2(t)

( g2
r

O2
t
+

g2
s Stη

O2
t

)]
dWr,t

+
√

vt

[(
πs(t)+πo1(t)

1
O1

t
g1

s St +πo2(t)
1

O2
t

g2
s St

)√
1−ρ2

(
a+

b
vt

)]
dWs,t

= rtdt +(π1λsvt +π2λvvt +π3λrrt−λπ4)dt +π1
√

vtdWs,t +π2
√

vtdWv,t

+π4dNt +π3σr
√

rtdWr,t

= rtdt +π1(λsvtdt +
√

vtdWs,t)+π2(λvvtdt +
√

vtdWv,t)

+π3(λrrtdt +σr
√

rtdWr,t)+π4(dNt−λdt),

Ù¥, π1, π2, π3, π4©OL«Ws,t , Wv,t , Wr,t , Nt�ºx��,�[
π1 π2 π3 π4

]T
= G

[
πs(t) πb(t) πo1(t) πo2(t)

]T
. (6.1.8)

G�L�ª�

G =



√
1−ρ2

(
a+ b

vt

)
0 g1

s St
O1

t

√
1−ρ2

(
a+ b

vt

) g2
s St
O2

t

√
1−ρ2

(
a+ b

vt

)
ρ
(
a+ b

vt

)
0 g1

s Stρ

O1
t

(
a+ b

vt

)
+

g1
vσv
O1

t

g2
s Stρ

O2
t

(
a+ b

vt

)
+

g2
vσv
O2

t

η −Z(T̄ − t) 1
O1

t
g1

r +
1

O1
t
g1

s Stη
1

O2
t
g2

r +
1

O2
t
g2

s Stη

κ 0 1
O1

t
∆g1 1

O2
t
∆g2


,

(6.1.9)

��yG�_,KI÷vXeØ�ª∣∣∣∣∣∣∣∣∣∣∣∣∣

√
1−ρ2

(
a+ b

vt

)
0 g1

s St
O1

t

√
1−ρ2

(
a+ b

vt

) g2
s St
O2

t

√
1−ρ2

(
a+ b

vt

)
ρ
(
a+ b

vt

)
0 g1

s Stρ

O1
t

(
a+ b

vt

)
+

g1
vσv
O1

t

g2
s Stρ

O2
t

(
a+ b

vt

)
+

g2
vσv
O2

t

η −Z(T̄ − t) 1
O1

t
g1

r +
1

O1
t
g1

s Stη
1

O2
t
g2

r +
1

O2
t
g2

s Stη

κ 0 1
O1

t
∆g1 1

O2
t
∆g2

∣∣∣∣∣∣∣∣∣∣∣∣∣
6= 0,

¦)�� (
∆g1

O1
t
− g1

s St

O1
t

)
g2

v

O2
t
−
(

∆g2

O2
t
− g2

s St

O2
t

)
g1

v

O1
t
6= 0. (6.1.10)

b½3k�«m[0,T ]þ,Ý]8I¼ê�

J(xt ,vt ,rt , t) = E [U(xT )] ,

Ù¥, U(·)L«�^¼ê,�÷vU
′
(·)> 0, U

′′
(·)< 0.
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Ý]ö�Ý]8I´Ïé�NNüÑ(π∗s (t),π
∗
b (t),π

∗
o1(t),π

∗
o2(t)) ∈ Π,¦�8

I¼êJ(x,v,r, t)��.�d,k�Ñ�NNÝ]üÑ�½Â.

½½½ÂÂÂ 6.1 (�NNüÑ) éu?¿�½�t ∈ [0,T ], eüÑΠ =(
πs(t),πb(t),πo1(t),πo2(t)

)
÷v±e^�:

(1) Π'uFtÌS�ÿ;

(2)3Ý]üÑΠe, xt�K;

(3)éÐ©^�(x0,v0,r0, t0) ∈ [0,T ]×R+×R+×R+,�§(6.1.7)k��),�

Ex0,v0,r0,t0 [U(xt)]< ∞,

K¡Π��NNÝ]üÑ.

6.2 ÄÄÄuuu4/2-CIRaaa***ÑÑÑÝÝÝ]]]|||ÜÜÜ���...������`̀̀ÝÝÝ]]]üüüÑÑÑ

�â�`Ý]8I��,�¼êH(xt ,vt ,rt , t)Xe

H(xt ,vt ,rt , t) = sup
(πs(t),πb(t),πo1(t),πo2(t))∈Π

J(xt ,vt ,rt , t),

Ù¥,
(
πs(t),πb(t),πo1(t),πo2(t)

)
´½Â6.1¤«��NNÝ]üÑ.

�âÄ�5y�K,�¼êH(xt ,vt ,rt , t)÷v�HJB�§�

0 =xt(rt +π1λsvt +π2λvvt +π3λrrt−λπ4)Hx +
1
2

σ
2
r rtHrr +π2xtσvvtHxv

+
1
2

σ
2
v vtHvv +αr (θr− rt)Hr +

1
2

x2
t
(
π

2
1 vt +π

2
2 vt +π

2
3 σ

2
r rt
)

Hxx

+Ht +αv (θv− vt)Hv +π3xtσ
2
r rtHxr + λ̃∆H,

(6.2.1)

Ù¥, Ht , Hx, Hxx, Hv, Hvv, Hr, Hrr, Hxv, Hxr©OL«H(xt ,vt ,rt , t)'ut, x, v, r��

�Ú�� �ê, λ̃�PÿÝeÑtL§�a�rÝ, ∆H = H(xt(1+π4),vt ,rt , t)−

H(xt ,vt ,rt , t).

�©¥b½Ý]ö��^¼ê���^¼ê,=

U(x) =
xδ

δ
,δ < 1,δ 6= 0. (6.2.2)

e¡ò�Ñ��^¼êe�§(6.2.1)�).
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½½½nnn 6.1 ¯K(6.2.1)äkXe/ª�)

H(xt ,vt ,rt , t) = e−β t xδ

δ
exp{A(t)vt +B(t)rt +D(t)} , (6.2.3)

d�,�`ºx��Xe 

π
∗
1 =

λs

1−δ

π
∗
2 =

λv

1−δ
+

σv

1−δ
A(t)

π
∗
3 =

λr

(1−δ )σ2
r
+

1
1−δ

B(t)

π
∗
4 =

(
λ

λ̃

) 1
δ−1
−1

, (6.2.4)

�`Ý]üÑ�[
πs(t) πb(t) πo1(t) πo2(t)

]T
= G−1

[
π∗1 π∗2 π∗3 π∗4

]T
(6.2.5)

Ù¥, A(t), B(t), D(t), G−1Xª(6.2.19), (6.2.24), (6.2.30)9(6.2.31).

yyy²²² b½HJB�§(6.2.1)kXe/ª�)H(xt ,vt ,rt , t) = e−β t xδ
t

δ
h(vt ,rt , t)

h(vT ,rT ,T ) = 1
,

PH(xt .vt ,rt , t) = H, h(vt ,rt , t) = h,K

Ht =−βe−β t xδ
t
δ

h+ e−β t xδ
t
δ

ht ,

Hx = e−β txδ−1
t h,

Hxx = (δ −1)e−β txδ−2
t h,

Hv = e−β t xδ
t
δ

hv,

Hxv = e−β txδ−1
t hv,

Hvv = e−β t xδ
t
δ

hvv,

Hr = e−β t xδ
t
δ

hr,

Hrr = e−β t xδ
t
δ

hrr,

Hxr = e−β txδ−1
t hr,

∆H = e−β t xδ
t
δ
((1+π4)

δ −1)h.

(6.2.6)
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ò(6.2.6)�\(6.2.1),�

−βe−β t xδ
t

δ
h+ e−β t xδ

t
δ

ht +[rt +π1λsvt +π2λvvt +π3λrrt−π4λ ]e−β txδ
t h

+π2σvvtxδ
t e−β thv +αr(θr− rt)e−β t xδ

t
δ

hr +σ
2
r rte−β t xδ

t
2δ

hrr +π3σ
2
r rtxδ

t e−β thr

+ λ̃e−β t xδ
t

δ
((1+π4)

δ −1)h+
1
2
(π2

1 vt +π
2
2 vt +π

2
3 σ

2
r rt)(δ −1)xδ

t e−β th

+αv(θv− vt)e−β t xδ
t

δ
hv +

1
2

σ
2
v vte−β t xδ

t
δ

hvv = 0,

�n�

−βh+[rt +π1λsvt +π2λvvt +π3λrrt−π4λ ]δh+αv(θv− vt)hv +
1
2

σ
2
v vthvv

+ht +
1
2
(π2

1 vt +π
2
2 vt +π

2
3 σ

2
r rt)δ (δ −1)h+αr(θr− rt)hr +

1
2

σ
2
r rthrr

+π2σvvtδhv +π3σ
2
r rtδhr + λ̃ ((1+π4)

δ −1)h = 0. (6.2.7)

d(6.2.7)ª©Oéπ1, π2, π3, π4¦���,¼�

λsvtδh+δ (δ −1)vtπ1h = 0

λvvtδh+δ (δ −1)vtπ2h+σvvtδhv = 0

λrrtδh+δ (δ −1)σ2
r π3rth+σ

2
r rtδhr = 0

−λδh+ λ̃hδ (1+π4)
δ−1 = 0

,

l
��,�`ºx��Xe 

π
∗
1 =

λs

1−δ

π
∗
2 =

λvh+σvhv

(1−δ )h

π
∗
3 =

λrh+σ2
r hr

(1−δ )σ2
r h

π
∗
4 =

(
λ

λ̃

) 1
δ−1 −1

, (6.2.8)

ò(6.2.8)�\(6.2.7)

ht−βh+
{

rt +
(λ 2

s +λ 2
v )vt

1−δ
+

σvλvvthv

(1−δ )h
+

λ 2
r rt

(1−δ )σ2
r
+

λrrthr

(1−δ )h

}
δh

− 1
2

{
(λ 2

s +λ 2
v )vt

(1−δ )
+

2λsσvvthv

(1−δ )h
+

σ2
v vth2

v
(1−δ )h2 +

λ 2
r σ2

r rt

(1−δ )σ4
r
+

2λrσ
2
r rthr

(1−δ )σ2
r h
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− σ2
r rth2

r
(1−δ )h2

}
δh+αv(θv− vt)hv +αr(θr− rt)hr +

λvh+σvhv

(1−δ )h
σvvtδhv

+
1
2

σ
2
r rthrr +

1
2

σ
2
v vthvv +

λrh+σ2
r hr

(1−δ )σ2
r h

σ
2
r rtδhr−

[(
λ

λ̃

) 1
δ−1 −1

]
λδh

+ λ̃h
[(

λ

λ̃

) δ

δ−1 −1
]
= 0,

l
k

ht +
1
2

σ
2
v vthvv +

[
δ rt−β +

δ (λ 2
s +λ 2

v )vt

2(1−δ )
+

δλ 2
r rt

2(1−δ )σ2
r
+ λ̃

[(
λ

λ̃

) δ

δ−1 −1
]

−δλ

[(
λ

λ̃

) 1
δ−1 −1

]]
h+
[

δσvλvvt

1−δ
+αv(θv− vt)

]
hv +

δσ2
r rt

2(1−δ )

h2
r

h

+
[

δλrrt

1−δ
+αr(θr− rt)

]
hr +

δσ2
v vt

2(1−δ )

h2
v

h
+

1
2

σ
2
r rthrr = 0. (6.2.9)

b½�§(6.2.9)kXe/ª�)h(vt ,rt , t) = exp(A(t)vt +B(t)rt +D(t))

h(vT ,rT ,T ) = 1
,

K

ht =
[
A′(t)v+B′(t)r+D′(t)

]
h,

hv = A(t)h,

hvv = A2(t)h,

hr = B(t)h,

hrr = B2(t)h.

(6.2.10)

ò(6.2.10)�\(6.2.9)�

A′(t)vt +B′(t)rt +D′(t)+ rtδ −β +
1
2

δ (λ 2
s +λ 2

v )

1−δ
vt +

1
2

δλ 2
r

(1−δ )σ2
r

rt

+(1−δ )
λ

δ

δ−1

λ̃
1

δ−1
− λ̃ +λδ +

[
δ

1−δ
σvλvvt +αv(θv− vt)

]
A(t)+

1
2

σ
2
v vtA2(t)

+
[

δ

1−δ
λrrt +αr(θr− rt)

]
B(t)+

1
2

σ
2
r rtB2(t)+

δ

2(1−δ )
σ

2
v vtA2(t)

+
1
2

δ

1−δ
σ

2
r rtB2(t) = 0.
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Ïd[
A′(t)+

1
2

δ

1−δ
(λ 2

s +λ
2
v )+

(
δ

1−δ
σvλv−αv

)
A(t)+

1
2

σ
2
v A2(τ)+

1
2

δ

1−δ

×σ
2
v A2(t)

]
vt +

[
B′(t)+δ +

1
2

δ

1−δ

λ 2
r

σ2
r
+
(

δ

1−δ
λr−αr

)
B(t)+

1
2

σ
2
r B2(t)

+
1
2

δ

1−δ
σ

2
r B2(t)

]
rt +

[
D′(t)−β +λδ − λ̃ +(1−δ )

λ
δ

δ−1

λ̃
1

δ−1
+αvθvA(t)

+αrθrB(t)
]
= 0. (6.2.11)

ª(6.2.11)�¦)�=��±en��§|�¦)

A′(t)+
1
2

δ

1−δ
(λ 2

s +λ
2
v )+

(
δ

1−δ
σvλv−αv

)
A(t)+

1
2

σ
2
v A2(t)

+
1
2

δ

1−δ
σ

2
v A2(t) = 0

A(T ) = 0

, (6.2.12)



B′(t)+δ +
1
2

δ

1−δ
σ

2
r B2(t)+

(
δ

1−δ
λr−αr

)
B(t)+

1
2

σ
2
r B2(t)

+
1
2

δ

1−δ

λ 2
r

σ2
r
= 0

B(T ) = 0

, (6.2.13)


D′(t)−β +λδ − λ̃ +(1−δ )

λ
δ

δ−1

λ̃
1

δ−1
+αvθvA(t)+αrθrB(t) = 0

D(T ) = 0

. (6.2.14)

�e5©O¦�§|(6.2.12), (6.2.13)9(6.2.14)�).

�é�§|(6.2.12),-

av =
1

1−δ
σ

2
v ,

bv =
δ

1−δ
σvλv−αv,

cv =
δ

1−δ
(λ 2

s +λ
2
v ),

dv =
√

b2
v−avcv,

(6.2.15)
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d�,�§|(6.2.12)�{P�
A′(t) =−

[
1
2

avA2(t)+bvA(t)+
1
2

cv

]
A(T ) = 0

. (6.2.16)

b½b2
v−avcv > 0,K�§

1
2

avA2(t)+bvA(t)+
1
2

cv = 0,

kü�Ø����A1 =
−bv+dv

av
ÚA2 =

−bv−dv
av

,d�,�âª(6.2.16),k

A′(t) =−1
2

av(A(t)−A1)(A(t)−A2), (6.2.17)

=
A′(t)

(A(t)−A1)(A(t)−A2)
=−1

2
av, (6.2.18)

éª(6.2.18)ü>È©��

∫ A(T )

A(t)

1
(α(t)−A1)(α(t)−A2)

dα =−
∫ t

0

1
2

avds,

K
1

A1−A2

∫ A(T )

A(t)

(
1

α(t)−A1
− 1

α(t)−A2

)
dα =−1

2
av(T − t),

∫ A(T )

A(t)

(
1

α(t)−A1
− 1

α(t)−A2

)
dα =−dv(T − t),

ln
(

A1

A2

)
− ln

(
A(t)−A1

A(t)−A2

)
=−dv(T − t),

A(t)−A2

A(t)−A1
=

A2

A1
e−dv(T−t),

A2−A1

A(t)−A1
=

A1−A2e−dv(T−t)

A1
,

l
k

A(t) =
A1(A2−A1)

A1−A2e−dv(T−t)
+A1 =

A1A2(1− e−dv(T−t))

A1−A2e−dv(T−t)
. (6.2.19)
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�é�§|(6.2.13),-

ar =
1

1−δ
σ

2
r ,

br =
δ

1−δ
λr−αr,

cr = 2δ +
δ

1−δ

λ 2
r

σ2
r
,

dr =
√

b2
r −arcr,

(6.2.20)

d�,�§|(6.2.13){P�
B′(t) =−

[
1
2

arB2(t)+brB(t)+
1
2

cr

]
B(T ) = 0

. (6.2.21)

b½b2
r −arcr > 0,K�§

1
2

arB2(t)+brB(t)+
1
2

cr = 0,

kü�Ø����B1 =
−br+dr

ar
ÚB2 =

−br−dr
ar

,d�,�âª(6.2.21),k

B′(t) =−1
2

ar(B(t)−B1)(B(t)−B2), (6.2.22)

=
B′(t)

(B(t)−B1)(B(t)−B2)
=−1

2
ar, (6.2.23)

þªü>È©�¼�

B(t) =
B1B2(1− e−dr(T−t))

B1−B2e−dr(T−t)
. (6.2.24)

�é�§(6.2.14),-

c =−β +λδ − λ̃ +(1−δ )
λ

δ

δ−1

λ̃
1

δ−1
, (6.2.25)

K D′(t) =−(αvθvA(t)+αrθrB(t)+ c)

D(T ) = 0
, (6.2.26)

(6.2.26)ªü>È©��

D(t) =
∫ T

t
αvθvA(s)ds+

∫ T

t
αrθrB(s)ds+ c(T − t). (6.2.27)
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qÏ�∫ T

t
αvθvA(t)dt =αvθv

∫ T

t
A(s)ds

=αvθv

[∫ T

t

A1(A2−A1)

A1−A2e−dv(T−s)
ds+

∫ T

t
A1ds

]
=αvθv

[
A1(A2−A1)

∫ T

t

1
A1−A2e−dv(T−s)

ds+A1(T − t)
]

=αvθv

[
A1(A2−A1)

∫ 0

−(T−t)

1
A1−A2edvz dz+A1(T − t)

]
=αvθvA2(T − t)+

αvθv(A1−A2)

dv
ln

A1−A2

A1−A2e−dv(T−t)
.

(6.2.28)

Ón��

∫ T

t
αrθrB(s)ds =αrθrB2(T − t)+

αrθr(B1−B2)

dr
ln

B1−B2

B1−B2e−dr(T−t)
. (6.2.29)

òª(6.2.28)Úª(6.2.29)�\ª(6.2.27)¼�

D(t) =
αvθv(A1−A2)

dv
ln

A1−A2

A1−A2e−dv(T−t)
+αvθvA2(T − t)+ c(T − t)

+
αrθr(B1−B2)

dr
ln

B1−B2

B1−B2e−dr(T−t)
+αrθrB2(T − t).

(6.2.30)

d	,òh(vt ,rt , t)�L�ª�\ª(6.2.8)���`ºx��(6.2.4),=

π
∗
1 =

λs

1−δ

π
∗
2 =

λv

1−δ
+

σv

1−δ
A(t)

π
∗
3 =

λr

(1−δ )σ2
r
+

1
1−δ

B(t)

π
∗
4 =

(
λ

λ̃

) 1
δ−1 −1

,

?�Ú, �âºx���Ý]üÑ�'Xª(6.1.8), �¼��`Ý]ü

Ñ(6.2.5)ª,=[
πs(t) πb(t) πo1(t) πo2(t)

]T
= G−1

[
π∗1 π∗2 π∗3 π∗4

]T
,
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Ù¥, G�L�ªX(6.1.9)¤«,�âÝ
Ð�C���{¦)G−1,�ª¼�

G−1 =


E1∗− C1∗

C2∗ (1+E1∗B1∗) E2∗
(

C1∗B1∗

C2∗ −1
)

0 F1∗+ C1∗

C2∗F2∗

−E1∗A1∗− D∗2
C2∗ (1+E1∗B1∗) E2∗

(
D∗2B∗1

C2∗ +A1∗
)
− 1

Z
η

κZ + D∗2
C2∗F2∗

−E1∗− D∗1
C2∗ (1+E1∗B1∗) E2∗

(
D∗1B1∗

C2∗ +1
)

0 D∗2
κC2∗F2∗

1
C2∗ (1+E1∗B1∗) −E2∗ B1∗

C2∗ 0 − 1
κC2∗F2∗

 ,
(6.2.31)

Ù¥

A1∗ =
1
Z

(
g1

r +g1
s Stη

O1
t

− ∆g1η

κO1
t

)
, A2∗ =

1
Z

(
g2

r +g2
s Stη

O2
t

− ∆g2η

κO2
t

)
,

B1∗ =

(
g1

s St

O1
t
− ∆g1

κO1
t

)
F1∗, B2∗ =

(
g2

s St

O2
t
− ∆g2

κO2
t

)
F1∗,

C1∗ =
O1

t

O2
t

(
∆g2

∆g1 −
g2

v
g1

v

)
, C2∗ = B2∗− O1

t

O2
t

g2
v

g1
v

B1∗,

D1∗ =
O1

t

O2
t

g2
v

g1
v
, D2∗ =

O1
t

O2
t

g2
v

g1
v

A1∗−A2∗,

E1∗ =
ρE2∗√
1−ρ2

, E2∗ =
O1

t
g1

vσv
,

F1∗ =
O1

t
∆g1 , F2∗ =

√
1−ρ2

(
a+

b
vt

)
.

(6.2.32)

e¡�Ñ�`)½ÂûÐ�^�.

···KKK 6.1 eé?¿�δ < 1,�δ 6= 0÷v±e^�
α

2
v +

δ

1−δ

[
δ

1−δ
σ

2
v λ

2
v −2σvλvαv−

1
1−δ

σ
2
v (λ

2
v +λ

2
s )
]
> 0

α
2
r −

δ

1−δ

[
λ

2
r +2λrσr +2σ

2
r

]
> 0

,

K¼êH(xt ,vt ,rt , t)´HJB�§(6.2.1)½ÂûÐ�).

yyy²²² y²¼êH(xt ,vt ,rt , t)kûÐ½Â,�IyH(xt ,vt ,rt , t)�¢�k�¼ê.

(1)y²¼êH(xt ,vt ,rt , t)�¢�¼ê.

eH(xt ,vt ,rt , t)�¢�¼ê,KI�yA(t)ÚB(t)k¢�,=I÷vb2
v−avcv > 0,

�b2
r −arcr > 0,�â(6.2.15)ªÚ(6.2.20)ª,k

α
2
v +

δ

1−δ

[
δ

1−δ
σ

2
v λ

2
v −2σvλvαv−

1
1−δ

σ
2
v (λ

2
v +λ

2
s )
]
> 0

α
2
r −

δ

1−δ

[
λ

2
r +2λrσr +2σ

2
r

]
> 0

,

(2)y²¼êH(xt ,vt ,rt , t)k�.
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�âH(xt ,vt ,rt , t)�L�ª��,y²H(xt ,vt ,rt , t)k��Iy²h(vt ,rt , t)k�,

l
IyA(t)!B(t)ÚD(t)k�.

�δ < 0�, cv < 0,cr < 0,d�A(t)< 0,B(t)< 0,�D(t)< 0,Kh(vt ,rt , t)k�;

�0 < δ < 1�, cv > 0,cr > 0,d�A(t)> 0,B(t)> 0,�¦A(t),B(t)k�,Iy

²A1−A2e−dv(T−t) 6= 0,�B1−B2e−dv(T−t) 6= 0.

�âavÚcv�L�ª��

avcv =
δ

(1−δ )2 σ
2
v (λ

2
v +λ

2
s )> 0,

⇔ dv =
√

b2
v−avcv < bv,

⇔ bv +dv

bv−dv
> 1,

⇔−(bv−dv)(1−
bv +dv

bv−dv
e−dv(T−t)) 6= 0,

⇔−bv +dv +(bv +dv)e−dv(T−t) 6= 0,

⇔ −bn +dv

av
− −bv−dv

av
e−dv(T−t) 6= 0,

⇔ A1−A2e−dv(T−t) 6= 0.

Ón��, B1−B2e−dv(T−t) 6= 0.

d�,�âD(t)�L�ª��D(t)k�.

nþ��, éu?¿�δ < 1, �δ 6= 0, ¼êh(vt ,rt , t)k�, l
�

�H(xt ,vt ,rt , t)k�.dd5w,¼êH(xt ,vt ,rt , t)�¢�k�¼ê. y..

e¡�Ñ�y5½n,y²(6.2.3)¤«H(xt ,vt ,rt , t)��¼ê,�(6.2.4)ª¤«

ºx����`ºx��.

½½½nnn 6.2 é�½�Ð©^�(x0,v0,r0, t0) ∈ [0,T ]×R+ ×R+ ×R+, e¼

êH(xt ,vt ,rt , t) : [0,T ]×R+×R+×R+→ R,¦�

(1) H(xt ,vt ,rt , t)´'ut����!'uvÚr�����¢�!k�¼ê;

(2) H(xt ,vt ,rt , t)÷v�§(6.2.1)ª,éu�¼ê,

h(vt ,rt , t) = exp(A(t)vt +B(t)rt +D(t)),

kH(xt ,vt ,rt , t) = e−β t xδ
t
δ

h(vt ,rt , t),d�,ªà^�H(xT ,vT ,rT ,T ) = e−βT xδ
T
δ

;

(3)�§(6.2.19)¥¼êA(t)÷v±e^�

−1
2

[
σ2

v
(1−δ )2 A2(0)+

2δλvσv

(1−δ )2 A(0)+
(λ 2

v +λ 2
s )δ

2

(1−δ )2

]
≥− α2

v
2σ2

v
; (6.2.33)
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(4)�§(6.2.24)¥¼êB(t)÷v±e^�

−1
2

[
σ2

r
(1−δ )2 B2(0)+

2δλr

(1−δ )2 B(0)+
λ 2

r δ 2

(1−δ )2σ2
r

]
≥− α2

r
2σ2

r
. (6.2.34)

K, ª(6.2.3)¤«¼ê��¼ê, ª(6.2.4)¤«ºx����`ºx��,

ª(6.2.5)¤«Ý]üÑ��`Ý]üÑ.

yyy²²² ^�(1)Ú^�(2)�y²L§��·K6.1Ú½n6.1. ey^�(3)Ú(4).

b½H(xt ,vt ,rt , t) = e−β t xδ
t
δ

h(xt ,vt ,rt , t),K�¼�H(xt ,vt ,rt , t)÷vXeÄ��

©�§

dHt =
∂H
∂ t

dt +
∂H
∂xt

dxt +
∂H
∂vt

dvt +
∂H
∂ rt

drt +
1
2

∂ 2H
∂x2

t
(dxt)

2 +
1
2

∂ 2H
∂v2

t
(dvt)

2

+
1
2

∂ 2H
∂ r2

t
(drt)

2 +
∂ 2H

∂xt∂vt
(dxt)(dvt)+

∂ 2H
∂xt∂ rt

(dxt)(drt)+ λ̃∆H

=e−β t xδ
t

δ
[δh(rt +π

∗
1 λsvt +π

∗
2 λvvt +π

∗
3 λrrt−π

∗
4 λ )+αv(θv− vt)hv]dt

+ e−β t xδ
t

δ

[1
2

δ (1−δ )h((π∗1 )
2vt +(π∗2 )

2vt +(π∗3 )
2
σ

2
r rt)+

1
2

σ
2
v vthvv

]
dt

+ e−β t xδ
t

δ

[
αr(θr− rt)hr +δπ

∗
2 σvvthv +δπ

∗
3 σ

2
r rthr + λ̃h(1+π4)

δ

]
dt

+ e−β t xδ
t

δ
h
[((

δπ
∗
2 +

σvhv

h

)
dWv,t

)
√

vt +

(
δπ
∗
3 +

hr

h

)
σr
√

rtdWr,t

]
+ e−β t xδ

t
δ

[
htdt−βhdt +

1
2

σ
2
r rthrrdt− λ̃hdt +hδπ

∗
1 dWs,t +hπ

∗
4 dNt

]
.

?�Ú,�âH(xt ,vt ,rt , t)Úh(vt ,rt , t)�L�ª9(6.2.7)ª,k

dHt

Ht
=δπ

∗
1
√

vtdWs,t +
(

δπ
∗
2 +

hv

h
σv

)√
vtdWv,t +

(
δπ
∗
3 +

hr

h

)
σr
√

rtdWr,t +π
∗
4 dNt

=

(
δλv

1−δ
+

σvA(t)
1−δ

)
√

vtdWv,t +

(
δλr

(1−δ )σr
+

σrB(t)
1−δ

)
√

rtdWr,t

+
δλs

1−δ

√
vtdWs,t +

[(
λ̃

λ

) 1
1−δ −1

]
dNt .
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b½ 

g1(t) =
δλs

1−δ

g2(t) =
δλv

1−δ
+

σvA(t)
1−δ

g3(t) =
δλr

(1−δ )σr
+

σrB(t)
1−δ

g4(t) =

(
λ̃

λ

) 1
1−δ

−1

,

K

dHt

Ht
= g1(t)

√
vtdWs,t +g2(t)

√
vtdWv,t +g3(t)

√
rtdWr,t +g4(t)dNt .

-F(Ht) = ln(Ht),K|^Lévy-Itôúª,k

dF(Ht) =
∂F(Ht)

∂ t
dt +

∂F(Ht)

∂Ht
Htg1(t)

√
vtdWs,t +

∂F(Ht)

∂Ht
Htg2(t)

√
vtdWv,t

+
1
2

∂ 2F(Ht)

∂H2
t

H2
t g2

3(t)rtdt +
∫

R0

(
ln(Ht +g4(t)Ht)− ln(Ht)

)
dNt

+
∫

R0

{(
ln(Ht +g4(t)Ht)− ln(Ht)

)
− ∂F(Ht)

∂Ht
Htg4(t)

}
ν(dξ )dt

+
∂F(Ht)

∂Ht
Htg3(t)

√
rtdWr,t +

1
2

∂ 2F(Ht)

∂H2
t

H2
t g2

1(t)vtdt

+
1
2

∂ 2F(Ht)

∂H2
t

H2
t g2

2(t)vtdt

=g1(t)
√

vtdWs,t +g2(t)
√

vtdWv,t +g3(t)
√

rtdWr,t−
1
2

g2
1(t)vtdt

− 1
2

g2
3(t)rtdt +

∫
R0

(
ln(1+g4(t))−g4(t)

)
ν(dξ )dt

− 1
2

g2
2(t)vtdt +

∫
R0

ln(1+g4(t))dNt . (6.2.35)

éª(6.2.35)ü>3«m[0, t]þÈ©,��

F(Ht)−F(H0) =
∫ t

0
g1(s)

√
vsdWs,s +

∫ t

0
g2(s)

√
vsdWv,s +

∫ t

0
g3(s)

√
rsdWr,s

+
∫ t

0

∫
R0

(
ln(1+g4(s))−g4(s)

)
ν(dξ )ds−

∫ t

0

rs

2
g2

3(s)ds

−
∫ t

0

vs

2
(g2

1(s)+g2
2(s))ds+

∫ t

0

∫
R0

ln(1+g4(s))dNs,
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K

Ht =H0 exp
{∫ t

0
g1(s)

√
vsdWs,s +

∫ t

0
g2(s)

√
vsdWv,s +

∫ t

0
g3(s)

√
rsdWr,s

−1
2

∫ t

0
(g2

1(s)+g2
2(s))vsds− 1

2

∫ t

0
g2

3(s)rsds
}

exp{(ln(1+g4)−g4)t}

×
Nt

∏
i=1

eIi ln(1+g4).

-

H11 =exp
{∫ t

0
g1(s)

√
vsdWs,s +

∫ t

0
g2(s)

√
vsdWv,s−

1
2

∫ t

0
(g2

1(s)+g2
2(s))vsds

}
,

H22 =exp
{∫ t

0
g3(s)

√
rsdWr,s−

1
2

∫ t

0
g2

3(s)rsds
}
.

b½H11ÚH223ÿÝQe�ëY��´»´�pÕá�,�H11ÚH22þ��

L§,K�âCherny(2006)½n2.4��

H1 =H11×H22

=exp
{∫ t

0
g1(s)

√
vsdWs,s +

∫ t

0
g2(s)

√
vsdWv,s−

1
2

∫ t

0
(g2

1(s)+g2
2(s))vsds

}
× exp

{∫ t

0
g3(s)

√
rsdWr,s−

1
2

∫ t

0
g2

3(s)rsds
}
,

´���,?�Ú��Ht´���.

eyH11ÚH22��L§.

�âKaratzas�(1998)íØ5.13��,e

E
[

exp
(
−1

2

∫ t

0

(
g2

1(s)+g2
2(s)
)

vsds
)]

< ∞,

K

H11 = exp
{∫ t

0
g1(s)

√
vsdWs,s +

∫ t

0
g2(s)

√
vsdWv,s−

1
2

∫ t

0
(g2

1(s)+g2
2(s))vsds

}
,

´���.

e

E
[

exp
(
−1

2

∫ t

0
g2

3(s)rsds
)]

< ∞,
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K

H22 = exp
{∫ t

0
g3(s)

√
rsdWr,s−

1
2

∫ t

0
g2

3(s)rsds
}
,

´���.

?�Ú,duvtÚrtþÑlCIRL§,�âKraft(2005)·K5.1��,e

E
[

exp
(
−1

2

∫ t

0

(
g2

1(s)+g2
2(s)
)

vsds
)]

< ∞,

KI�÷v

min
(
−1

2
(
g2

1(t)+g2
2(t)
))
≥− α2

v
2σ2

v
. (6.2.36)

e

E
[

exp
(
−1

2

∫ t

0
g2

3(s)rsds
)]

< ∞,

KI�÷v

min
(
−1

2
g2

3(t)
)
≥− α2

r
2σ2

r
. (6.2.37)

�e5òy²Ø�ª(6.2.36)Úª(6.2.37)¤á�^�.

éuª(6.2.36),k

−1
2
(
g2

1(t)+g2
2(t)
)
=− 1

2

(
λsδ

1−δ

)2

− 1
2

(
λvδ

1−δ
+

σv

1−δ
A(t)

)2

=− 1
2

(
σ2

v
(1−δ )2 A2(t)+

2δλvσv

(1−δ )2 A(t)+
δ 2(λ 2

v +λ 2
s )

(1−δ )2

)
,

(6.2.38)

é(6.2.38)ª'ut¦ �ê,k(
− 1

2
(
g2

1(t)+g2
2(t)
))′

=− σv

(1−δ )2 A
′
(t)
(

σvA(t)+δλv

)
. (6.2.39)

òª(6.2.15)Úª(6.2.19)�\(6.2.17),k

A′(t) =− 2cvd2
v e−dv(T−t)(

−bv +dv +(bv +dv)e−dv(T−t)
)2 .
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�δ < 0�, A
′
(t)> 0,q�âA(T ) = 0,kA(t)< 0,d�(

−1
2
(
g2

1(t)+g2
2(t)
))′

> 0,

K,�§(6.2.38)3t = 0�����;

�0 < δ < 1�, A
′
(t)< 0,q�âA(T ) = 0,kA(t)> 0,d�(

−1
2
(
g2

1(t)+g2
2(t)
))′

> 0,

K,�§(6.2.38)3t = 0�����.

nÜ5w,�§(6.2.38)3δ < 1,�δ 6= 0�,3t = 0�����

min
[
− 1

2
(
g2

1(t)+g2
2(t)
)]

=−1
2

(
σ2

v A2(0)
(1−δ )2 +

2δλvσvA(0)
(1−δ )2 +

δ 2(λ 2
v +λ 2

s )

(1−δ )2

)
≥− α2

v
2σ2

v
.

Ón��

min
[
− 1

2
g2

3(t)
]
=−1

2

(
σ2

r B2(0)
(1−δ )2 +

2δλrB(0)
(1−δ )2 +

δ 2λ 2
r

(1−δ )2σ2
r

)
≥− α2

r
2σ2

r
.

eyH(xt ,vt ,rt , t)´�`�¼ê.

�â±þy²��H(xt ,vt ,rt , t)´���,K�â��½Â,k

E
[
U(xπ∗

T )
∣∣xt = x,vt = v,rt = r

]
= H(xt ,vt ,rt , t).

b½π´?¿��NNüÑ.�½ÂL§Lt = {xπ∗
t }δ−1xπ

t h(vt ,rt , t),�âãL

L§!ÅÄÇ!|Ç÷v��§9ItôÚn��

dLt =(xπ∗
t )δ−1xπ

t

[
ht +(δ −1)(rt +π

∗
1 λsvt +π

∗
2 λvvt +π

∗
3 λrrt−λπ

∗
4 )h+hrt

+h
(
π1λsvt +π2λvvt +π3λrrt−λπ4

)
+

h
2
(δ −1)(δ −2)

[
(π∗1 )

2vt

+(π∗2 )
2vt +(π∗3 )

2rt
]
+

hvv

2
σ

2
v vt +hvαv(θv− vt)+hrαr(θr− rt)

+(δ −1)h
[
(π∗1 π1 +π

∗
2 π2)vt +π

∗
3 π3σ

2
r rt
]
+

hrr

2
σ

2
r rt +hvπ2σvvt

+(δ −1)hvπ
∗
2 σvvt +(δ −1)hrπ

∗
3 σ

2
r rt +hrπ3σ

2
r rt

]
dt

+(xπ∗
t )δ−1xπ

t h(δ −1)π∗1
√

vtdWs,t +(xπ∗
t )δ−1xπ

t h(δ −1)π∗3 σr
√

rtdWr,t

+(xπ∗
t )δ−1xπ

t hvσv
√

vtdWv,t +(xπ∗
t )δ−1xπ

t hrσr
√

rtdWr,t
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+(xπ∗
t )δ−1xπ

t hπ1
√

vtdWs,t +(xπ∗
t )δ−1xπ

t hπ2
√

vtdWv,t

+(xπ∗
t )δ−1xπ

t hπ3σr
√

rtdWr,t +
(
λ̃∆L1dNt + λ̃∆L2dNt

)
,

Ù¥

∆L1 =
(
(1+π

∗
4 )

δ−1−1
)
(xπ∗

t )δ−1xπ
t h,

∆L2 = (xπ∗
t )δ−1xπ

t π4h,

K

dLt

Lt
=

hv

h
σv
√

vtdWv,t +
hr

h
σr
√

rtdWr,t +(δ −1)π∗1
√

vtdWs,t +π2
√

vtdWv,t

+(δ −1)π∗3 σr
√

rtdWr,t +π1
√

vtdWs,t +π3σr
√

rtdWr,t + λ̃π4dNt

+(δ −1)π∗2
√

vtdWv,t + λ̃
(
(1+π

∗
4 )

δ−1−1
)
dNt ,

?�Ú,k

dLt

Lt
=A(t)σv

√
vtdWv,t +B(t)σr

√
rtdWr,t +(δ −1)π∗1

√
vtdWs,t +π2

√
vtdWv,t

+(δ −1)π∗3 σr
√

rtdWr,t +π1
√

vtdWs,t +π3σr
√

rtdWr,t + λ̃π4dNt

+(δ −1)π∗2
√

vtdWv,t + λ̃
(
(1+π

∗
4 )

δ−1−1
)
dNt

=
(
(δ −1)π∗1 +π1

)√
vtdWs,t +

(
A(t)σv +(δ −1)π∗2 +π2

)√
vtdWv,t

+
(
B(t)+(δ −1)π∗3 +π3

)
σr
√

rtdWr,t + λ̃
(
(1+π

∗
4 )

δ−1−1+π4
)
dNt

=gLt
1 (t)
√

vtdWs,t +gLt
2 (t)
√

vtdWv,t +gLt
3 (t)σr

√
rtdWr,t +gLt

4 (t)dNt ,

Ù¥

gLt
1 (t) =

(
(δ −1)π∗1 +π1

)
,

gLt
2 (t) =

(
A(t)σv +(δ −1)π∗2 +π2

)
,

gLt
3 (t) =

(
B(t)+(δ −1)π∗3 +π3

)
,

gLt
4 (t) =λ̃

(
(1+π

∗
4 )

δ−1−1+π4
)
.

?�Ú, �âHt�5�y²L§, Ón�yLt´���. q�â¼

êh(vt ,rt , t) = eA(t)vt+B(t)rt+D(t)ð�u",KLt´��þ�,l
k

E
[
U(xπ

T )
∣∣Ft̃
]
≤ E

[
U(xπ∗

T )
∣∣Ft̃
]
+E
[
Ux(xπ∗

T )(xπ
T − xπ∗

T )
∣∣Ft̃
]
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≤ E
[
U(xπ∗

T )
∣∣Ft̃
]
+L(t̃)−δE

[
H(xπ∗

T ,vt̃ ,rt̃ ,T )
∣∣Ft̃
]

= E
[
U(xπ∗

T )
∣∣Ft̃
]
,

=Hπ(xt ,vt ,rt , t) ≤ Hπ∗(xt ,vt ,rt , t). Ïd, Hπ∗(xt ,vt ,rt , t)´�©¯K��`),

�π∗´�`Ý]üÑ.

�!¥½n6.1�Ñ
Äu4/2-CIRa*Ñ�ÅÝ]|Ü�.��`ºx�

�9�`Ý]üÑ.3Ý]ö±k]�Õ1�±!|Ç�½�Ã!�¦�ê9

Ùû)�¬d�®��cJe,�¼��A�.�ëê�O�.�â�O¤�ë

ê�9(6.2.4)ªÚ(6.2.5)ª����^¼êeÝ]ö��`ºx��9Ý]öé

z«]��Ý]°�,?
�ÏÝ]ö�Ñ�`�Ý]ûü. d	,·K6.19½

n6.2�Ñ
�¼êH(xt ,vt ,rt , t)½ÂûÐ�^�9HJB�§)!�'ºx��Ú

Ý]ûü��`5,�½n6.1�A^Jø
nØ| .

5: �4/2-CIRa*Ñ�Å·Ü�.¥�λ = 0,η = 0�,T¯K�òz�4/2�

ÅÅÄÇ�.e��Ý]|Ü¯K(ChengÚEscobar-Anel, 2021); �λ = 0,η 6=

0�,T¯K�òz�4/2-CIR�Å·Ü�.e��`Ý]ûü¯K(Ma�, 2023).

6.3 ÄÄÄuuu4/2-CIRaaa***ÑÑÑÝÝÝ]]]|||ÜÜÜ���...���ggg`̀̀üüüÑÑÑ999���^̂̂������

��!Ì��Ä�ÑªÏÏ��g`ºx��πs = (πs
1,π

s
2,π

s
3,π

s
4)

T,¿éÝ

]öæ^g`üÑ���^��?1ïÄ.

b½Hπs
(xt ,vt ,rt , t)≤ Hπ∗(xt ,vt ,rt , t)´g`üÑπseÝ]ö��¼ê,��=

�πs��`üÑ��Ò¤á, Hπ∗(xt ,vt ,rt , t)Xª(6.2.3)¤«, Hπs
(xt ,vt ,rt , t)÷v±

e�§

0 =Hπs

t + xt
(
rt +π

s
1λsvt +π

s
2λvvt +π

s
3λrrt−λπ

s
4
)
Hπs

x +αr (θr− rt)Hπs

r

+
1
2

x2
t
(
π

s
1

2vt +π
s
2

2vt +π
s
3

2
σ

2
r rt
)
Hπs

xx +αv (θv− vt)Hπs

v +
1
2

σ
2
v vtHπs

vv

+
1
2

σ
2
r rtHπs

rr +π
s
2xtσvvtHπs

xv +π
s
3xtσ

2
r rtHπs

xr + λ̃∆Hπs
, (6.3.1)

Ù¥, πs
1, πs

2, πs
3, πs

4�g`ºx��,>.^�Hπs
(xT ,vT ,rT ,T ) = e−βT xδ

T
δ

, ∆Hπs
=

Hπs
(xt(1+πs

4),vt ,rt , t)−Hπs
(xt ,vt ,rt , t).

···KKK 6.2  �©�§(6.3.1)äkXe/ª�)

Hπs
(xt ,vt ,rt , t) = e−β t xδ

t
δ

exp{As(t)vt +Bs(t)rt +Ds(t)} , (6.3.2)
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d�,g`ºx��Xe 

π
s
1 =

λs

1−δ

π
s
2 =

λv

1−δ

π
s
3 =

λr

(1−δ )σ2
r

π
s
4 =

(
λ

λ̃

) 1
δ−1
−1

, (6.3.3)

g`Ý]üÑ�[
πs

s (t) πs
b(t) πs

o1(t) πs
o2(t)

]T
= G−1

[
πs

1 πs
2 πs

3 πs
4

]T
, (6.3.4)

Ù¥, G−1��(6.2.31)ª

As(t) =
As

1As
2
(
1− e−ds

v(T−t))
As

1−As
2e−ds

v(T−t)
,

Bs(t) =
Bs

1Bs
2
(
1− e−ds

r(T−t))
Bs

1−Bs
2e−ds

r(T−t)
,

Ds(t) =
∫ T

t
αvθvAs(s)ds+

∫ T

t
αrθrBs(s)ds+ c(T − t),

�c�L�ª��ª(6.2.25)

As
1 =
−bs

v +ds
v

as
v

, As
2 =
−bs

v−ds
v

as
v

, Bs
1 =
−bs

r +ds
r

as
r

, Bs
2 =
−bs

r−ds
r

as
r

,

as
v = σ

2
v , bs

v =
δσv

1−δ
λv−αv, cs

v =
δ

1−δ
(λ 2

v +λ
2
s ), ds

v =

√
bs

v
2−as

vcs
v,

as
r = σ

2
r , bs

r =
δ

1−δ
λr−αr, cs

r = 2δ +
δ

1−δ

λ 2
r

σ2
r
, ds

r =

√
bs

r
2−as

rcs
r.

y²L§Ó½n6.1,�Ø3Kã.

�©±Ý]öæ^g`üÑ��ãL��z©'Ýþ��,=

Hπ∗(xt(1−Lπs
),vt ,rt , t) = Hπs

(xt ,vt ,rt , t),

Ù¥, Hπ∗ÚHπs
L«Ý]ö|^�`Úg`üÑe��¼ê. d	,dum��^

¼ê��ê��/ª,���Lπs
Xe

Lπs
= 1− exp

{
1
δ

[(
As(t)−A(t)

)
vt +

(
Bs(t)−B(t)

)
rt +

(
Ds(t)−D(t)

)]}
. (6.3.5)

e©�Ñ
Ì�ëê¯a5©Û�ê�«~,±�y�©�ï�4/2-CIRa*
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Ñ�Å·ÜÝ]|Ü�.¥�ëêé�`ºx��9��¼ê�K�.d	,�

Ny�©¤��`Ý]üÑ�`:,±Ý]öæ^4/2�ÅÅÄÇ�.eÝ]û

ü94/2-CIR�Å·Ü�.eÝ]ûü��ãL��z©'ÝþØÓ�.e¤�

Ý]üÑ�`�. e��¼ê��,KL²Äu4/2-CIRa*Ñ�Å·Ü�.¤�

Ý]üÑ�`.

6.4 êêê������~~~999©©©ÛÛÛ

�!é��^¼êeÄu4/2-CIRa*Ñ�Å·Ü�.��`ºx�

�9�^��?1ê�©Û, &?�.¥­�ëêé�`ºx��9�^

���K�. 3�!¥, Ø�,k`², �.ëê�Xe: λs = 2.2472,λv =

−6.6932,σv = 0.2941,αv = 2.8278,θv = 0.0563,δ = −0.8123,λr = −0.1132,σr =

0.0566,αr = 0.1300,θr = 0.0025,λ = 0.3, λ̃ = 0.1,β = 0.5, t = 0,T = 1,v0 = 0.4,r0 =

0.03,ρ =−0.2292,κ = 5,η =−0.5973,Ä�ëê5
uEscobar�(2015, 2018),Ì

*byÇ´·�b½�.

6.4.1 4/2-CIRaaa***ÑÑÑÝÝÝ]]]|||ÜÜÜ���...ëëëêêêééé���`̀̀ºººxxx���������KKK���

ã6.1-ã6.3�Ñ
4/2-CIRa*Ñ�Å·ÜÝ]|Ü�.¥ºx5;Ïfδ!

Ý]Ï�T!�¦ºxÄdλs!ÅÄÇºxÄdλv!|ÇºxÄdλr9a�ºx

ÄdλéºxÏfWs,t , Wv,t , Wr,t9Nt��`ºx��π∗1 , π∗2 , π∗3 , π∗4 �K�.
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ã6.2 ëêλsÚλvé�`ºx���K�
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-0.5

-0.4
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ã6.3 ëêλrÚλé�`ºx���K�

ã6.1L², �¦ºxÏf!ÅÄÇºxÏf!|ÇºxÏf9a�ºx

Ïf��`ºx��π∗1 , π∗2 , π∗3 , π∗4�ýé��Xδ �4~
eü. ùÌ�´Ï

�δ��, ºx��Xê1− δ��, ºx��.Ý]ö�«ú���ºx, ¦�

Ý]���Å. d	, Ý]Ï�T éÅÄÇºxÏfÚ|ÇºxÏf��`º

x��π∗2Úπ∗3äk�½K�,
é�¦ºxÏfÚa�ºxÏf��`ºx�

�π∗1Úπ∗4�K�ØwÍ.

ã6.2©O�Ñ
�¦ºxÄdëêλs��`ºx��π∗1�'X9ÅÄÇº

xÄdëêλv��`ºx��π∗2�'X. äN5w, ºxÏfWs,t��`ºx�

�π∗1��¦ºxÄdëêλs�O\
O�;ºxÏfWv,t��`ºx��π∗2�Å

ÄÇºxÄdëêλv�O\
O�.o�,�`ºx���ºxÄdëê�O\


O�.ºxÄdëê���,�XºxÄdëê�O\Ý]öéºx�N=Ý

��,��¿æ�-?�Ý]üÑ5Ö�O\�ºx,l
¦Ý]ºxO\,�`

ºx�����O�.�ºxÄd�K�,�`ºx����K,d�Ý]ö¬æ

���­è�Ý]üÑ,±ü$ºx¿�ogC�Ý]ÂÃ.

ã6.3¤«�|ÇºxÄdëêλrÚaºxÄdëêλéºxÏfWr,tÚNt�

�`ºx��π∗3Úπ∗4�K�.Äk,ºxÏfWr,t��`ºx��π∗3�Xλr�O\
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O�.ºxÄdëê�K�,�A��`ºx����K,Ý]öò¬ÏL­è

�Ý]üÑü$ºx. Ùg,ã6.3L²,ºxÏfNt��`ºx��π∗4�K�,=

3äka�ºx��¹e,�ü$ºxÝ]ö¬æ���­è�Ý]üÑ.d	,

�Xa�rÝ�O\,�`ºx���ýé�O�,ù´Ï�a�rÝ��,Ý]

ö¡��Ý]ºxO\,�`ºx�����O\.

6.4.2 4/2-CIRaaa***ÑÑÑÝÝÝ]]]|||ÜÜÜ���...ëëëêêêééé���^̂̂���������KKK���

37K½|Ý]¯K¥,Ý]ö�ÑªÏéÀüÑ¬�¦áÀ1��u),

¦�Ý]üÑ¿��`üÑ,?
���^���.Äu6.2.3!�?Ø,��!Ï

Lê�O���{,�\©Û�.Ì�ëêéáÀ���K�.
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ã6.6 ëêλréáÀ���K�

ã6.4L²,ºxÄdÏf���,áÀ���ºxÄdÏf�O\
O�.ù

Ì�´du�ºxÄdÏf���,�XºxÄdÏf�O�,Ý]öéºx�

N=Ý�p,��¿æ�-?�Ý]üÑ,¦�áÀ���ºxO\,��áÀ�

�O\. ã6.5-6.6L²,�ºxÄdÏf�K�,áÀ���ºxÄdÏf�O\


~�. ùÌ�´Ï�ºxÄdÏf�K�,�XºxÄdÏf�O�,Ý]öé
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