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兰州财经大学博士学位论文 自相似高斯过程的多重自相交局部时及其非参数估计

Abstract
In recent years, the occupation time of Gaussian process and its local

times in finite interval have become the hot topic and have been widely

used in financial and risk models. In the financial market, there are many

options pricing problems related to the price of options in a certain price

range, called options related to the occupation time; In risk theory, it is

often necessary to study the residual value process of the insurance risk

model in the background of various stochastic processes at certain level

intervals, in order to measure the operation of the insurance company.

Therefore, the study of local times and occupation time for various

stochastic processes plays an important role in studying the options and

the risk theory. With the deepening of the study of local times and the

expansion of its application areas, the concept of intersection local times

has emerged. At present, most of the studies on multiple self-intersection

local times are based on Brownian motion, and the studies on multiple

self-intersection local times for other self similar Gaussian processes are

not perfect. In addition, the problems of statistical inference for local

times and occupation time are one of the key issues in statistical research.

Since the non-parametric statistical methods require very broad

conditions on the population, they tend to be more robust, the

non-parametric estimation of occupation time and local times based on

discrete observations has gained much attention and become more and
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more important in the field of financial statistics.

This paper combs, summarizes, and summarizes the domestic and

international literature from four aspects: self similar Gaussian process,

local time, the derivative of local time, and statistical inference of local

time. In order to fully grasp the progress of existing research and future

expansion, the research idea of this paper is determined. On this basis, the

research on the double self-intersection local times of self similar

Gaussian process is extended to the multiple case, and its existence is

proved, which lays a theoretical foundation for subsequent research. Next,

based on the existence of the multiple self-intersection local times for self

similar Gaussian process and the formula of the occupation time, the

definition of the derivative of multiple self-intersection local times for

self similar Gaussian process is given, and its relevant properties are

proved by different methods. Finally, from the perspective of application,

the non- parametric estimation of the local times and occupation time of

fractional Brownian motion are given, and its relevant properties are

proved. The detailed conclusions are as follows:

(1) Study the multiple self-intersection local times for self similar

Gaussian processes. Firstly, the existence condition of multiple

self-intersection local times for self similar Gaussian processes

investigated by using Fourier analysis combined with strong local

nondeterminism, and on this basis it is proved that it satisfies
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exponential integrability. And then, the continuity conditions

for multiple self-intersection local times with respect to time and space

variables are considered according to the local nondeterminism,

respectively. Finally, using the Wiener chaos decomposition method in

the Malliavin calculus, the smoothness of the multiple self-intersection

local times for self similar Gaussian processes is demonstrated. In

particular, the Wiener chaos decomposition of the multiple

self-intersection local times for one-dimensional fractional Brownian

motion is given, and its smoothness in the sense of Meyer-Watanabe is

proved by the Wiener chaos decomposition. We also extend the

corresponding results to the case of d-dimensional fractional Brownian

motion, and the smoothness of multiple self-intersection local times for

other self similar Gaussian processes can be similarly proved.

(2) Consider the derivative of multiple self-intersection local times

for self similar Gaussian processes. Firstly, we give the definition of the

derivative of multiple self-intersection local times for self similar

Gaussian processes with respect to the spatial variables by combining

with the occupation time formula. Next, a sample configuration method is

used to prove the existence of the derivative of multiple self-intersection

local times in and to show that it satisfies continuity with

respect to the spatial variables. Finally, it is proved that the derivative of

multiple self-intersection local times for self similar Gaussian process



兰州财经大学博士学位论文 自相似高斯过程的多重自相交局部时及其非参数估计

satisfies the smoothness in the Meyer-Watanabe sense by means of chaos

expansion. For convenience, only the case of fractional Brownian

motion is proved and other self similarity processes can be obtained

similarly.

(3) Based on discrete observations, nonparametric estimations of

occupation time and local times for fractional Brownian motion are

investigated. In this study, we firstly introduce the Riemann sum

estimations for the occupation time and local times for fractional

Brownian motion, and give the exact upper bounds of approximation

by the characteristic function and local nondeterminism of fractional

Brownian motion. Then, by using the properties of fractional Brownian

motion and the moment estimation method combined with the chain

argument, the central limit theorem of occupation time estimation can be

obtained, and the central limit theorem of local times estimation can be

similarly proved. Finally, another nonparametric estimation method,

conditional expectation estimation, is briefly introduced to improve the

rate of convergence. Using the related properties of fractional Brownian

motion and conditional expectation, the central limit theorem of

conditional expectation estimation is obtained by direct computation.

Keywords: Gaussian processes; Occupation time; Local times; Chaos

expansion; Nonparametric estimation
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1.1 ïïïÄÄÄ���µµµ���ïïïÄÄÄ¿¿¿ÂÂÂ

1.1.1 ïïïÄÄÄ���µµµ

3y�ên7K+�,pdL§åXØ%��^. 1827c=I�ÔÆ[ÙK

JÑ�ÙK$Äb�´y�]�½|nØ�Ø%,�@d Bachelier^§5£ã

I�]�d��©Ù.d	,��^5£ã�d��5r³,áÏ|Ç�. ,
,Ù

K$Ä¤£ã��¦�Ïd���5�ýÿk',
ÙK$Ä�üC�ª��5

�ýÿØ�',vk�65,Ïd§¤£ã��d�¢S½|k�½��å. 1940

c,��ÙK$Ä�í2, Kolmogorov [78] ÄgJÑ©êÙK$Ä�Vg,duÙ

äk²­Oþ5!g�q5Ú�PÁ5,�2�A^uÔn!>fÏ&!ã�?

n!êþ7K�+���Å�[¥.

du©êÙK$Ääk²­Oþ,ÏdØU�Ð/�x7K�mS���²

­5,l
Æö�æ^äk�²­Oþ�����pdL§5£ã7K]�d�

Cz�1�,X Bojdecki [11]�Ñ�g©êÙK$Ä.g©êÙK$ÄØ=k©ê

ÙK$Ä�g�q5Ú���5�­�5�,
��äk�¯�òz�ÝÚ�²

­���ÝOþ. d	,g©êÙK$Ä�±^5�x7K]���ÅÅÄ5,¤

±�'u©êÙK$Ä,g©êÙK$Ä�U�Ð/�x7K]�d��CÄ.

�� HoudreÚ Villa [54]JÑ
�«�ä��5�pdL§))V©êÙK$Ä,

ÙØäkÕáOþ9²­Oþ�5�,�±^5£ã�¦d��²­ÅÄ���

5��¹. ÏdédapdL§�ïÄØ=äknØ¿Â,
�3�+��A^

¥�k�½�d�.

pdL§�Ó �9Ùk�«mS�ÛÜ�Ñ´C
c5IS	ÆöïÄ

�ü�9:¯K.ÛÜ�ÚÓ �´�ÅL§�­�Vg,§�£ã
�ÅL§

1
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3,��m:�/ÛÜ01�Ú/Óâ0,�G���m�Ý.Ó �´���

�ÅL§3,�«�SÏ3��moÚ,ÛÜ�´Ó ��'�Ó �Ý,§�

37Kºx�.¥Ñk��2��A^. 3Ï�½d�¡,ÛÜ�ÚÓ ��±

^5£ãI�]�d��Ä�Cz,?
K�Ï��d�.3ºxnØ�¡,ÛÜ

�ÚÓ ��±^5£ãºx����m©ÙÚCz. nþ��,ïÄ�ÅL§

�ÛÜ�ÚÓ �éun)7K½|�Ä�Cz!Ï�½dÚºxnØ��¡

Ñäk­��¿Â.d	,Ó �ÚÛÜ��´�Å©ÛïÄ�­�SN,´ïÄ

�ÅL§��;�5��­�óä,ÚåNõnØïÄöÚ¢Só�ö�2�,

�.

�XéÛÜ�nØïÄ�Øä�\9ÙA^+��Øä*Ð, Varadhan [120]

JÑ:,
�Å|����Å83�ï,
A½�î¼þf|�.¥kX­��

�^,��NõÆö?1
ù�¡�ïÄ.§�ÑykX2�
���A^�µ,

�´Ôn!êÆ97KÆö��Óa,���K.

É�ÛÜ��mÈ©�éu,�ê.��ÛÜ�®uÐ���Õá�ïÄ�

K. RogersÚWalsh [108] 3ïÄÙK$Ä�ÛÜ�Ú�Å¡ÈÈ©�,©Û
±

e�¼

A(x, t) =
∫ t

0
1[0,∞)(x−Bs)ds,

Ù¥ Bs���ÙK$Ä.�� A(Bt , t)Ø´���y�L§

A(Bt , t)−
∫ t

0
L(Bs,s)dBs

kk���" 4
3 -C�,Ù¥

L(Bs, t) =
∫ t

0
δ (Bs− x)ds

L«ÙK$Ä B3 x?�ÛÜ�. 2005c, Rosen [107] ^�«#��{5ïÄL

2
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§ A(Bt , t). e- h(x) := 1[0,∞)(x),K/ªþk

d
dx

h(x) = δ (x),
d2

dx2 h(x) = δ
′(x),

Ù¥ δ L« Dirac delta¼ê� δ ′L« Schwartz©Ù¿Âe δ ¼ê��ê. Ïd,

éu¼ê hd Itôúª��

A(Bt , t)−
∫ t

0
L(Bs,s)dBs = t +

1
2

∫ t

0

∫ s

0
δ
′(Bs−Br)drds.

,
,�X JungÚMarkowsky [71] J��,ù�½Âk
�cü�,Ï�XJr¼

ê h�½ÂC� h(x) := 1(0,∞)(x), A�½Â�

A(x, t) =
∫ t

0
1(0,∞)(x−Bs)ds,

K^ Itôúª��

A(Bt , t)−
∫ t

0
L(Bs,s)dBs =

1
2

∫ t

0

∫ s

0
δ
′(Bs−Br)drds.

ù�*	(JL²éu A(Bt , t)�ü�ØÓ½Âþ¡(ØA���.Ïd,±þ

ã Itôúª�Ä:, Rosen [107]y�ÙK$Ä B��ê.g��ÛÜ�

α
′(x, t) :=

∫ t

0

∫ s

0
δ
′(Bs−Br− x)drds

�3��ÑÓ �úª

∫ t

0

∫ s

0
f ′(Bs−Br− x)drds =−

∫
R

f (x)α ′(x, t)dx,

Ù¥ f ∈C1(R)� t > 0. d�,É�Ó �úª�éu,Æö�Ñªª0\
�«

pdL§�ê.�­ÛÜ��ïÄ.

Cc5,3ÛÜ��3�Ä:þÄulÑ*ÿïÄÓ �ÚÛÜ��ÚOí

ä�©ª´��²;¯K.ÚOíä��y�ên7K¥���­�©|,�2

3



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

�A^u�Æ!ó§Ú7K���+�.��5`,ëY�m�.3êÆþ'l

Ñ�m�.�´u?n,�ÚOíäÏ~=�ulÑ*ÿ. XJ�m��y©v


°[,�±@�lÑ�.�ÚO5�CquëY�.��'5�. ,��¡,Ù

K$Ä±9�ÊHpdL§�Ó �ÚÛÜ�3,
a.�´»�6Ï��½

d¥åX­��^. ��5`,ùaÏ��d��ûuëY�md�L§3,�

�½«mS�Ê3�m. ,
,3¢S½|¥,�U3k��*	:?��pdL

§��,Ïd¦^lÑ*ÿég�qpdL§�Ó �ÚÛÜ�?1�ëê�O

äk­��A^d�.

1.1.2 ïïïÄÄÄ¿¿¿ÂÂÂ

g�qpdL§���a­���ÅL§,~^u�x�a7K]��d�

ÅÄ�¹,Ï
�2�A^u7K�.¥. ~X,�^5£ã�d��5r³!á

Ï|Ç�. Ïd,ïÄg�qpdL§���;�5� (��ÛÜ�)3¢SïÄ

¥äk�©­��¿Â.,��¡,ÛÜ���Ó ���Ý¼ê�´�ÅL§

nØïÄ�9:¯K,§��ÑykX2�
���A^�µ,´Ôn!êÆ9

7KÆö��Óa,���K�é·�?�ÚïÄ7K½|¥��aÏ�½d

9ºx�.kX­��nØ¿ÂÚy¢¿Â.

1.1.2.1 nnnØØØ¿¿¿ÂÂÂ

(1) ïÄg�qpdL§�õ­g��ÛÜ� (MSLT),�3òg�qpdL

§�­ÛÜ��ïÄí2�õ­��/. 8c'ug�qpdL§g��ÛÜ�

�ïÄõ�u�­��/,éÙMSLT�ïÄ¿Ø�õ. ��¡g�qpdL§

��'ÙK$Ä����pdL§,ÙQØ´MarkovL§�Ø´��,ùÒ¿�

X·AuÙK$Ä��
IO�{ØU��^ug�qpdL§. ,��¡du

g�qpdL§�Oþ´�Õá��õ­ÛÜ�g�(��E,5,ù��g�
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qpdL§MSLT��'O�O\
é�JÝ.Ïd�©�ïÄ?�Úí2
g

��ÛÜ��nØïÄ,�k|uïÄ<
���@£g�qpdL§,¦�ù

aL§k�2��A^.

(2) 3g�qpdL§MSLT�3�Ä:þ,É��­g��ÛÜ�p��

ê½Â�éu,ïÄg�qpdL§�ê.õ­g��ÛÜ� (DMSLT).Ï�8

cÆö�õïÄÙK$ÄÚ©êÙK$Ä��ê.�­g��ÛÜ�,
éug

�qpdL§ DMSLT�vk�ÑäN�½Â.,��¡,duÙ'�ê.�­g

��ÛÜ��È©(�E,�g�qpdL§÷v�ÛÜ�(½5ØU3y²

L§¥��A^,Ïd�©ïÄg�qpdL§�� DMSLT,¿�^�����

�{y²§��'5�äk­��nØ¿Â���p��ê.õ­ÛÜ��ï

ÄC½Ä:.

(3) Cc5,ÄulÑ*ÿ�Ó �ÚÛÜ��ÚOíä©ª´��²;¯

K.8c'uÓ �ÚÛÜ���ëê�Oõ'5ÙK$ÄÚÙ§�
 Markov

L§,�éu�ëê�O��nØ5��mkXÚ�ïÄ,¤±�©òÓ �Ú

ÛÜ���ëê�Oí2�� MarkovL§,ïÄ©êÙK$ÄÓ �ÚÛÜ�

��ëê�O,�ÑÙ�'nØ5��y². ùØ=3nØþäk���¿Â,


�íÄ
·�é�MarkovL§Ó �ÚÛÜ���\n).

1.1.2.2 yyy¢¢¢¿¿¿ÂÂÂ

(1) ïÄpdL§�Ó �ÚÛÜ��±�Ð/n)û)¬d��Cz5

Æ.dg�qpdL§�5���,3¢SA^¥,Ï~¬òpdL§^u½d�


E,�û)¬,XÏ�!ÏÀ�. 
pdL§�Ó �ÚÛÜ��±£ãù�

L§¥I�]�d�3�½�mãS?u,�d�Y²½d�«m��¹,l


�Ï·��Ð/n)û)¬d��Cz5Æ,�½dÚºx��Jø�â.

(2) ïÄpdL§�Ó �ÚÛÜ��±?�ÚÿÐ7Kû)¬½|�nØ

5
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&¢ÚA^+�.pdL§���«­���ÅL§,®²37Kû)¬½|¥

��
2�A^. 
�Ó �ÚÛÜ��'�û)¬´Cc5íÑ��ÉÝ]ö

ÚïÄ<
'5��¬,ù
Ü����û½5A�´1�£��ûuI�]�

3ý½«�s¤��m. Ï~�¹e,Ó «��5��9²¡æN,lù�¿Â

þ`,ù
Ü��±�À��«2Â�æNÏ�. ÏdïÄ�ÅL§�ÛÜ�Ú

Ó �éun)7K½|�Ä�Cz!Ï�½dÚºxnØ��¡Ñäk­�

�¿Â,ÚåNõnØïÄöÚ¢Só�ö�2�,�.

(3) ïÄpdL§�Ó �ÚÛÜ��±�?nêâJø�\´LÚk��

�{. 3¢SA^¥,Ï~¬æ8I�]�d��êâ,¿|^ù
êâ5�Op

dL§�ëê. 
pdL§�Ó �ÚÛÜ��±Jø�\[��êâ©Û�

{,XO�I�]�d�?u,�d�Y²½d�«m�VÇ!O�I�]�d

�3�½�mãS�²þY²��,l
�±�Ð/�Ï·�?nÚ©Ûêâ.

(4) ¢SA^¥,Nõ�Ó �ÚÛÜ��'�Ï�Ñ´ÄulÑ�m*ÿ

�. �é{`,daû)¬�½
�X�ë�FÏ,Ó �ÚÛÜ�´ÏLiÿF

Ï¥I�d�$u½pu,�Y²½0uü�Y²�m�Ü©5½Â�,?
Ä

ulÑ*ÿïÄÓ �ÚÛÜ��ÚOíääk­��y¢¿ÂÚ2��A^

�µ. d	,�©é©êÙK$ÄÓ �ÚÛÜ���ëê�OïÄQ�±�õ

ùaL§�ÚOnØq�±�?nêâJø�\´LÚk���{.

nþ,ïÄg�qpdL§�Ó �ÚÛÜ�äk­��nØ¿ÂÚA^d

�.§�Ø=�±�Ï·��Ð/n)g�qpdL§�5�Ú1�,���'

+��ïÄÚA^Jø�°(�&EÚóä.
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1.2 ïïïÄÄÄyyyGGG

1.2.1 ggg���qqqpppdddLLL§§§���ïïïÄÄÄyyyGGG

��ÅL§ {Xt , t ∈ T},eé?¿ t1, · · · , tn ∈ T , Xt1, · · · ,Xtn Ñl n���©

Ù,K {Xt , t ∈ T}¡�pd�ÅL§. AO/,pdL§�k��©Ù��dÙê

ÆÏ"Ú���¼êû½.

²;�ÙK$Ä´Oþ÷vÕá5Ú²­5�pdL§,Ù�@´ 1827c

d=I)ÔÆ[ÙK3*	s®�â�¡þ�/Ã5K$Ä0JÑ�. ÙK$Ä

b�´y�]�½|nØ�Ø%,�^5£ã�d��5r³!áÏ|Ç�,§

3ÔnÆÚ7KÆÑkX���¿Â.

��ÙK$Ä��«í2,©êÙK$Ä´�aëY�äk²­Oþ�g�

qpdL§,¤¢g�q5Ò´é?¿ a > 0,�½�3 b > 0,¦�L§ {Xat}t≥0

� {bXt}t≥0 äk�Ó©Ù. Kolmogorov [78] ¡Ù��BÚ^, Mandelbrot-Van

Ness [91]òÙD¶�©êÙK$Ä.duÙäk²­Oþ5!g�q5Ú�PÁ

5,�2�/A^3ÔnÆ!>fÏ&!ã�L§!êþ7K�+���Å�[

¥. ,
TL§¿ØUéÐ/�x¤k��Åy�,X�ë6¥OþØäk²­

5�,d©êÙK$Ä���Å�.5�xTy�´Ø°(�. �?nù«�¹,

Bojdecki [11]Ú Francesco Russo� [106]©OÚ\
�«'©êÙK$Ä����

g�qpdL§,=g©êÙK$ÄÚV©êÙK$Ä.

éu�½� H0 ∈ (0,1), K0 ∈ (0,1], R þ�ê� H0 Ú K0 �V©êÙK$

Ä BH0,K0 = {BH0,K0
t , 0≤ t ≤ T}�"þ�g�qpdL§,Ù���¼ê�

E
[
BH0,K0

s BH0,K0
t

]
=

1
2K0

[
(s2H0 + t2H0)K0−|t− s|2H0K0

]
, (1.2.1)

Ù¥ s, t ≥ 0. w,,e K0 = 1,KL§ BH0,1 ´�ê� H0 �©êÙK$Ä.ù�

L§�Ð´ 2003cd HoudréÚ Villa [54]JÑ�,�´©êÙK$Ä�ÿÐ.��

7



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

/,� K0 6= 1, H0 6= 1
2 �, BH0,K0 QØ´���Ø´MarkovL§,ÏdNõ Itô�

Å©Û�EâØU��^5?n BH0,K0 .

2004c, Bojdecki [11]�Ú\¿ïÄ
�a��AÏ�g�qpdL§,��

ÙK$Ä�*Ð,§�3
©êÙK$Ä�Nõ5�. ù�L§´däkÑtÐ

©^��©|âfXÚ�Ó �ÅÄÚå�,¡�g©êÙK$Ä. Hurstëê

� H ∈ (0,1)�g©êÙK$Ä SH = {SH
t , t ≥ 0}�"þ�g�qpdL§,é¤

k s, t ≥ 0,Ù���¼ê�

E
[
SH

t SH
s
]
= s2H + t2H− 1

2
[
(s+ t)2H + |t− s|2H] .

� H = 1
2 �, SH �IOÙK$Ä B��. SH QØ´���Ø´ MarkovL§,Ø

� H = 1
2 ,¤±Nõ5g�Å©Û�r�Eâ3?n SH �Ø·^. d	,g©ê

ÙK$Ääkaqu©êÙK$Ä�5� (g�q!���5!Hölder´»),�

ÙOþØ´²­�,'ug©êÙK$Ä��õó���©z [88, 112]�.

1.2.2 ÛÛÛÜÜÜ������ïïïÄÄÄyyyGGG

éu��u Rd þ�ÙK$Ä Bt (t ∈ RN),e x ∈ Rd � Bt � k (k ≥ 2)­:,

K�3pØ�Ó� t1, · · · , tk ∈ RN ,¦� x = Bt1 = · · · = Btk . êÆþpdL§ÛÜ

��ïÄ�Ð´dÙK$Ä­:�ïÄÚ\�,����/Ýþ0ÙK$ÄY²

8��«�ª,l
 k­g��ÛÜ��½Â�:

Lk(x, t) =
∫
· · ·
∫

0≤t1≤···≤tk≤t

k

∏
j=2

δ
(
Bt j −Bt j−1− x j

)
dt1 . . .dtk, k ≥ 2, (1.2.2)

Ù¥ x = (x2, · · · ,xk), δ (x)L« Dirac delta¼ê.

�
�°(, (1.2.2)�½Â�

Lk,ε(x, t) =
∫
· · ·
∫

0≤t1≤···≤tk≤t

k

∏
j=2

pε

(
Bt j −Bt j−1− x j

)
dt1 . . .dtk,

8
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Ù¥

pε(x) :=
1√
2πε

e−
x2
2ε

´��� ε �¥%pd�Ý¼ê�� ε → 0 �, pε(x) fÂñu Dirac delta ¼

ê δ (x).

du��ÛÜ�äkÙA½�Ýþ5, =�r§�¤ÝþY²8��Å

ÿÝ, l
§�NõïÄöÚ\��ïÄ�ÅL§­:���rkå�ó

ä [8, 80, 116, 141]. éuõ­g��ÛÜ�, �Ð´d Varadhan [120] ïÄÙK$Ä

� k = 2 ­g��ÛÜ�Ú\�, ���í2� k ≥ 2 ��/. Rosen [111] /

Ï Fourier ©Û{����� k Ú k + 1 ­²¡ÙK$Äg��ÛÜ��'

� Tanakaúª. Shieh [115] |^xD(©Û�{��ÙK$Ä k­ÛÜ���3

5Ú Tanakaúª. BassÚ Khoshnevisan [15] $^ü� MarkovL§�\5¼ê�

Ñ k­g��ÛÜ�� TanakaúªÚ k ≥ 4�­�zg��ÛÜ�'u¤kC

þ�éÜ HölderëY5.

dîAp�þf|Ø¥,
�Å|��E��,õ­g��ÛÜ�3êÆÔ

n¥k�~­���^ [63]. ,
,�â®kïÄ��,õ­g��ÛÜ��ïÄ

õ�uIOÙK$Ä,
éuÙ����¹�g�qpdL§�ÛÜ�ïÄõ�

u k = 2��/.

éu©êÙK$Ä BH = {BH
t , t ≥ 0},�½ T > 0,K«m [0,T ]þ BH ��­

g��ÛÜ�½Â�

LH(·,T ) =
∫ T

0

∫ t

0
δ (BH

t −BH
s )dsdt,

Ù¥ δ L« Dirac delta¼ê. � H 6= 1
2 �, Rosen [111]ÄgïÄ
²¡©êÙK$

Äg��ÛÜ���/,�� Hu� [56] ¦^MalliavinÈ©éÙ?1
?�Úï

Ä,y�éu d �©êÙK$Ä,�� Hurstëê÷v H < 1
d , LH(·,T )Ò3 L2 ¥

�3,¿�Ñ©êÙK$Ä��ÛÜ��·bÐª,|^·bÐª(Üo�Ý½

9
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ny²
­�z��ÛÜ�¥%4�½n. ,
,�©êÙK$Ä�2�ïÄ�

',éÙ§g�qpdL§��ÛÜ��XÚïÄé�,ÙÌ��Ï´Øäk²

­Oþ�g�qpdL§�(��E,5. 2007c, TudorÚ Xiao [119] ò©êÙ

K$Ä�­g��ÛÜ��ïÄí2�V©êÙK$Ä,�ÑV©êÙK$Ä

� MalliavinÈ©9ÙÛÜ�. ��, Jiang� [21, 67, 114] ?�ÚïÄV©êÙK$

ÄÛÜ���'5�. d	,g©êÙK$Ä��ÛÜ��ïÄ�� [113, 127] .

1.2.3 ���êêê...ÛÛÛÜÜÜ������ïïïÄÄÄyyyGGG

CA�c5,É�'uÛÜ��mÈ©�éu,�ê.g��ÛÜ�®uÐ

���Õá�ïÄ�K.�A�(JØ=l��´L�õ�,
�lÙK$Äò

������g�qpdL§. 3 [107]¥, RosenÚ\
 R¥ÙK$Ä�ê.�

­g��ÛÜ��Vg. XJ4��3,K§�½Â�

L′(·,T ) = lim
ε→0

∫ T

0

∫ t

0
δ
′
ε(Bt−Bs)dsdt.

��ª/,���

L′(·,T ) = lim
ε→0

∫ T

0

∫ t

0
p′ε(Bt−Bs)dsdt.

Roseny�ù�È©3 ε → 0�Âñ,¿�Ñ��Ó �úªÚ'u L′(·,T )��


Ù§5�. Äu Rosen3 [107]¥��A(J, Yan� [127, 128] �k�Ä
©ê

ÙK$Ä��ê.g��ÛÜ�. ©êÙK$Ä��ê.g��ÛÜ�kü��

�: ��´d TanakaúªÿÐ� (�©z [71])

L′(·, t) =−H
∫

D
δ
′
ε(Bt−Bs− y)(s− r)2H−1drds.

10
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,��5
uÓ �úª (�©z [69])

L′(·, t) =−
∫

D
δ
′
ε(Bt−Bs− y)drds, (1.2.3)

Ù¥ D = {(r,s) : 0 < r < s < t}. JaramilloÚ Nualart [68, 72]©OïÄ
©êÙK$

Ä�ê.g��ÛÜ� (1.2.3)�ìC5�ÚÙ�¼4�½n. YanÚ Yu [129] ò

Ùí2�
õ�©êÙK$Ä�/,ïÄ
õ�©êÙK$Ä�ê.�­g��

ÛÜ��5�.

É� JungÚMarkowsky [69] �Ñ�©êÙK$Ä���ê.g��ÛÜ�

Ú Guo� [46]JÑ�©êÙK$Ä k��ê.��ÛÜ��éu. Yu [133]�Ä©

êÙK$Ä� k��ê.g��ÛÜ�:

L(k)(y, t) =
∂ k

∂yk1
1 · · ·∂ykd

d

∫
D

δ (Bs−Br− y)drds

= (−1)k
∫

D
δ
(k)(Bs−Br− y)drds,

Ù¥ k = (k1, · · · ,kd),z� kiþ��K�ê�k |k|= k1 + k2 + · · ·+ kd,

δ
(k)(y) =

∂ k

∂yk1
1 · · ·∂ykd

d

δ (y)

L« Dirac delta¼ê δ � k � �ê, y� L(k)(y, t)��35Ú HölderëY5

^�,ù
(J��¡Äu Malliavin©ÛïÄ L(k)(y, t)�²w5�C½
Ä:.

Shi [114] ò©êÙK$Ä�ê.�­g��ÛÜ��ïÄÿÐ�V©êÙK$Ä

��/,y²
V©êÙK$Ä�ê.�­g��ÛÜ��©ê²w5,Ù§�

õg�qpdL§��ê.�­g��ÛÜ��ïÄ�©z [29,53,113,127,134]

�.
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1.2.4 ÛÛÛÜÜÜ������ÚÚÚOOOíííäää

Ó �´����ÅL§?u,�«�S��moÚ,
ÛÜ�´Ù�'�

Ó �Ý.�Ó ��'�û)¬´Cc5íÑ��ÉÝ]öÚïÄ<
'5�

�¬,ù
Ü����û½5A�´1�£��ûuI�]�3ý½«�s¤�

�m. Ï~�¹e,Ó «��5��9²¡æN,lù�¿Âþ`,ù
Ü��

±�À��«2Â�æNÏ�. ��I�]�d��LæN,æNÏ��ÂÃÒ

¬�-¹½��,ù«æN�ØëY5éÏ�ñ�Úï��ºx+nÑ�¤
æ

N.±=�æNÏ��~,=¦ï�é�N½|ª³k�(�w{,¿	�d�

ª�æN�éN´¦¦½¨3Ï�þ��ÜÝ]G��ë. d	,�X Chesney

� [24]Ú Linetsky [82]¤`,½|öpö�U�|^ÂÃ�ª�æN�'�¯¢,í

ÄÄ:d�>uª�,¿l�´,���ã���¥¼|.

�
ÆöJÑ�X��Ó ��'�Ï�, ±~�ÏæN±��ØëY

5
���æNÏ��k�ºx+n(J. y3�ÂÃØ=�ûu�LæN,

��ûuI�]�d�3æNþ�½e�Ê3��m. Ïd, Ï�	ïö�±

Åì¼�½��d�. Ù¥�61�~f��´ Linetsky [82, 83]JÑ��FÏ

�, Tû)¬�ÂÃUÓ �(½�'Ç?1by. 3AÛÙK$Ä (GBM)

�.e, Linetsky [83] íÑ
�«üæN�FÏ��µ4ª½dúª, Davydov

Ú Linetsky [32]ÏL Laplace_$�ïÄ
VæN�FÏ��½d. 1��~f

´3	®Ú|Ç½|þ�´�rIÏ�,TÏ�3�Ï�|G�7��ë��

ê (Ï~´®Ç½|Ç)¤s¤��mk',T�ê$u�½Y²½3��«m

S. Fusai [41]ÏLïÄ�¤£��ÙK$Ä¤s�m�©Ù,3 GBM�.eéT

û)¬?1
½d. ,�«�Ó ��'�­�Ï�´© êÏ�, Miura [90] ï

ÆòÙ��IOæNÏ��O��Y.© ê´(�Ï�)·±ÏSÓ ��'

~�L�½Y²���æN. Dassios [30]!Embrechts� [38] Ú Yor [130]Jø
�

k¤£�ÙK$Ä�© ê©Ùúª. Akahori [2] Ú Dassios [30] O�
 GBM�

12
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. α-© êÏ��d�. KwokÚ Lau [76]Äu GBM�.e�c��Â��{m

u
�«© êÏ�½d�{. LeungÚ Kwok [77]í�
ð½���5 (CEV)L

§e�Ó �©Ù¼ê. Cai [22]|^ Dassios [31]mu�äk²­ÚÕáOþL§

�© êð�ª,3��êa�*Ñ�.eügA^ Laplace_$�,é�½Ú2

Ä© êÏ�?1
ê�½d.

¢Sþ,Nõ�Ó �ÚÛÜ��'�Ï�Ñ´ÄulÑ�m*ÿ�. �é

{`,daû)¬�½
�X�ë�FÏ,Ó �´ÏLiÿFÏ¥I�d�$

u½pu,�Y²½0uü�Y²�m�Ü©5½Â�. ,
,ù
ïÄ��Ó

A:´b½I�]�d��Ì GBM�.. ~X, AtkinsonÚ Fusai [3] ¦^ÙK$

Ä� Spitzerð�ªïÄlÑ© êÏ�; FusaiÚ Tagliani [42] ò �©�§��


ê��{A^ud�lÑ�rIÏ��½d; DavydovÚ Linetsky [32] �Ä


lÑ*ÿe��FÏ�; Cai, ChenÚ Wan [23]ïÄ
 Kou�V�êa�*Ñ�

. [75]e,Ó ��'Ï��½dÚ@Ï��¯K.T�.b�I�]�ÂÃ�Ì

��äkÑta�rÝÚV�ê©Ùa����a�*ÑL§,�'�]�ÂÃ

'��©Ùäk�­��Ü,ÏdT�.U
�)]�ÂÃ��é¡A�Ú�¦

Ï��ÅÄÇ��,' GBM�.�Ð/��¢�êâ. T�.�Jø
Nõ½

d¯K�)Û),�)î¼Ú´»�6�Ï�; Aoudia� [4]ò [23]¥�(J?1


ÿÐ,�
éÓ �Ï� (X (V¶æ)�FÏ�Ú© êÏ�)?1½d,í�

Ñ
·Ü�êa�*ÑL§��«éÜ©Ù9Ù«mÓ �.

Ø7K�¡�A^�	,�ArN'u*ÑL§Ó �ÚÛÜ��êÆ(J

�U3A^VÇ�Ù§©|¥é��d3A^,Ù¥A^�2����´3üè

Ø¥,�ÑÖ�m½��m��mäk­�©Ù�,è��ÝL§��6þ��

Ï~da*ÑL§�Ñ (ë�Whitt [122],16Ù). Cai, ChenÚWan [23]�(J�U

éu@
��ïÄ�Ï�aè�¥ü?±þ!±e½ü?�m�Ó ��<a

,�. CohenÚ Hooghiemstra [25]?Ø
�«AÏ�*ÑÙK £�Ó �9Ù

�M/M/1è��éX.
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duNõ�Ó �ÚÛÜ��'�Ï�Ñ´ÄulÑ�m*ÿ�, ?


ÄulÑ*ÿïÄÓ �ÚÛÜ��ÚOíääk­��nØ¿Â�y¢

¿Â [17, 19, 27, 28]. ÚOíä´y�êÆ7K¥���­�Æ�, �2�A^u

¤k�Æ!ó§Ú7K�+� [136]. ��5`, ëY�m�.3êÆþ'l

Ñ�m�.�´u?n, �ÚOíäÏ~=�ulÑ*ÿ. XJ�m��y

©v
°[, �±@�lÑ�.�ÚO5�CquëY�.��'5�. C

c5, ÄulÑ*ÿ�Ó �ÚÛÜ��ÚOíä©ª´��²;¯K. é

u T > 0,� XH = {XH
t , t ≥ 0}�VÇ�m (Ω,F ,P)þ� Rd �g�qpdL§.

Äu tk = k∆n ��ÅL§ XH �lÑ*ÿ�,�ÿ¼ê f kXe/ª�È©.�

¼:

OT ( f ) =
∫ T

0
f (Xt)dt, LT (y) =

dO

d
(y), 0≤ t ≤ T, (1.2.4)

Ù¥ ∆n =
1
n , k = 1, · · · ,nT, OT ( f )¡��ÅL§ XH �Ó ��¼. AO/,e A

� Borel 8Ü,K OT (1A)�Ó �.

lÚOÆ�*:5w,Ó ��¼�´�O3ØCÿÝeH{L§�¼�­

�óä (äN��ë�©z [34, 92]). Ï�3·���K5b�e,� T → ∞�,

dH{5½n�� T−1OT ( f )→
∫

f dµ . d	, x 7→
∫ T

0 f (x+Xt)dt �²w53~�

©�§�¦)¥�u�X­��^,~X�D(�Kzy��(Ü� [26]. AO

/,ÏLlÑz�OÓ ��¼3�ÅL§�ê�©ÛÚÚO¥´ég,Ñy�,

,
3êÆþ�]Ô´(½ (1.2.4)��Z�O�{¿¦�ÙÂñ�Ý,Ù¥;.

�ÀJ��´ RiemannÚ�O:

ÔT,n( f ) = ∆n

bnTc

∑
k=1

f (Xtk−1), L̂T,n(y) =
∆n

hn

bnTc

∑
k=1

1[y−hn,y+hn](X
H
tk−1

), (1.2.5)

Ù¥ hn > 0��°ëê.

3ÚO©z¥, Ì�^ (1.2.5) 5�OÓ ��¼ÚÛÜ� (1.2.4), ,
§
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�nØ5��3�ê©z¥XÚ/�ÄL,
���é��A½�L§ X Ú¼

ê f (�©z [43, 70]). éu�²w¼ê f , Ó ��¼ ÔT,n( f ) � Lp Cq�©

z [7, 50, 79], 
Ù�'¥%4�½n3 [6] ¥�Ñ�[y². éu²w¼ê f ,

Ï�L§ t 7→ f (Xt) q´ëY� Itô- ��, KÙéA�Ó ��¼ïÄ��2

�. [79]¥?Ø
ëY*Ñ�.Ó �ÿÝ��O¯K,¿y�Ù�`Âñ�Ý

� n3/4. �6¼ê f �²w5, RiemannÚ�O� L2 Ø�þ.9Ùf4�½n�

©z [64].

3A^�¡, �­��´� f ´ Borel 8þ��«¼ê, = (1.2.4) ©OL

«Ó �ÚÛÜ��, ,
8cõïÄÙK$Ä��/�î8��¤ïÄ�

L§þ� Markov L§. éuIþ*ÑL§ X Ú Borel 8Ü A, Ó �ÚÛÜ

�� RiemannÚ�O�©z [18, 70, 79, 103]��� ÔT,n(A)�Âñ�Ç� ∆
3/4
n ,

L̂T,n(y)�Âñ�Ç� ∆
1/4
n . 3ÙK$Ä (�¤£)��¹e, RiemannÚ�O��

Ç�`5�±l [1,61]¥��,�ÿØ�Ù¦���{´Ä�±*Ð�a�L§,

½ö RiemannÚ�O´Ä3����ìCØ��¿Âþ´ìCk��. �C,3

©Ûäk�òzXê�î.�ª�µe,Æö�éÓ �ÚÛÜ�� Lp �OØ

��ê�©Û [10, 89, 97]��)
�
,�.

d	,Ø RiemannÚ�O	,Æö��U���´Ä�±¦^ØÓ��O�

{5JpÂñ�Ç ∆n. lVÇ��Ý5w,��g,��O�{´Ó �ÚÛÜ

��^�Ï"�O E[OT (A)|Gtk ], E[LT (y)|Gtk ],Ù¥ Gtk = σ(Xtk ,k ∈ {0,1, · · · ,nT})

´d Xtk )¤� σ �ê. Altmeyer [6] L²¦+^�Ï"�OÏ~vk)ÛL�

ª,�§´VÇØ¥���²;(J,dF/�O

Θ̂T,n( f ) = ∆n

bnTc

∑
k=1

f (Xtk−1)+ f (Xtk)

2
(1.2.6)

�Ñ,¿�y�F/�O÷vÂñ�Ç� ∆n �¥%4�½n. � X �ÙK$Ä

�,ÏLy² L2 �OØ�e.�� RiemannÚ�O (1.2.5)ÚF/�O (1.2.6)Ñ

15
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´�Ç�`�,¿��ö3ÙìC����� L2 �OØ����¿Âþ�´k

��. AltmeyerÚ Guéve [5] ÏLïÄ^�Ï" E[OT (A)|Gtk ]Ú E[LT (y)|Gtk ]5µ

�é¡ α-stable (0 < α ≤ 2)L§Ó �ÚÛÜ��O��`5¯K.Äk�Ñ^

�Ï"�OÚ RiemannÚ�O�ìC L2 �OØ��°(~ê. 3ùü«�¹e,

y�Ó �ÚÛÜ��Âñ�Ý©O� ∆

1+min(1,1/α)
2

n , ∆

1−1/α

2
n . AO/,ÏLy²�

�,� α ≤ 1�, RiemannÚ�OìCk��´�Ç�`�. d	��,�,^�

Ï"´é��ëê α �wª�O,�§��6u�ÅL§ X �>S�Ý,Ïdé

u α ≤ 2Ã{�Ñ)ÛL�ª,I�ê�Cq. éuÙK$Ä, Altmeyer [1]�y²

ÙÓ � RiemannÚ�O�Ç���5,é [5]¥�½n 5?1ÿÐ,Ù'�g�

´ÏL^�Ï"�O¢y�� L2Ø�,

‖OT ( f )− Ô‖L2 ≥ ‖OT ( f )−E[OT (A)|Gtk ]‖L2, (1.2.7)

Ù¥ Ô L« OT ( f ) �?¿²��È�O��'u σ �ê Gtk = σ(Xtk , k ∈

{0,1, · · · ,nT})�ÿ.

1.2.5 ïïïÄÄÄãããµµµ

ÏL©zÎnuy,IS	ÆöéÙK$Ä�õ­ÛÜ�!g�qpdL§

��­g��ÛÜ�!�ê.�­g��ÛÜ�!9MarkovL§Ó �ÚÛÜ

���ëê�O�?1
�\XÚ�ïÄ¿��
��´a�¤J,�E�3I

?�Ú&?�¯K.

�´'ug�qpdL§MSLT�ïÄ.y�ã'uõ­ÛÜ��ïÄõ�

uÙK$Ä,
éuÙ§g�qpdL§MSLT�ïÄ�õê�Ê33�­g�

�ÛÜ��&?þ,mkòÙÿÐ��õ­��/. �´ÏLÓ �úª,��Ù

K$Ä9Ù§g�qpdL§����ê.�­g��ÛÜ�,�ò©êÙK$

Ä���ê.�­g��ÛÜ��ïÄí2�
p��ê.��/,¿2�ïÄ

16
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§���'5�. �¢Ã�´,yk©zéu��g�qpdL§MSLT��

ê.Ev�ÑäN½ÂÚ�A�ïÄ.n´éuÛÜ�ÚÓ ��ëê�O�ï

Äõ�u MarkovL§,du� MarkovL§g��E,5,'u� MarkovL§

Ó �ÚÛÜ��ëê�O�ïÄ�é��.

Äud,�©Äk�Ñg�qpdL§MSLT�ïÄ,��Ù�35!Hölder

ëY5�5�¿}Á�ÑÙWiener·bÐª. Äu�35^�¿(ÜÓ �ú

ª,�©��Ñg�qpdL§ MSLT'u�mCþ��ê.�½Â,¿ÏLØ

Ó��{y²�35!²w5��'5�. ��lA^��¡Ñu,ÄulÑ*

ÿ�Ñ�MarkovL§Ó �ÚÛÜ���ëê�OïÄ.

1.3 ïïïÄÄÄggg´́́���ïïïÄÄÄSSSNNN

1.3.1 ïïïÄÄÄggg´́́

(ÜïÄ�µÚ8c�ïÄyG,�ïÄXúuÛÜ�9Ù�ëê�O¯

K,�´�ïÄ�ý­:3ug�qpdL§�õ­g��ÛÜ�. äN�ïÄ

g´´: Äkò�­g��ÛÜ��ïÄí2�g�qpdL§ MSLT��/.

$^ Fourier©Û�{��� MSLT��35^�,¿3d^�ey�Ù÷v�

ØÓ5�. �X3 MSLT�3�Ä:þ(ÜÓ �úª,�Ñ DMSLT�½Â¿

ÏL�����{�y²Ù�'5�. ��,Äuc¡�(ØòMarkovL§Ó 

�ÚÛÜ���ëê�Oí2�� MarkovL§,�ÑlÑ*ÿe©êÙK$Ä

Ó �ÚÛÜ��ü«�ëê�O�{,¿ïÄÙ�A�ìC5�. �©�[�

ïÄg´�XeEâ�´ã:

17
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ã1: Eâ´�ã
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1.3.2 ïïïÄÄÄSSSNNN

�âÛÜ�9Ù�ëê�O�­�5Ú7�5,�©Ì�SN�g�qpd

L§�õ­g��ÛÜ�9Ù�ëê�OÚO5��ïÄ.duéug��ÛÜ

��ïÄ8cõ'5ÙK$Ä�õ­g��ÛÜ�ÚÙ§g�qpdL§�­

g��ÛÜ��Ù�ëê�Oõ�ëY�ÅL§Ú²­MarkovL§. 3ù«�

µe,ïÄg�qpdL§�MSLTÚÙ DMSLTÿÐÚ�õ
ÛÜ��nØï

ÄNX.,	?ØÙÓ �ÚÛÜ��ëê�O���'5�,��ÙA^C½

nØÄ:. Ì��ïÄSN©�XeA��¡:

(1) g�qpdL§ MSLT�ïÄ.�Ü©�ïÄÌ�©�n�Ü©Ðm:

1�, MSLT��35ïÄ.8céug�qpdL§g��ÛÜ��ïÄõ�

�­��/,�Ü©Äkí2�õ­��/,y²Ù�3���©�Y�y²C

½Ä:;1�, MSLT� HölderëY5ïÄ.3�35�Ä:þy²MSLT'uü

�Cþ©O÷v HölderëY5¿�Ñ§���;1n, MSLT�·bÐªïÄ./

Ï Malliavin©Û�Ñ©êÙK$Ä MSLT�·bÐª,¿ÏL·bÐªy²Ù

²w5. ��,ò�A�(Jí2�p�©êÙK$Ä.

(2) g�qpdL§ DMSLT�ïÄ.�Ü©�ïÄ­:´�Ñ DMSLT�

½Â/ª¿y²Ù�35^�,��Y�'5��ïÄC½Ä:. dc¡�©

Û�� MSLT�3,K(ÜÓ �úª,Äg�Ñ MSLT'u�mCþ���ê

�½Â/ª¿y²Ù�35�. �X,3�35^�e,ïÄ MSLTFÝ��3

5!HölderëY5. ��ÏL·bÐª{y² DMSLT�²w5.

(3) ÛÜ���ëê�OÚO5�ïÄ.Ï�Ó �L«�ÅL§3,�«

mS��moÚ,
ÛÜ�´ÙÓ �Ý.�Ü©Ì��Ñ©êÙK$ÄÓ �

ÚÛÜ���ëê�O,Ù¥^���ëê�O�{� RiemannÚ�OÚ^�Ï

"�O.Äk^©êÙK$Ä�A�¼êÚÛÜ�(½5y² RiemannÚ�O

þ L2 Ø��°(þ.. 
y²Ó � RiemannÚ�O�¥%4�½n´dÜ©

19



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

�J:,du©êÙK$Ä�AÏ5�,yk��{Ú�ÅÈ©Ø�¦^,¤±�

©Ì�æ^Ý�O{(ÜóªØy��{. ��,�JpÂñ�Ç�ÑÓ �Ú

ÛÜ��^�Ï"�O¿��Ù�'5�Ú¥%4�½n.

1.4 (((���SSSüüü

�âïÄg´ò�©©�8�Ù!,�ÙäNSNXe:

1�Ù´XØ.Äk,0��©�ÀK�µ,Øã�©ïÄÌK�­�5�7

,5,?
ÚÑ�©�ïÄ¿Â;Ùg,lg�qpdL§!ÛÜ�!�ê.ÛÜ

�!ÛÜ��ÚOíä�o��¡éIS	©z?1În!8B�o(,²(Û

Ü�®kïÄ¤J9Ù�ÿÐ�m;2g,JÑ�©�ïÄg´ÚïÄSN!(

�Sü�;��o(�Vã�©M#�?.

1�Ù��'Vg�nØÄ:. �ÙÌ�0��Yó�¥^���'VgÚ

~^��{. Äk0�ÛÜ���'Vg;�X�Ñ©êÙK$Ä!g©êÙK

$Ä9V©êÙK$Ä�g�qpdL§��'VgÚ5�;��,0��Yy

²Ì�(Ø�^���'EâÚ�{,X (r)ÛÜ�(½5!Malliavin©Û!·

bÐª�.

1nÙ�g�qpdL§� MSLT.ò8cõïÄ�g�qpdL§�­

g��ÛÜ�í2�õ­��/. Äk$^ Fourier©Û�{(Üg�qpdL

§�rÛÜ�(½5y� MSLT3 Lp(Ω), p ∈ [1,∞)¥��35¿y�Ù÷v

�ê�È5. �X,3dÄ:þ,(ÜÛÜ�(½5�Ä MSLT©O'u�mC

þÚ�mCþ� HölderëY5. ���y² MSLT3 Meyer-Watanabe¿Âe�

²w5,^ Malliavin©Û¥�Wiener·b©){�Ñ��©êÙK$Ä MSLT

�Wiener·bÐª¿òÙí2� d (d ≥ 2)���/,Ù§g�qpdL§�(

Øaq�y�.

1oÙïÄg�qpdL§� DMSLT.é©êÙK$Ä�ê.�­g��
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ÛÜ��ïÄ®²�~�\. ,
,Ø
�ê©z¥y²� R¥ÙK$Ä�õ

­­�zg��ÛÜ��ëY��5�	, éug�qpdL§ DMSLT�A

(J�ïÄEé�. Äk,Äu MSLT��35^�(ÜÓ �úª�Ñg�q

pdL§ DMSLT�½Â.Ùg,|^�����{y� DMSLT3 Lp(Ω)¥�

�35^�¿�y�Ù'u�mCþ÷v HölderëY5. 2g,�â DMSLT�

½Â�ïÄ MSLT�FÝ5�,y�Ù�35!éÜ HölderëY5�. ��,/

Ï Hermiteõ�ª�Ñ DMSLT�·bÐªy²Ù3 Meyer-Watanabe¿Âe÷

v²w5. ��B,=�Ñ©êÙK$Ä DMSLT²w5�y²,Ù§g�qL§

�y²aq��.

1ÊÙ�©êÙK$ÄÓ �ÚÛÜ���ëê�OÚO5�ïÄ.duÄ

ulÑ*ÿ�Ó �ÚÛÜ���ëê�O3êÆ!7K��¡k2�A^�

��¯õÆö�ïÄ,�8cÆö�õ'5ëY�ÅL§Ú²­MarkovL§�.

�ÙòÙí2�©êÙK$Ä,�åuïÄÄulÑ*ÿ�©êÙK$ÄÓ �

ÚÛÜ�� RiemannÚ�OÚ^�Ï"�O.Äk�Ñ©êÙK$ÄÓ �ÚÛ

Ü� RiemannÚ�O� L2Cq(J,?Ø���¹e���5ÚÂñ�Ý,�Ï

LÝ�O�{��Ó ��O�¥%4�½n. ���JpÂñ�Ç,0�Ó 

�ÚÛÜ��,�«�ëê�O�{))^�Ï"�O,��^�Ï"�O��

'5�Ú¥%4�½n.

18Ù�(Ø�Ð". o(�©�­�ïÄ(Ø,¿é�5ïÄ?1Ð".

1.5 MMM###���???

�©ò± ïÄ�ÙK$Äõ­g��ÛÜ�Ú©êÙK$Ä�­g��

ÛÜ�í2�g�qpdL§�õ­g��ÛÜ�,¿3Ù�35�Ä:þ(Ü

Ó �úª�Ñ�ê.õ­g��ÛÜ��½Â/ª. ��lA^��ÝÑu,

�Ñ©êÙK$ÄÓ �ÚÛÜ���ëê�OÚO5�ïÄ.�©�M#:Ì
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�Ny3±en��¡:

(1) ïÄg�qpdL§� MSLT,�3òg�qpdL§�­ÛÜ��ï

Äí2�õ­g��ÛÜ�. Ï�®kïÄ�õ?Ø
�­g��ÛÜ���'

5�,mkòÙí2�g�qpdL§MSLT��/. d	,dug�qpdL§

QØ´ MarkovL§�Ø´��,ù¦��
y²IOÙK$Äõ­ÛÜ���

Å©ÛóäØU���A^. ,��¡,g�qpdL§MSLT�(���E,,

��O��5
é��(J.�©Äky� MSLT��35,¿�3dÄ:þy

²MSLT��'nØ5�,��YïÄC½�½�nØÄ:.

(2) ïÄg�qpdL§� DMSLT.8cÆö�é©êÙK$Ä�ê.�

­g��ÛÜ��ïÄ®²�~�\, 
éug�qpdL§ DMSLT�vk

�ÑäN�½Â.,��¡,g�qpdL§ DMSLT'�ê.�­g��ÛÜ

��È©(�E,�g�qpdL§÷v�ÛÜ�(½5ØU3y²L§¥�

�A^. �©Äug�qpdL§ MSLT��35^�,Äk(ÜÓ �úª

�Ñg�qpdL§ MSLT���ê�½Â/ª. ��� DMSLT��35�

�'5�, �©Ì�^����Ú·bÐª��{. �����{Jø
�«

$^ÛÜ�(½5��{,§3y²�35Ú HölderëY5�¡å��'­�

��^. 3�35^�Ä:þ,|^ Hermiteõ�ª�Ñ DMSLT�·bÐªy

� DMSLT3 Meyer-Watanabe¿Âe�²w5. (ÜpdL§2��A^�µ,

da DMSLT�ïÄØ=�ÛÜ��'��aìC5nØ(J�y²Jøk�

�Ãã,
�?�ÚÿÐ
�ê.ÛÜ��nØïÄ.

(3) Äu©êÙK$Ä�­g��ÛÜ���35, lA^��ÝÑu,

ò MarkovL§Ó �ÚÛÜ��ëê�OÿÐ�� Markov�L§. du8c

'uÓ �ÚÛÜ���ëê�O¯Kõ�uMarkovL§�ïÄ,é�Markov

L§,X©êÙK$ÄÓ �ÚÛÜ��ëê�OïÄ¿Ø�õ. �©Äk0�

Ó �ÚÛÜ�� RiemannÚ�O,ÏL©êÙK$Ä�A�¼êÚÙ÷v�Û
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Ü�(½5�Ñ RiemannÚ�O� L2(Ω)%CØ��°(þ.. du©êÙK$

Ä�AÏ5�,yk���{½�ÅÈ©L«Ã{��^5y²�O��¥%4

�½n,¤±�©|^©êÙK$Ä�5�,ÏLÝ�O�{(ÜóªØyy�

Ó ��O�¥%4�½n,
ÛÜ��O�¥%4�½naq��. ���J

pÂñ�Ç,{�0�Ó �ÚÛÜ��,�«�ëê�O�{))^�Ï"�

O¿��Ù�'�5�.
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2 ���'''VVVggg���nnnØØØÄÄÄ:::

�ÙÄk0�ÛÜ���'½ÂÚ5��;�X0�©êÙK$Ä!g©ê

ÙK$ÄÚV©êÙK$Ä�g�qpdL§��'VgÚÄ�5�;���Ñ

�©�Yy²L§¥I�^���
²;�{,XÛÜ�(½5! Malliavin©

Û±9Wiener·bÐª�,�[?Øë�©z [95, 98, 102, 118, 138, 139].

2.1 ÛÛÛÜÜÜ���

2.1.1 ÓÓÓ   ÿÿÿÝÝÝ

- T ∈R, {X = X(t), t ∈ T}�VÇ�m (Ω, F , P)þ��u Rd ��ÅL§,

λ L« Rþ� LebesgueÿÝ,éu�½�8Ü A ∈B(T ),½Â Aþ�Ó ÿÝ�

µA(B) = λ
(
A∩X−1(B)

)
, B ∈B(Rd).

dÓ ÿÝ�½Â��, µA(B)L«3 Aùã�mS�ÅL§ X 38Ü Bp��

m. eéu?¿ A ∈B(T ),þk µA� λ ¤á,K¡�ÅL§ X ÷vÛÜ��^

�,d�ò Radon-Nikodym�ê dµA
dλ
¡� Aþ�Ó �Ý,P� L(x,A),Kk

λ (t ∈ A : X(t) ∈ B) =
∫

B
L(x,A)dx, A ∈B(T ), B ∈B(Rd).

Ó �Ý L(x,A)¢SþÒ´3 Aùã�mS3: x¤s��m.

ÚÚÚnnn 2.1.1 [47] ��ÅL§ X ÷vÛÜ�^�,K L(x,A)���Ø,=

(i) éz��½� A, L(·,A)'uB(Rd)�ÿ;

(ii) éz��½� x, L(x, ·)�B(T )þ�k�ÿÝ,
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d�, L(x,A)¡�Ó Ø�éz� T ×Rd þ� Borel�K¼ê f (t,x)k

∫
T

f (t,X(t))dt =
∫
Rd

∫
T

f (t,x)L(x,dt)dx.

�e5�ÑÛÜ��½Â.

2.1.2 ÛÛÛÜÜÜ���

� X �½Â3VÇ�m (Ω, F , P)þ�¢��ÅL§,^

µ(A) =
∫ 1

0
1A(X(s))ds

L« [0,1]þ�Ó ÿÝ µ, λnL« Rnþ� LebesgueÿÝ.

½½½ÂÂÂ 2.1.1 [62] e µ� λ1,K Radon-Nikodym�ê dµ

dλ1
�3�´ [0,1]þ�ÛÜ�.

- L(u) := dµ

dλ1
(u),Kéu?¿�k. Borel¼ê f ÷v

∫ 1

0
f (X(t))dt =

∫
R

f (u)L(u)du.

'uÛÜ��k,�«½Â:

½½½ÂÂÂ 2.1.2 [98] � X �½Â3VÇ�m (Ω, F , P)þ�¢��ÅL§,éu t > 0

Ú x ∈ R, X 3 x?���m t �ÛÜ��½Â�

L(x, t) :=
∫ t

0
δ0 (Xs− x)ds, (2.1.1)

Ù¥ δ0L« Dirac delta¼ê. ÏL^ GaussianØ

Pε(x) :=
1

(2πε)
1
2

exp{− 1
2ε

x2} (2.1.2)
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%C δ0,�±�� L(x, t)���î�½Â

Lε(x, t) := lim
ε→0

∫ t

0
Pε (Xs− x)ds. (2.1.3)

2.2 ggg���qqqpppdddLLL§§§

2.2.1 ©©©êêêÙÙÙKKK$$$ÄÄÄ

��!Äk�Ñ©êÙK$Ä�Ä�5�, �õ[!��ë�©z (

[95, 98, 102]�).

Kolomogorov [78] ÄgJÑ©êÙK$Ä�Vg,��d MandelbrotÚ Van

éÙ?1
;��ïÄ.��©êÙK$Ä BH =
{

BH
t
}

t≥0 ´þ�¼ê�"�¥

%pdL§,Ù���¼ê½Â�

E
[
BH

t BH
s
]
=

1
2
[
t2H + s2H−|t− s|2H] ,

Ù¥ Hurstëê H ∈ (0,1)�û½
©êÙK$Ä�Ì�5�,Xg�q5!��

;���K5!�PÁ5�. AO/,� H = 1
2 �, BH �²;ÙK$Ä.

e¡�[0�©êÙK$Ä�5�:

(1) g�q5: ©êÙK$Ä÷v

{BH
at , t ≥ 0} law

= {aHBH
t , t ≥ 0}

�´����äk²­Oþ5�g�qpdL§;

(2) ��;���K5: é?¿� s, t ≥ 0,©êÙK$Ä÷v

E[
(
BH

t −BH
s
)2
] = |t− s|2H .

AO/,é?¿ δ ∈ (0,H),©êÙK$Äk δ � HölderëY���;�;
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(3) ©êÙK$ÄQØ´MarkovL§,�Ø´�� (H = 1
2 �Ø	). � H > 1

2

�,©êÙK$Ääk���5;� H < 1
2 �,©êÙK$Ä¥yáPÁ5.

�e5�Ñ©êÙK$Ä�È©L«/ª: éu u≤ t Ú H > 1
2 ,½Â

KH(t,s) = cHs
1
2−H

∫ t

s
uH− 1

2 (u− s)H− 3
2 du,

Ù¥

cH =

[
H(2H−1)

β (2−2H,H−1/2)

] 1
2

.

éu H < 1
2 ,

KH(t,s) = bH

( t
s

)H−1/2
(t− s)H−1/2−bH

(
H− 1

2

)
s1/2−H

∫ t

s
uH−3/2(u− s)H−1/2du,

Ù¥

bH =

[
2H

((1−2H)β (2−2H,H +1/2))

] 1
2

,

� β (·, ·)� Beta¼ê. AO/,éu H = 1
2 ,k KH(t,s) = 1[0,t](s).

,	�½Â���5�f K∗H :

(
K∗H1[0,t]

)
(s) = KH(t,s)1[0,t],

K©êÙK$Ä BH äkXeÈ©L«/ª

BH
t =

∫ t

0
KH(t,s)dBs =

∫ T

0

(
K∗H1[0,t]

)
(s)dBs,

�Ù���¼ê���

RH(s, t) = E
[
BH

t BH
s
]
=
∫ s∧t

0
KH(t,r)KH(s,r)dr. (2.2.1)
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2.2.2 ggg©©©êêêÙÙÙKKK$$$ÄÄÄ

��!Ì�0�g©êÙK$Ä�Ä�5�, �õ[!��ë�©

z ( [11, 113]�).

½½½ÂÂÂ 2.2.1 [11] g©êÙK$Ä {SH
t , t ≥ 0}´��¥%zg�qpdL§,Ù��

�¼ê÷v

E
[
SH

t SH
s
]
= t2H + s2H− 1

2
[
(t + s)2H + |t− s|2H] , t, s≥ 0,

Ù¥ H ∈ (0,1).

g©êÙK$ÄäkNõ�©êÙK$Ä�Ó�5�,Xg�q5!���

5!HölderëY5!QØ´ MarkovL§�Ø´�� (H 6= 1
2 ). ��5¿��´,

�©êÙK$Ä���«O´g©êÙK$ÄØäk²­Oþ5�3�­Um

�þ�Oþ�f�'.d	,§����±�¯�õ�ª�Ý4~. � H = 1
2 �,

SH ��²;ÙK$Ä.

g©êÙK$Ä� H-g�qpdL§�é?¿ t, s≥ 0,ÙOþ÷v

(
2−22H−1) |t− s|2H ≤ E

[
|SH

t −SH
s |2H]≤ |t− s|2H , H >

1
2
,

|t− s|2H ≤ E
[
|SH

t −SH
s |2H]≤ (2−22H−1) |t− s|2H , H <

1
2
.

AO/,é?¿ δ ∈ (0,H),g©êÙK$Äk δ � HölderëY;�.
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2.2.3 VVV©©©êêêÙÙÙKKK$$$ÄÄÄ

½½½ÂÂÂ 2.2.2 [114] V©êÙK$Ä {BH0,K0
t , t ≥ 0}´��¥%zpdL§,Ù���

¼ê÷v

E
[
BH0,K0

t BH0,K0
s

]
= 2−K0

[
(t2H0 + s2H0)K0−|t− s|2H0K0

]
, t, s≥ 0,

Ù¥ H0 ∈ (0,1), K0 ∈ (0,1].

dV©êÙK$Ä����¼ê��ÙOþ÷v:

(1)

E
[
BH0,K0

t −BH0,K0
s

]2
= t2H0K0 + s2H0K0−21−K0

[
(t2H0 + s2H0)K0−|t− s|2H0K0

]
,

K��

lim
ε→0

E
[
BH0,K0

t −BH0,K0
s

]2

ε2H0K0
= 21−K0.

dd��V©êÙK$Ä�3��Oþþ÷v²­5,=�g©êÙK$Ä��,

V©êÙK$Ä�Øäk²­Oþ5 (Ø
 H0 =
1
2 , K0 = 0��/). � K0 = 1�,

BH0,1� Hurstëê H0 ∈ (0,1)�©êÙK$Ä.

(2) V©êÙK$Ä {BH0,K0
t , t ≥ 0}�� H = H0K0-g�qpdL§�é?

¿ s, t ≥ 0,k

2−K0|t− s|2H0K0 ≤ E
[
BH0,K0

t −BH0,K0
s

]2
≤ 21−K0 |t− s|2H0K0 .

AO/,é?¿ δ ∈ (0,H0K0),V©êÙK$Äk δ � HölderëY;�.
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2.3 ~~~^̂̂������{{{

2.3.1 ÛÛÛÜÜÜ���(((½½½555

Berman [12]ÄgÚ\
pdL§ÛÜ�(½5�Vg. ��,éõÆö�\

ïÄ
ù�5� (�©z [102, 118, 124, 125, 140]).

ÛÜ�(½5�½ÂXe:

½½½ÂÂÂ 2.3.1 [124] � X ���pdL§,éu?¿�g,ê n > 09�¢ê t > 0,�

3�¢êCn,t > 0,¦�

Var

(
n

∑
i=1

xi
(
Xti−Xti−1

))
≥Cn,t

n

∑
i=1

x2
i E
(
Xti−Xti−1

)2 (2.3.1)

¤á,K¡ X ÷vÛÜ�(½5,Ù¥ 0 ≤ t1 ≤ ·· · ≤ tn ≤ t.d	,3éõ�/¥

¬ò½Â¥� E
(
Xti−Xti−1

)2
O��¼ê ϕ (ti− ti−1) ,Ù¥¼ê ϕ �K�éu¤

k r > 0÷v ϕ(0) = 0, ϕ(r)> 0.

d 2.2!�SN��, BH ,SH Ú BH0,K0 þ÷vÛÜ�(½5: é?¿ n ∈ N,

�3��6u nÚ Hurstëê H�~ê cH , CH ,¦�é?¿ 0 = s0 < s1 < · · ·< sn,

÷v

cH

n

∑
i=1
|xi|2(si− si−1)

2H ≤Var

(
n

∑
i=1

xi ·
(

BH
si
−BH

si−1

))
≤CH

n

∑
i=1
|xi|2(si− si−1)

2H ,

(2.3.2)

Ù¥éuV©êÙK$Ä BH0,K0 , (2.3.2)¥� H = H0K0.

e¡{�0��erÛÜ�(½5.

Pitt [105] �Ñëê�m RN ¥©êÙK$Ä {BH
t , t ∈ RN}÷vrÛÜ�(½

5,=é?¿ t ∈ RN9 0 < r < |t|, 0 < r < |t|,k

Var
(
BH

t |BH
s , t > s

)
≥Cr2H , (2.3.3)
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Ù¥ H ∈ (0,1) ���� {BH
t , t ∈ RN} k'�ëê, C �~ê. ��, Tudor

Ú Xiao [119]!Luan [84]©Oy�V©êÙK$ÄÚg©êÙK$Ä÷v±e� φ -

rÛÜ�(½5,=

½½½ÂÂÂ 2.3.2 [84] � {Xt , t ∈ R} �¢�pdL§�é¤k t ∈ T (T ∈ R �´4

�) ÷v 0 < E[Xt ]
2 < ∞, K�3~ê C > 0, r0 > 0, ¦�é¤k t ∈ T Ú¤

k 0 < r ≤min{|t|,r0},

Var (Xt |Xs, s ∈ T, r < |t− s|< r0)≥Cφ(r) (2.3.4)

¤á,Ù¥ Var (Xt |Xs)L«�½ Xse Xt �^���, φ ��½¼ê�÷v φ(0) =

0, φ(r)> 0, r > 0.

¯¢þ,rÛÜ�(½5�ÛÜ�(½5���',ÏL Berman [13] ¥�Ú

n 5.4��,XJ��pd�ÅL§÷vrÛÜ�(½5,K§�÷vÛÜ�(½

5.

2.3.2 Malliavin©©©ÛÛÛ

�e5{ü0��
'u©êÙK$Ä Malliavin©Û��'�£: [55, 98],

��ïÄ©êÙK$Ä�'�5Eâ,§3�Yy²¥å��'­���^.

�W = {W (h) : h ∈H }L«���ÅCþ8Ü,Ù¥H �¢��© Hilbert

�m. eé?¿ h ∈H , W (h)�¥%z�pd�ÅCþx�é?¿ h1,h2 ∈H ,

k

E [W (h1)W (h2)] = 〈h1,h2〉H ,

K¡ W ���VÇ�m (Ω, F , P) þ�pdL§. éu©êÙK$Ä BH =

{BH
t , t ≥ 0},-H �«5¼ê)¤�5�m���z�m,Ùþ�SÈ½Â�

〈
1[a,b],1[c,d]

〉
H

:= E
[(

BH
b −BH

a
)(

BH
d −BH

c
)]
.
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Ïd,©êÙK$Ä�d½Â3H þ�pdL§ BH (1[0,t])= BH ��.

N� 1[0,t]→ BH
t �òÿ�'uH � L2(Ω, F , P)þ���f�m��åÓ

�. PW (h)� h ∈H ��,éu�ê q ∈ N,-H ⊗q ÚH �q ©OL«H � q

�ÜþÈÚé¡ÜþÈ.d	,P Jq� L2(Ω, F , P)�mþ� q�Wiener·bÝ

K, Jq�L«�dCþ

{Hq(W (h)), h ∈H , ‖h‖H = 1}

)¤� L2(Ω, F , P) �4f�m, Ù¥ Hq(x) ´ q � Hermite õ�ª¼ê. N

� 1[0,t] → BH
t �Ñ
�m H �q Ú Jq �m��5�å, Ù¥ H �q ��ê

�
√

q!‖ · ‖H ⊗q , Jq ��ê� L2 �ê. e f ,g ∈H � g���ëY��äk;|

 �¼ê,Kk

〈 f ,g〉H =
∫ ∫

f (t)g′(s)
∂RH(t,s)

∂ t
dsdt,

Ù¥ RH(t,s) = E
[
BH

t BH
s
]
.

éu��1w�Î/�ÅCþ F = f (W (ϕ1), . . . ,W (ϕn)) ,Ù¥ ϕi ∈H , f ∈

C∞
b (R

n) ( f ÚÙ �êþk.),ÙMalliavin�ê½Â�

DF =
n

∑
i=1

∂ f
∂xi

(W (ϕ1), . . . ,W (ϕn))ϕi.

ÏLS�O��½ÂÙ k (k ∈ N)��ê

DkF =
n

∑
j1, j2,..., jk=1

∂ k f
∂x j1 · · ·∂x jk

(W (ϕ1), . . . ,W (ϕn))ϕ j1⊗·· ·⊗ϕ jk ,

K DkF � L2 (Ω,H ⊗k)¥���,Ù¥H ⊗k L« Hilbert�mH� k-�ÜþÈ.
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2.3.3 ···bbbÐÐÐªªª

�e50�Wiener·bÐª��'�£:¿���� Sobolev-Watanabe�

m Dα,p�L«/ª (�[SN��©z [58, 100]).

Wiener ·bÐª, oÑ/`=���²��È��ÅL§�©)� n

­Wiener�ÅÈ©���Ú.e¡�ÑÙ�[½Â:

� In( fn)L«é¡Ø fn ∈ L2([0,T ]n)'uWienerL§�õ­ Itô�ÅÈ©,

Kéu²��È�ÅCþ F �Wiener·bÐª�

F =
∞

∑
n=0

In( fn),

Ù¥ fn¡� F � n�·b©þ,^ LL« Ornstein-Uhlenbeck�f÷v

LF =−n
∞

∑
n=0

In( fn).

� B = {Bt , t ≥ 0}�½Â3VÇ�m (Ω, F , P)þ�ÙK$Ä,Ù¥F d B

)¤. éu¼ê f : Rn
+→ R,Ùé¡z½Â�

f̃ (t1, · · · , tn) =
1
n! ∑

σ

f
(
tσ(1), · · · , tσ(n)

)
,

Ù¥ ∑´ {1,2, · · · ,n}¤k­ü σ �Ú.Pé¡�²��È¼ê f̃ : Rn
+→ R|¤

��m� L2
s (Rn

+),K f ∈ L2
s (Rn

+)� n­�ÅÈ©�½Â�

In( f ) = n!
∫

∞

0

∫ tn

0
· · ·
∫ t2

0
f (t1, · · · , tn)dBt1 · · ·dBtn.

5¿�,e f ∈ L2R+, I1( f ) =B( f )´ f �WienerÈ©.e f ∈ L2(Rn
+)Ø�½é¡,

K½Â In( f ) = In( f̃ ),d Itô�ÅÈ©5���,é¤k n, m≥ 1, f ∈ L2(Rn
+), g ∈
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L2(Rm
+)k

E(In( f )Im(g)) =


0, m 6= n,

n!〈 f̃ , g̃〉L2(Rn
+)
, m = n.

�X0� n­�ÅÈ©� Hermiteõ�ª�'X.

éz� n≥ 0, n-� Hermiteõ�ª Hn(x)½Â�

Hn(x) =
(−1)n

n!
e

x2
2

dn

dxn

(
e−

x2
2

)
, n≥ 0 (2.3.5)

� H0(x) = 1.

b� X , Y �ü�÷véÜ Gaussian ©Ù��ÅCþ� E(X) = E(Y ) =

0, E(X2) = E(Y 2) = 1,Ké¤k n, m≥ 1,k

E(Hn(X)Hm(Y )) =


0, m 6= n,

1
n!
[E(XY )]n, m = n.

(2.3.6)

d	 Hermiteõ�ª�kXe(Ø,§3���y²¥å�­��^.

ÚÚÚnnn 2.3.1 [100]� X �Ñl N(0,σ2)��ÅCþ,K

E[H2m(X)] =

√
(2m)!

(
σ2−1

)m

2mm!
, (2.3.7)

e n�Ûê,K E[Hn(X)] = 0.

�e5�Ñ n­�ÅÈ©� Hermiteõ�ª�'X.

éu g ∈ L2(R+),k

In(g⊗n) = ‖g‖n
L2(R+)

Hn

(
B(g)

‖g‖L2(R+)

)
,

Ù¥ g⊗n = g(t1) · · ·g(tn), é?¿ n ≥ 1, P n ­�ÅÈ©)¤��m� Hn, Ù
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� L2(Ω)�m�4f�m. � n = 0�, H0 �~ê�m;� n = 1�, H1 �pd�

m {B(g), g ∈ L2(R+)}��,K�� L2(Ω)þ���©)

L2(Ω) =
∞⊕

n=0

Hn.

l
,é¤k� F ∈ L2(Ω)�©)���� n­�ÅÈ©�Ú

F = E(F)+
∞

∑
n=1

In( fn),

Ù¥ fn ∈ L2(R+)�þª¡� F �Wiener·bÐª.

e¡�Ñ���Wiener·bÐª�'�(Ø.

ÚÚÚnnn 2.3.2 [100]� {Fε}ε>0��x²��È�ÅCþ,Ù·bÐª�

Fε =
∞

∑
n=0

In ( f ε
n ) ,

Ù¥ f ε
n �é¡��áu L2([0,T ]n).

b�

(1) � ε → 0�, f ε
n 3 L2([0,T ]n)¥Âñué¡¼ê fn ∈ L2([0,T ]n);

(2)
∞

∑
n=1

supε n!‖ f ε
n ‖

2
2 < ∞,

K Fε 3 L2(Ω)¥Âñu ∑
∞
n=0 In ( fn) .

�e50� Sobolev-Watanabe�m Dα,p��'�£:.

e p ∈ (0,∞)� α ∈ R, Sobolev-Watanabe�m Dα,p'uXe�ê

‖F‖
α,p =

∥∥∥(Id−L)
α

2 F
∥∥∥

Lp(Ω)

½Â�õ�ª�ÅCþ8�4�,Ù¥ Id L«ü N�.
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¯¤±�,�ÅCþ F áu Dα,2��=�Ù·bÐª ∑
∞
n=0 In( fn)÷v:

∞

∑
n=0

(1+n)α ‖In( fn)‖2
2 < ∞. (2.3.8)

���Ñ�Wiener·bÐª�'� Stroockúª (�©z [29, 101]):

ÚÚÚnnn 2.3.3 [29] � F ∈ D∞,2,KÙWiener·bÐª���:

F =
∞

∑
n=0

1
n!

In (E [DnF ]) . (2.3.9)
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dîAp�þf|Ø¥,
�Å|��E��,õ­��ÛÜ�3êÆÔ

n!7K�+�k�~­���^ [63, 143]. ,
,�â®kïÄ��,��ÛÜ�

�ïÄõ�u�­��/,
éug�qpdL§�MSLT�vk�Ñ�[�ï

Ä.d	,dug�qpdL§�AÏ5�,¦��
y²IOÙK$Äõ­Û

Ü���Å©ÛóäØU���A^. ,��¡,�'�u�­g��ÛÜ�,

MSLT�(����P,O���E,. Ïd,ò�­g��ÛÜ��ïÄí2�

g�qpdL§MSLT,¿y²Ù�'5�äk­��nØ¿ÂÚA^d�.

�ÙÌ�ïÄg�qpdL§�MSLT.Äk$^ Fourier©Û�{(Üg�

qpdL§�rÛÜ�(½5��MSLT3 Lp(Ω), p ∈ [1,∞)¥��35^�¿

3d^�ey�Ù÷v�ê�È5. �X,�âg�qpdL§÷v�ÛÜ�(

½5��ÄMSLT©O'u�mCþÚ�mCþ� HölderëY5. AO/,��

^Malliavin©Û�Ñ��©êÙK$ÄMSLT�Wiener·bÐª,ÏLT·b

Ðªy²Ù²w5��'5��ò�A(Jí2�p�©êÙK$Ä,Ù§g�

qpdL§MSLT�²w5aq��y.

3.1 ¯̄̄KKKnnnããã

êÆþÙK$Äõ­��ÛÜ��ïÄ´dÙK$Ä­:�ïÄÚ\Ú�

Ä�. du��ÛÜ�äkÙA½�Ýþ5,=�r§�¤ÝþY²8��Åÿ

Ý,l
§�NõïÄöÚ\��ïÄÙK$Ä­:���rkå�óä. é

uMSLT,�Ðd Varadhan [120] ïÄÙK$Ä� k = 2­g��ÛÜ�Ú\,�X

ïÄ��\,Æö�Ø=ò�­��ÛÜ�*Ð� k ≥ 2­��/ [94, 148],
��

òÙK$Äí2�Ù§g�qpdL§ [49, 56, 57, 73].

��ÙK$Ä�í2,©êÙK$Ääk²­Oþ5!g�q5Ú���
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5, �2�/A^uÔn!>fÏ&!êþ7K�+���Å�[¥ [142, 147].

Ïd,^©êÙK$Ä�Å�.£ã�¦d�!|Ç��Åy��bC¢S)

¹, 
�ïÄ§���;�5� (X��ÛÜ�) 3y¢ïÄ¥�äk�~­

��¿Â. Rosen [111]Äg�Ñ²¡©êÙK$Ä��­g��ÛÜ�,�� Hu

Ú Nualart [56] ò(Jí2� d ���/,$^ Malliavin©Û�Ñ d �©êÙK

$Ä�­g��ÛÜ���35^�. Yu [131]?�ÚïÄ
 d �©êÙK$Ä�

­g��ÛÜ�,�ÑÙ HölderëY5Ú²w5^�.'u©êÙK$Ä�­Û

Ü���õïÄ�� [67, 69, 104, 121].

��©êÙK$Ä�ò�, Song � [118] 0�¿ïÄ
�aAÏ�pdL

§ XH = {XH
t , t ≤ 0},é�
ëê H ∈ (0,1),Ù÷vg�q5,= XH kòz5�

XH
ct

law
= cHXH

t , (3.1.1)

§�3
©êÙK$Ä�NõA5, ¿ò©êÙK$Ä����A~. AO

/, �
¯¤±��pdL§�äkù�A5, XÙK$Ä!g©êÙK$

ÄÚV©êÙK$Ä. 'udag�qpdL§�­g��ÛÜ��ïÄ

� [60, 102, 118, 135].

8cïÄõ­ÛÜ�^��Ì�óäk Fourier ©Û [109]!xD(©

Û [33, 63]!MalliavinO� [16, 44, 144] �. ^ Fourier©Û?nÛÜ��,  �(Ü

pdL§�ÛÜ�(½5. Rosen [109] ^d�{y²
²¡ÙK$Ä�n­­�

z��ÛÜ��éÜëY5. BassÚ Khoshnevisan [15] òù
(Jí2�²¡Ù

K$Ä� k ≥ 2­��ÛÜ�. �¦^xD(©Û�{�,Ï~I�/Ï S-C�

ù�óä. Shieh [115]^xD(©Û�{y�²¡ÙK$Ä� k ≥ 2­��ÛÜ�

´�� Hida©Ù. MendonçaÚ Streit [94] �ÄuxD(©Û�{��ÙK$Äõ

­ÛÜ�·bÐª�Ø¿?Ø
Ù L2A5. duMalliavin©Û¥�Wiener·b

ÐªïÄÛÜ��,I��^��é��,O���{ü,8c®¤�©ÛÛÜ�
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��«kåóä. �â®k©z��,@3 1992c NualartÚ Vives [100]Ò�ÑÙ

K$Äõ­ÛÜ��Wiener·bÐª¿�y²
­�zõ­ÛÜ���35.

d�, Wiener·bÐª�2�A^uÛÜ���'y²¥ [65, 123].

,
�ÙK$Äõ­ÛÜ��2�ïÄ�',ég�qpdL§MSLT�ï

Ä�Ø�õ,ÏdïÄg�qpdL§ MSLT�'­�.òÙK$Äõ­ÛÜ�

�½Âí2�Ù§���g�qpdL§ XH ,l
g�qpdL§ k­g��

ÛÜ��½Â�:

LH
k (x, t) =

∫
∆k

δ (XH
t2 −XH

t1 − x1) . . .δ (XH
tk −XH

tk−1
− xk−1)dt, k ≥ 1, (3.1.2)

Ù¥ ∆k = {(t1, t2, · · · , tk)∈ [0, t]k : 0≤ t1≤ ·· ·≤ tk≤ t}, t=(t1, · · · , tk), x=(x1, · · · ,xk−1)

� δ (x)L« Dirac delta¼ê.

�
�°(, (3.1.2)�½Â�

LH
k,ε(x, t) =

∫
∆k

k−1

∏
j=1

pε

(
XH

t j+1
−XH

t j
− x j

)
dt, (3.1.3)

Ù¥ pε(x) := 1√
2πε

e−
x2
2ε ´��� ε �¥%pd�Ý¼ê�� ε → 0�, pε(x)f

Âñu Dirac delta¼ê δ (x).

�ÙÄ�8I´òg�qpdL§�­g��ÛÜ��ïÄí2�g�q

pdL§ MSLT,y²Ù�35!�ê�È59©O'u�mCþÚ�mCþ

� HölderëY5. AO/,É� Eddahbi [39]ó��-y,�Ù}Áò [39]¥ k = 2

�©êÙK$ÄÛÜ�·bÐª�ïÄí2� k ≥ 2�©êÙK$Äg��ÛÜ

���¹,�Ñ��©êÙK$ÄMSLT�Wiener·bÐª,3dÄ:þy²Ù

3Meyer-Watanabe¿Âe�²w5¿ò�'ïÄ*Ð� d (d ≥ 2)�©êÙK$

Ä.

�Ù�(�Xe: 1�!Ì�ÏL Fourier ©Û�{(ÜrÛÜ�(½5

�� MSLT3 Lp(Ω), p ∈ [1,∞)¥��35^�¿y�Ù÷v�ê�È5. d
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	,�âg�qpdL§÷v�ÛÜ�(½5��Ä MSLT©O'u�mCþ

Ú�mCþ� HölderëY5. 1n!¥/Ï Malliavin©Û�Ñ��©êÙK

$Ä MSLT�Wiener·bÐª,¿ÏLTÐªy²3 Meyer-Watanabe¿Âe�

²w5��'5��ò�A(Jí2�p�©êÙK$Ä,Ù§g�qpdL

§MSLT�²w5aq��y.

3.2 MSLT������333555

- GH = {XH |XH = XH
t , t ≥ 0},Ù¥ XH

t ��a÷vg�q5!(r)ÛÜ�

(½5�¥%pdL§, H � Hurstëê� H ∈ (0,1). ØJuy,©êÙK$Ä!

g©êÙK$ÄÚV©êÙK$Äþáu8Ü GH . ��!òÙK$Äõ­ÛÜ

��ïÄí2� GH ¥�pdL§ XH ,ÏL Fourier©Û{(Ü XH � (r)ÛÜ

�(½5�Ñ XH �MSLT��'(Ø.

-

pε(x) :=
1

2πε
e−

x2
2ε =

1
2π

∫
R

eιξ xe−
εξ 2

2 dξ

L«��� ε �¥%pd�Ý¼ê. ��5ù, Dirac delta ¼ê δ (x)�±^9

Ø pε(x)%C,��±��pdL§ XH ∈ GH �MSLT�Xe%C/ª

LH
ε,k(x, t) :=

∫
∆k

pε(XH
t2 −XH

t1 − x1) · · · pε(XH
tk −XH

tk−1
− xk−1)dt

=
1

(2π)k−1

∫
Rk−1

∫
∆k

k−1

∏
j=1

e
ιξ j(XH

t j+1
−XH

t j
−x j)

k−1

∏
j=1

e−
εξ 2

j
2 dtdξ , k ≥ 2, (3.2.1)

Ù¥ ∆k = {(t1, t2, · · · , tk) ∈ [0, t]k : 0 ≤ t1 ≤ ·· · ≤ tk ≤ t}, dt = dt1dt2 · · ·dtk, dξ =

dξ1dξ2 · · ·dξk−1.�ÙÌ�ïÄ (3.2.1)��'5�.

ù��!Ì��Äd (3.2.1) ½Â�g�qpdL§ XH ∈ GH � MSLT

3 Lp(Ω), p ∈ [1,∞)¥��35Ú HölderëY5�. 3y²Ì�(Øc,Äk�
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Ñg�qpdL§ XH rÛÜ�(½5��'(Ø.

ÚÚÚnnn 3.2.1 éug�qpdL§ XH ∈ GH , 0 < H < 1,�3~ê 0 <C < ∞¦�

Var
(

XH
tm+1
−XH

tm |X
H
t2 −XH

t1 , · · · ,X
H
tm −XH

tm−1

)
≥ min

1≤k≤m
C|tm+1− tk|2H , (3.2.2)

Ù¥ m≥ 1� 0≤ t1 ≤ ·· · ≤ tm ≤ t.

yyy²²². d©z [121]¥�½Â��

Var
(

XH
tm+1
−XH

tm |X
H
t2 −XH

t1 , · · · ,X
H
tm −XH

tm−1

)
= inf

ai∈R,1≤i≤m
E

(
XH

tm+1
−XH

tm −
m−1

∑
i=1

ai

(
XH

ti+1
−XH

ti

))2

= inf
bi∈R,1≤i≤m

E

(
XH

tm+1
−

m

∑
i=1

biXH
ti

)2

=Var
(

XH
tm+1
|XH

t1 ,X
H
t2 , · · · ,X

H
tm

)
≥ min

1≤k≤m
C|tm+1− tk|2H , (3.2.3)

Ù¥ b1 =−a1, bi = ai−1−ai, i = 2, · · · ,m−1� bm = 1−am−1.

e¡�Ñ�Ä�È©(Jéuy²�ê�È5�'­�.

ÚÚÚnnn 3.2.2 éupdL§ XH , 0 < H < 1Ú?¿ T > 0,�3~ê K ¦�

∫
[0,T ]≤

m

∏
j=1

(s j− s j−1)
−Hds≤ KmT m(1−H)

Γ(1+m(1−H))
, (3.2.4)

Ù¥ [0,T ]≤ = {0 = s0 ≤ s1 ≤ s2 ≤ ·· · ≤ sm ≤ T}.

yyy²²². |^ Beta¼ê�A5Ú48�{,�±�Ñ±e(Ø

∫
[0,T ]≤

m

∏
j=1

(s j− s j−1)
−Hds =

[Γ(1−H)]m

Γ(1+m(1−H))
T m(1−H),

Ù¥ Γ� Gamma¼ê. du Γ3 (0,1)þk.,Kª (3.2.4)¤á.
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e¡�Ñ GH ¥MSLT��35Ú�ê�È5.

½½½nnn 3.2.1 � XH , 0 < H < 1 �8Ü GH ¥�pdL§, é p ∈ [1,∞), LH
k (x, t)

3 Lp(Ω)¥�3. =,� ε → 0�,dª (3.2.1)½Â� LH
ε,k(x, t)Âñu LH

k (x, t).d

	, LH
k (x, t)÷v�ê�È5,=�3~ê γ, λ > 0¦�

E
[
exp
(

γ|LH
k (x, t)|λ

)]
< ∞. (3.2.5)

yyy²²². Äk�Ñ LH
k (x, t)�35�y².

éuóê m > 1,k

E
(∣∣LH

ε,k(x, t)
∣∣m)

=
1

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j
− x j

))]

× exp

{
−

m

∑
l=1

k−1

∑
j=1

ε|ξ l
j |2

2

}
dt ldξ

l

≤ C
(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt ldξ

l, (3.2.6)

Ù¥ dt l =
m
∏

l=1

k
∏
j=1

dt l
j, dξ l =

m
∏

l=1

k−1
∏
j=1

dξ l
j .

d [52]¥��­#ü���{,é?¿�½� j,� π j L« {t l
j, l = 1, · · · ,m}

��|­ü,P

4(π1, · · · ,πk−1) =
{

t l
j ∈ (∆k)

m|tπ j(l)
j ≤ tπ j(l+1)

j , l = 1, · · · ,m
}
,

Ù¥� l = m�,5½ tπ j(m+1)
j = tπ j+1(1)

j+1 .(ÜpdL§�ÛÜ�(½5 (2.3.1)�

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
≤ exp

(
−CH

m

∑
l=1

k

∑
j=1

(ul
j)

2
(

tπ j(l+1)
j − tπ j(l)

j

)2H
)
,

(3.2.7)
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Ù¥ ul
j � ξ

π j(l)
j �·�CþC�,À�

ul
j = ∑

r≤l
ξ

π j(r)
j +∑

r>l
ξ

π j(r)
j−1 .

AO/,P ξ
π0(l)
0 = 0, l = 1, · · · ,m.

dª (3.2.7)��

∫
(∆k)m

E

[
exp

(
ι

m

∑
l=1

k−1

∑
j=1

ξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt l

=C
∫
(∆k)m

exp

−1
2
E

(
m

∑
l=1

k−1

∑
j=1

ξ
l
j

(
XH

t l
j+1
−XH

t l
j

))2
dt l

≤C(mk)! ∑
π1,··· ,πk

∫
4(π1,··· ,πk)

exp

[
−CH

m

∑
l=1

k

∑
j=1
|ul

j|2
(

tπ j(l+1)
j − tπ j(l)

j

)2H
]

dt l

≤CH

m

∏
l=1

k

∏
j=1

(mk)!

|ul
j|

1
H

(
Γ

(
1

2H

))mk

. (3.2.8)

nþ, (3.2.6)�­��

E
(∣∣LH

ε,k(x, t)
∣∣m)

=
1

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j
− x j

))]

× exp

{
−

m

∑
l=1

k−1

∑
j=1

ε|ξ l
j |2

2

}
dt ldξ

l

≤ C
(2π)m(k−1)

∫
Rmk

m

∏
l=1

k

∏
j=1

(mk)!

|ul
j|

1
H

dul

≤C
(mk)!

(2π)m(k−1)

k

∏
i=1

∫
Rmk

(
m

∏
l=1

∏
j 6=i

1

|ul
j|

1
H

) k
k−1

dul


1
k

< ∞, (3.2.9)

Ù¥ dul =
m
∏

l=1

k
∏
j=1

dul
j.

�e5�y² LH
k (x, t)��35,�I`² {LH

k,ε(x, t), ε > 0}´�� Cauchy

�.
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é?¿ ε, η > 0,�âª (3.2.1),��

LH
ε,k(x, t)−LH

η ,k(x, t) =
1

(2π)(k−1)

∫
R(k−1)

∫
∆k

k−1

∏
j=1

exp
(

ιξ j

(
XH

t j+1
−XH

t j
− x j

))
×

(
k−1

∏
j=1

exp
(
−

ε|ξ j|2

2

)
−

k−1

∏
j=1

exp
(
−

η |ξ j|2

2

))
dtdξ . (3.2.10)

�óê m > 1�,�âØ�ª

m

∏
l=1

∣∣∣∣exp
(
−ε|ξ l|2

2

)
− exp

(
−η |ξ l|2

2

)∣∣∣∣≤ m

∏
l=1

(
|ξ l|2|ε−η |

)δ

, δ ∈ (0,1],

��

E
[∣∣∣LH

ε,k(x, t)−LH
η ,k(x, t)

∣∣∣m]
≤ 1

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j
− x j

))]

×
m

∏
l=1

∣∣∣∣∣∣∣∣∣exp

−
k−1
∑
j=1

ε|ξ l
j |2

2

− exp

−
k−1
∑
j=1

η |ξ l
j |2

2


∣∣∣∣∣∣∣∣∣dt ldξ

l

=
1

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j
− x j

))]

×
m

∏
l=1

∣∣∣∣exp
(
−ε|ξ l|2

2

)
− exp

(
−η |ξ l|2

2

)∣∣∣∣dt ldξ
l

≤C
|ε−η |mδ

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j
− x j

))]

×
m

∏
l=1
|ξ l|2δ dt ldξ

l, (3.2.11)

Ù¥ ξ l = (ξ l
1, · · · ,ξ l

k−1)�d��Âñ½n��,=Iy²ª (3.2.11)k�.

��B,P

Al = E
(

XH
tπ(l+1)−XH

tπ(l), XH
tπ(k+1)−XH

tπ(k)

)
1≤l,k≤m

,
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K

∫
Rm(k−1)

∫
4(π1,··· ,πk)

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

tπ j(l+1)
j

−XH

tπ j(l)
j

))] m

∏
l=1
|ξ l|2δ dt ldξ

l

=
∫
Rm(k−1)

∫
4(π1,··· ,πk)

exp

−1
2
E

(
m

∑
l=1

k

∑
j=1

ξ
l
j

(
XH

tπ j(l+1)
j

−XH

tπ j(l)
j

))2
 m

∏
l=1
|ξ l|2δ dt ldξ

l

=
∫
Rm(k−1)

∫
4(π1,··· ,πk)

exp

−1
2
E

(
m

∑
l=1

ξ
l
(

XH
tπ(l+1)−XH

tπ(l)

))2
 m

∏
l=1
|ξ l|2δ dt ldξ

l

=
∫
Rm(k−1)

∫
4(π1,··· ,πk)

exp
(
−1

2
PAl(P )T

) m

∏
l=1
|ξ l|2δ dt ldξ

l, (3.2.12)

Ù¥ P = (ξ 1, · · · ,ξ m)� tπ(l) = (tπ1(l)
1 , · · · , tπk(l)

k ).

d½Â�� Al �î��½Ý
, ¤±
√

Al �3. d	, �3é¡Ý


 B = (bi, j)1≤i, j≤m¦� (Al)−1 = BB�

|Al
l,l|
|Al|

=
m

∑
n=1

(bl,n)
2, (3.2.13)

Ù¥ Al
l,l ´Ý
 Al �K l1Ú l���Ý
, |Al|, |Al

l,l|©OL«Ý
 Al Ú Al
l,l é

A�1�ª.

dCþ�� ξl =
√

AlP T �(Üª (3.2.13)��

∫
Rm(k−1)

∫
4(π1,··· ,πk)

exp
(
−1

2
PAlP T

) m

∏
l=1

(
|ξ l|2|ε−η |

)δ

dt ldξ
l

≤ |ε−η |mδ

∫
Rmk

∫
4(π1,··· ,πk)

1

|Al| 12
exp
(
−1

2
|ξl|2

) m

∏
l=1

 k

∑
j=1

(
m

∑
n=1

bl,nξ
n
j

)2
δ

dt ldξ ,

(3.2.14)

Ù¥ dξ =
m
∏

n=1

k
∏
j=1

dξ n
j .?�Ú,d Cauchy-SchwartzØ�ª��

(
m

∑
n=1

bl,nξ
n
j

)2

≤
m

∑
n=1

(
bl,n
)2

m

∑
n=1

(
ξ

n
j
)2
. (3.2.15)
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Ïd, (3.2.11)�­��

E
[∣∣∣LH

ε,k(x, t)−LH
η ,k(x, t)

∣∣∣m]
≤ |ε−η |mδ

∫
Rmk

∫
4(π1,··· ,πk)

1

|Al| 12
exp
(
−1

2
|ξl|2

) m

∏
l=1

 k

∑
j=1

(
m

∑
n=1

bl,nξ
n
j

)2
δ

dt ldξ

≤ |ε−η |mδ

∫
Rmk

∫
4(π1,··· ,πk)

1

|Al| 12

m

∏
l=1

(
|Al

l,l|
|Al|

)δ

exp

(
−1

2

m

∑
l=1
|ξl|2

)

×

 k

∑
j=1

(
m

∑
n=1

ξ
n
j

)2
mδ

dt ldξ . (3.2.16)

,	,�âª (3.2.13)ÚÚn 3.2.1k

|Al|=Var
(

XH
tπ(2)−XH

tπ(1)

) m

∏
l=2

Var
(

XH
tπ(l+1)−XH

tπ(l)|XH
tπ(l)−XH

tπ(l−1), · · · ,XH
tπ(2)−XH

tπ(1)

)
≥

m

∏
l=1

Var
(

XH
tπ(l+1)|XH

tπ(1), · · · ,XH
tπ(l)

)
≥C

m

∏
l=1

min
1≤k≤l

∣∣∣tπ(l+1)− tπ(k)
∣∣∣2H

, (3.2.17)

�

|Al|
|Al

l,l|
=Var

(
XH

tπ(l+1)−XH
tπ(l)|XH

tπ( j+1)−XH
tπ( j), j = 1, · · · , l−1, l +1, · · · ,m

)
= inf

bi∈R,1≤i≤m
E

(
XH

tπ(l+1)−
m

∑
i=1

biXH
tπ(i)

)2

=Var
(

XH
tπ(l+1)|XH

tπ(1), · · · ,XH
tπ(m)

)
≥C min

1≤i≤m
|tπ(l+1)− tπ(i)|2H . (3.2.18)

(Üª (3.2.17)Ú (3.2.18)��

∫
4(π1,··· ,πk)

1

|Al| 12

m

∏
l=1

(
|Al

l,l|
|Al|

)δ

dt l
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≤C
∫
4(π1,··· ,πk)

m

∏
l=1

min
1≤k≤l

∣∣∣tπ(l+1)− tπ(k)
∣∣∣−H m

∏
l=1

(
min

1≤i≤m
|tπ(l+1)− tπ(i)|2H

)−δ

dt l.

(3.2.19)

¤±d [121]¥�Ún 2.4��ª (3.2.19)k�.?�Ú,d

∫
Rmk

exp

(
−1

2

m

∑
l=1
|ξ l|2

) k

∑
j=1

(
m

∑
n=1

ξ
n
j

)2
mδ

dξ < ∞, (3.2.20)

��

E
[∣∣∣LH

ε,k(x, t)−LH
η ,k(x, t)

∣∣∣m]< ∞.

nþ,d��Âñ½n�� LH
ε,k(x, t)3 Lp(Ω), p ∈ [1,∞)¥�3,=

LH
ε,k(x, t)

P−→ LH
k (x, t), ε −→ 0.

�e5y² LH
k (x, t)��ê�È5.

Äk,d�35�y²��

∫
Rm(k−1)

∫
4(π1,··· ,πk)

E

[
exp

(
m

∑
l=1

k

∑
j=1

ιξ
l
j

(
XH

tπ j(l+1)
j

−XH

tπ j(l+1)
j

))]
dt ldξ

l

=
∫
Rmk

exp

(
−1

2

m

∑
l=1
|ξ l|2

)
dξ

∫
4(π1,··· ,πk)

1

|Al| 12
dt l

≤C
∫
4(π1,··· ,πk)

m

∏
l=1

1
min

1≤k≤m
|tπ(l+1)− tπ(k)|H

dt l

=C
∫
4(π1,··· ,πk)

m

∏
l=1

1
|tπ(l+1)− tπ(l)|H

dt l. (3.2.21)

éóê m > 1,dª (3.2.21)��

E
(∣∣LH

k (x, t)
∣∣m)

≤ (mk)!
(2π)m(k−1)

∫
Rm(k−1)

∫
4(π1,··· ,πk)

E

[
exp

(
m

∑
l=1

k

∑
j=1

ιξ
l
j

(
XH

tπ j(l+1)
j

−XH

tπ j(l+1)
j

))]
dt ldξ

l
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≤C
(mk)!
(2π)mk

∫
4(π1,··· ,πk)

m

∏
l=1

1
|tπ(l+1)− tπ(l)|H

dt l. (3.2.22)

(ÜpdL§�ÛÜ�(½5ÚÚn 3.2.2,k

E
(∣∣LH

k (x, t)
∣∣m)≤ CmT m(1−H)(mk)!

Γ(1+m(1−H))
. (3.2.23)

�â Stirlingúª

lim
a→+∞

Γ(a+1)√
2πa(a

e )
a
= 1

��

E
(
|LH

k (x, t)|mλ

)
≤
(
E
(
|LH

k (x, t)|m
))λ

,

�

E
[
exp
(

γ|LH
k (x, t)|λ

)]
(3.2.24)

=
∞

∑
m=0

γm

m!
E
(
|LH

k (x, t)|mλ

)
≤

∞

∑
m=0

γm

m!
(
E
(
|LH

k (x)|m
))λ

≤
∞

∑
m=0

γm

m!

(
CmT m(1−H)(mk)!
(Γ(1+m(1−H)))

)λ

≤
∞

∑
m=0

γmCm(m!)(k+H−1)λ (k!)(m+1)λ

m!
, (3.2.25)

Ù¥ λ ∈ (0,1), γ > 0.

éuÛê m≥ 1,k

E
(∣∣LH

k (x, t)
∣∣m)≤ E

(∣∣LH
k (x, t)

∣∣(m+1)
) m

m+1
(3.2.26)

≤Cm(m!)(k+H−1)λ (k!)(m+1)λ . (3.2.27)
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nþ,(Üª (3.2.23)Úª (3.2.26),��� γ, λ ¿©��,k

E
[
exp
(

γ|LH
k (x, t)|λ

)]
< ∞. (3.2.28)

3.3 MSLT��� HölderëëëYYY555

�e5�y²MSLT� HölderëY5,Äk�ÑXe(Ø:

···KKK 3.3.1 � XH , 0 < H < 1 �8Ü GH ¥�pdL§, ∆k = {(t1, t2, · · · , tk) ∈

[0, t]k : 0≤ t1 ≤ ·· · ≤ tk ≤ t},K�3 α ∈
(

0,1∧ k
2H(k−1) −

1
2

)
¦�

∫
Rm(k−1)

∫
(∆k)m

m

∏
l=1
|ξ l|αE

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt ldξ

l < ∞, (3.3.1)

Ù¥ k ≥ 2, ξ l = (ξ l
1, · · · ,ξ l

k−1).

yyy²²². d½n 3.2.1�y²�� ul
j � ξ

π j(l)
j �·�Cþ����

ul
j = ∑

r≤l
ξ

π j(r)
j +∑

r>l
ξ

π j(r)
j−1 .

AO/, ξ
π0(l)
0 = 0, l = 1, · · · ,m.Ïd,é?¿ i,k

|ξ l| ≤
k−1

∑
j=1
|ξ l

j | ≤C∏
j 6=i

(1+ |ξ l
j |) =C∏

j 6=i
(1+ |ul

j−ul
j+1|) (3.3.2)

�

m

∏
l=1
|ξ l|α ≤C

k

∏
i=1

(
m

∏
l=1

∏
j 6=i

(1+ |ul
j−ul

j+1|)α

) 1
k

. (3.3.3)
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(Üª (3.3.3)Ú½n 3.2.1,ª (3.3.1)�±­��

∫
Rm(k−1)

∫
(∆k)m

m

∏
l=1
|ξ l|αE

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt ldξ

l

≤C
∫
Rmk

k

∏
i=1

(
m

∏
l=1

∏
j 6=i

(1+ |ul
j−ul

j+1|)α

) 1
k m

∏
l=1

k

∏
j=1

1

|ul
j|

1
H

dul

=C
∫
Rmk

k

∏
i=1

(
m

∏
l=1

∏
j 6=i

(1+ |ul
j−ul

j+1|)α

) 1
k m

∏
l=1

(
∏
j 6=i

1

|ul
j|

1
H

) 1
k−1

dul. (3.3.4)

qÏ�éu a, b, k > 0,k

(a+b)k ≤ 2k(ak +bk),

¤±(Ü2Â HölderØ�ª��

∫
Rmk

k

∏
i=1

(
m

∏
l=1

∏
j 6=i

(1+ |ul
j−ul

j+1|)α

) 1
k m

∏
l=1

(
∏
j 6=i

1

|ul
j|

1
H

) 1
k−1

dul

≤C
∫
Rmk

k

∏
i=1

(
m

∏
l=1

∏
j 6=i

(1+ |ul
j|2)α

) 1
k m

∏
l=1

(
∏
j 6=i

1

|ul
j|

1
H

) 1
k−1

dul

≤C
k

∏
i=1

∫
Rmk

m

∏
l=1

∏
j 6=i

(1+ |ul
j|2)α

m

∏
l=1

(
∏
j 6=i

1

|ul
j|

1
H

) k
k−1

dul


1
k

, (3.3.5)

K� k
H(k−1) −2α > 1,= α < k

2H(k−1) −
1
2 �,ª (3.3.1)k..

e¡�ÑMSLT HölderëY5�y².

½½½nnn 3.3.1 � XH , 0 < H < 1� GH ¥�g�qpdL§, ∆k = {(t1, t2, · · · , tk) ∈

[0, t]k : 0 ≤ t1 ≤ ·· · ≤ tk ≤ t}, K LH
k (x, t) 'u�mCþ x ÷v α � Hölder ëY

� α <
(

1∧ k
2H(k−1) −

1
2

)
;Ó�, LH

k (x, t)'u�mCþ t �÷v β � HölderëY

� β <
(

1− H(k−1)
k

)
.

yyy²²². Äk�Ä LH
k (x, t)'u�mCþ x� HölderëY5.
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é?¿óê m > 1,�â

LH
ε,k(x, t)−→ LH

k (x, t), ε −→ 0

ÚØ�ª

(a+b+ c)k ≤ 3k(ak +bk + ck), a, b, c≥ 0,

��

E
[∣∣LH

k (x+ y, t)−LH
k (x, t)

∣∣m]
≤ 3m

[
lim
ε→0

E
(∣∣LH

k (x+ y, t)−LH
k,ε(x+ y, t)

∣∣m)+ lim
ε→0

E
(∣∣LH

k,ε(x+ y, t)−LH
k,ε(x, t)

∣∣m)
+ lim

ε→0
E
(∣∣LH

k,ε(x, t)−LH
k (x, t)

∣∣m)]
= 3m lim

ε→0
E
(∣∣LH

k,ε(x+ y, t)−LH
k,ε(x, t)

∣∣m) , (3.3.6)

¤±�y�(Ø¤á,=I�Ä lim
ε→0

E
[∣∣∣LH

k,ε(x+ y, t)−LH
k,ε(x, t)

∣∣∣m] .
dª (3.2.1),��

LH
k,ε(x+ y, t)−LH

k,ε(x, t)

=
1

(2π)(k−1)

∫
R(k−1)

∫
∆k

k−1

∏
j=1

exp
(

ιξ j

(
XH

t j+1
−XH

t j

)) k−1

∏
j=1

exp
(
−

ε|ξ j|2

2

)

×

(
k−1

∏
j=1

exp(−ιξ j(x j + y j))−
k−1

∏
j=1

exp(−ιξ jx j)

)
dtdξ . (3.3.7)

é?¿óê m > 1,k

E
[∣∣LH

k,ε(x+ y, t)−LH
k,ε(x, t)

∣∣m]
≤ 1

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
×

exp

−
m
∑

l=1

k−1
∑
j=1

ε|ξ l
j |2

2

 m

∏
l=1

∣∣∣∣∣k−1

∏
j=1

exp(−ιξ
l
j(x j + y j))−

k−1

∏
j=1

exp(−ιξ
l
jx j)

∣∣∣∣∣dt ldξ
l
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=
1

(2π)m(k−1)

∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
×

exp

−
m
∑

l=1

k−1
∑
j=1

ε|ξ l
j |2

2

 m

∏
l=1

k−1

∏
j=1

exp(−ιξ
l
jx j)

m

∏
l=1

∣∣∣∣∣k−1

∏
j=1

exp
(
−ιξ

l
jy j

)
−1

∣∣∣∣∣dt ldξ
l.

(3.3.8)

?�Ú,�âØ�ª |eιx−1| ≤ |x|∧2≤ 2(|x|∧1)��

m

∏
l=1

∣∣∣∣∣k−1

∏
j=1

exp
(
−ιξ

l
jy j

)
−1

∣∣∣∣∣= m

∏
l=1

∣∣∣exp
(
−ιξ

l · y
)
−1
∣∣∣

= 2m
m

∏
l=1

∣∣∣(|ξ l||y|)α ∧1
∣∣∣≤ 2m|y|mα

m

∏
l=1
|ξ l|α ,

Ù¥ α ∈ (0,1], y = (y1, · · · ,yk−1),¤±ª (3.3.8)�­��

E
[∣∣LH

k,ε(x+ y, t)−LH
k,ε(x, t)

∣∣m]
≤C|y|mα

∫
Rm(k−1)

∫
(∆k)m

m

∏
l=1
|ξ l|αE

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt ldξ

l. (3.3.9)

,	,d·K 3.3.1��,� α ∈
(

0,1∧ k
2H(k−1) −

1
2

)
�

∫
Rm(k−1)

∫
(∆k)m

m

∏
l=1
|ξ l|αE

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt ldξ

l < ∞, (3.3.10)

Ïd,

E
[∣∣LH

k,ε(x+ y, t)−LH
k,ε(x, t)

∣∣m]≤C|y|mα . (3.3.11)

d KolmogorovëYOK��, LH
k (x, t)'u�mCþ x÷v HölderëY5.

�Xy² LH
k (x, t)'u�mCþ t ÷v HölderëY5.
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dª (3.2.1),��

LH
k,ε(x, t +h)−LH

k,ε(x, t) =
1

(2π)(k−1)

×
∫
R(k−1)

∫
∆k×[t,t+h]k

k−1

∏
j=1

exp
(

ιξ j

(
XH

t j+1
−XH

t j
− x j

)) k−1

∏
j=1

exp
(
−

ε|ξ j|2

2

)
dtdξ .

(3.3.12)

é?¿óê m > 1,k

E
[∣∣LH

k,ε(x, t +h)−LH
k,ε(x, t)

∣∣m]
≤C

∫
Rm(k−1)

∫
(∆k×[t,t+h]k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j
− x j

))]
e−

m
∑

l=1

k−1
∑

j=1
ε|ξ l

j |
2

2 dt ldξ
l

≤C
∫
Rm(k−1)

∫
(∆k×[t,t+h]k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))]
dt ldξ

l

=C
∫
Rm(k−1)

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))] m

∏
l=1

k

∏
j=1

1[t,t+h](t
l
j)dt ldξ

l.

(3.3.13)

�â½n 3.2.1Ú HölderØ�ª��:

∫
(∆k)m

E

[
exp

(
m

∑
l=1

k−1

∑
j=1

ιξ
l
j

(
XH

t l
j+1
−XH

t l
j

))] m

∏
l=1

k

∏
j=1

1[t,t+h](t
l
j)dt l

≤C
∫
4(π1,··· ,πk)

exp

(
−1

2

m

∑
l=1

k

∑
j=1
|ul

j|2
∣∣∣tπ j(l+1)

j − tπ j(l)
j

∣∣∣2H
)

m

∏
l=1

k

∏
j=1

1[t,t+h](t
π j(l)
j )dt l

≤

(∫
4(π1,··· ,πk)

exp

(
−1

2

m

∑
l=1

k

∑
j=1
|ul

j|2
∣∣∣tπ j(l+1)

j − tπ j(l)
j

∣∣∣2H
)

dt l

)β̄

×

(∫
4(π1,··· ,πk)

m

∏
l=1

k

∏
j=1

1[t,t+h](t
π j(l)
j )dt l

)β

≤C|h|mkβ
m

∏
l=1

k

∏
j=1

(
1

|ul
j|

1
H

)β̄

, (3.3.14)
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Ù¥ β +β = 1, β > 0, β > 0.¤±ª (3.3.13)���

E
[∣∣LH

k,ε(x, t +h)−LH
k,ε(x, t)

∣∣m]≤C|h|mkβ

∫
Rmk

m

∏
l=1

k

∏
j=1

(
1

|ul
j|

1
H

)β

dul

≤C|h|mkβ
k

∏
i=1

∫
Rmk

m

∏
l=1

∏
j 6=i

 1

|ul
j|

β

H

 k
k−1

dul


1
k

,

(3.3.15)

K� β

H
k

k−1 > 1,= β = 1−β < 1− H(k−1)
k �,ª (3.3.15)k�.

555 3.3.1 5¿�3©z [69, 126] ¥=�Ñ k = 2 �©êÙK$Ä��ÛÜ�

��35Ú Hölder ëY5. V©êÙK$Ä��­g��ÛÜ��35^�

3 [114]¥�Ñ. 2011c, Shen [113] �Ñg©êÙK$Ä�­g��ÛÜ��3

5y². �©ò®k(Jí2� k ≥ 2��g�qpdL§. AO/, � k = 2,

XH �©êÙK$Ä�, ½n 3.2.1 ¥��� LH
k (x, t) 3 Lp(Ω) ¥��35^�

� JungÚMarkowsky3 [69]¥�Ñ�^���,éu�©���'u�mCþ x

� HölderëY5� α < min
(
1, 1

H −
1
2

)
Ú�mCþ t� HölderëY5� β < 1− H

2

Ó HongÚ Xu3 [52]¥���^�.� k = 2, XH �g©êÙK$Ä½V©êÙ

K$Ä�,�©����­g��ÛÜ���35^�©OÓ [113, 114],nþ�

���!(ØºX
®k(Ø����2�.

3.4 MSLT���···bbbÐÐÐªªª

dþ!�y²��, ÷vrÛÜ�(½5�g�qpdL§, X©êÙK

$Ä!g©êÙK$ÄÚV©êÙK$Ä� MSLT�3. Äu�35^�,�

�!Ì�ïÄg�qpdL§ MSLT�·bÐª. ��B,=�Ñ©êÙK$

ÄMSLT·bÐª��'y²,Ù§L§�(Øaq��y.

� BH = {BH
t , t ≥ 0}, H ∈ (0,1)�©êÙK$Ä,��!Ì�^Wiener·b
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Ðª5©Û©êÙK$Ä BH �MSLT,ÙÄ�g�´òWiener�mþ��'C

þ^Ùõ� WienerÈ©�A�?êL«,½ö�d/^2Â Hermiteõ�ªL

«. �â®k©z��,@3þ­Vl�c� NualartÚ Vives [100] Ò�ÑÙK$

Äõ­ÛÜ��Wiener·bÐª¿�ÏLd·bÐª�Ñ­�zõ­ÛÜ��

�35y². d�, Wiener·bÐªÒ�2�^uÙK$Äõ­ÛÜ�Ú©êÙ

K$Ä�­ÛÜ���'y²¥ (� [57, 71, 72, 93, 132]),
éu©êÙK$Ä�

g�qpdL§MSLT��A(J¿Øõ�.

3.4.1 ������ggg���qqqpppdddLLL§§§MSLT���···bbbÐÐÐªªª

��B,��!=�Ñ��©êÙK$Ä MSLT�·bÐª��'y²,é

uÙ§g�qpdL§,XV©êÙK$Ä!g©êÙK$Ä,Ù(Ø�aq�

�.

��©êÙK$Ä BH �MSLT½Â�:

α
H
k (x, t) :=

∫
∆k

δ (BH
t2 −BH

t1 − x1) · · ·δ (BH
tk −BH

tk−1
− xk−1)dt, k ≥ 2, (3.4.1)

Ù¥ ∆k = {(t1, t2, · · · , tk) ∈ [0, t]k : 0≤ t1 ≤ ·· · ≤ tk ≤ t}, dt= dt1dt2 · · ·dtk.

- pε(x) := 1√
2πε

e−
x2
2ε ´��� ε �¥%pd�Ý¼ê. d9Ø pε(x) %

C Dirac delta¼ê δ (x)�� αH
k (x, t)�Cq/ª�

α
H
ε,k(x, t) :=

∫
∆k

pε(BH
t2 −BH

t1 − x1) · · · pε(BH
tk −BH

tk−1
− xk−1)dt, (3.4.2)

Ù¥ x = (x1, . . . ,xk−1),t= (t1, . . . , tk)� ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

��!Ì��Ñ αH
k (x, t)�·bÐª, ¿�y²Ù3 Meyer-Watanabe¿Â

e�²w5. AO/,�
�� αH
k (x, t)�·bÐª,k�Ñ� x 6= 0Ú ε > 0�,

pε

(
BH

t −BH
s − x

)
�Wiener·bÐª.
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···KKK 3.4.1 éu x 6= 0Ú ε > 0,k

pε

(
BH

t −BH
s − x

)
=

∞

∑
n=0

1√
n!

pε+|t−s|2H (x)

(ε + |t− s|2H)
n/2 Hn

(
x√

ε + |t− s|2H

)
In
(
K(s, t)⊗n

)
,

(3.4.3)

Ù¥ Hn(·)� Hermiteõ�ª

Hn(x) =
(−1)n

n!
e

x2
2

dn

dxn

(
e−

x2
2

)
, n≥ 1 (3.4.4)

� H0(x) = 1.

yyy²²². d [101]¥� Stroockúª��

pε

(
BH

t −BH
s − x

)
=

∞

∑
n=0

1
n!

In
[
E
(
Dn pε

(
BH

t −BH
s − x

))]
, (3.4.5)

�

Dn pε

(
BH

t −BH
s − x

)
= p(n)ε

(
BH

t −BH
s − x

)
K(s, t)⊗n. (3.4.6)

(Ü pε(·)�5�Ú Hermiteõ�ª (3.4.4)k

E
[
Dn pε

(
BH

t −BH
s − x

)]
=E
[

p(n)ε

(
BH

t −BH
s − x

)]
K(s, t)⊗n

=(−1)n ∂ n

∂xnE
[
pε

(
BH

t −BH
s − x

)]
K(s, t)⊗n

=(−1)n p(n)
ε+|t−s|2H (x)K(s, t)⊗n

=
√

n!(ε + |t− s|2H)−n/2 pε+|t−s|2H (x)Hn

(
x√

ε + |t− s|2H

)
K(s, t)⊗n, (3.4.7)

Ù¥

p(n)ε (x) = (−1)n
√

n!ε−n/2 pε(x)Hn

(
x√
ε

)
, n≥ 1. (3.4.8)
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�â (3.4.5)-(3.4.7),(Ø¤á.

íííØØØ 3.4.1 éu x = 0Ú ε > 0k

pε

(
BH

t −BH
s
)
=

∞

∑
m=0

(−1)mI2m (K(s, t)⊗2m)
√

2π2mm!(ε + |t− s|2H)
m+1/2 . (3.4.9)

yyy²²². d (3.4.5)Ú (3.4.6),��

pε(BH
t −BH

s )

=
∞

∑
n=0

1
n!

In
(
E
(
Dn pε(BH

t −BH
s )
))

=
∞

∑
n=0

1
n!
E
(

p(n)ε (BH
t −BH

s )
)

In
(
K(s, t)⊗n

)
=

∞

∑
n=0

(−1)n
√

n!
ε
−n/2E

(
pε(BH

t −BH
s )Hn

(
BH

t −BH
s√

ε

))
In
(
K(s, t)⊗n

)
. (3.4.10)

� n�Ûê�,Ï� pε(x)Ú Hn(x)Ñ´ó¼ê,¤± (3.4.10)¥�Ï"��". q

Ï�e X �Ñl N(0,σ2)��ÅCþ, Hermiteõ�ª Hn(x)÷v

E[H2m(X)] =

√
(2m)!

(
σ2−1

)m

2mm!
, (3.4.11)

¤±� n = 2m,��

E
(

pε(x)H2m

(
x√
ε

))
=
∫
R

pε(x)H2m

(
x√
ε

)
p|t−s|2H (x)dx

=
1√

2π (|t− s|2H + ε)

∫
R

H2m

(
x√
ε

)
p ε|t−s|2H

|t−s|2H+ε

(x)dx

=
(−ε)m

√
(2m)!

√
2π2mm!(|t− s|2H + ε)

m+1/2 . (3.4.12)

d (3.4.11)Ú (3.4.12),(Ø¤á.
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555 3.4.1 � x = 0�,díØ 3.4.1�� αH
ε,k(0, t)�·b©)�

α
H
ε,k(0, t) =

∞

∑
m j=0

∫
∆k

k

∏
j=2

(−1)m jI j
2m j

(
KH(t j, t j−1)

⊗2m j

)
√

2π2m j(m j)!
(
|t j− t j−1|2H + ε

)m j+
1
2

dt. (3.4.13)

555 3.4.2 3 (3.4.1) ¥, �pdL§�g©êÙK$Ä SH = {SH
t , t ≥ 0} �, ·

K 3.4.1¥ pε

(
SH

t −SH
s − x

)
�·bÐª�

pε

(
SH

t −SH
s − x

)
=

∞

∑
n=0

1√
n!

pε+(2−22H−1)|t−s|2H (x)

(ε +(2−22H−1)|t− s|2H)
n/2 Hn

(
x√

ε +(2−22H−1)|t− s|2H

)
In
(
K̃(s, t)⊗n

)
,

(3.4.14)

Ù¥ K̃(s, t)�g©êÙK$Ä SH �²��ÈØ.Ó�/, pε

(
SH

t −SH
s
)
�·bÐ

ªÐª���

pε

(
SH

t −SH
s
)
=

∞

∑
m=0

(−1)mI2m
(
K̃(s, t)⊗2m

)
√

2π2mm!(ε +(2−22H−1)|t− s|2H)
m+1/2 . (3.4.15)

555 3.4.3 3 (3.4.1)¥,éuV©êÙK$Ä BH0,K0 = {BH0,K0
t , t ≥ 0},

pε

(
BH0,K0

t −BH0,K0
s − x

)

�·bÐª���

pε

(
BH0,K0

t −BH0,K0
s − x

)
=

∞

∑
n=0

1√
n!

p
ε+|t−s|2H0 (x)

(ε + |t− s|2H0K0)
n/2 Hn

(
x√

ε + |t− s|2H0K0

)
In
(
KH0,K0(s, t)

⊗n
)
, (3.4.16)

Ù¥ëê H0 ∈ (0,1), K0 ∈ (0,1]� KH0,K0(s, t)�V©êÙK$Ä BH0,K0 �²��

ÈØ.d	, pε

(
BH0,K0

t −BH0,K0
s

)
�·bÐª�

pε

(
BH0,K0

t −BH0,K0
s

)
=

∞

∑
m=0

(−1)mI2m (KH0,K0(s, t)
⊗2m)

√
2π2mm!(ε + |t− s|2H0K0)

m+1/2 . (3.4.17)
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e¡�Ñ�Yy²¥^���'(Ø.

···KKK 3.4.2 � 0 < H < 1,K©êÙK$Ä BH ����¼ê RH (t,s)÷vXeØ

�ª:

∫
∆2

k

k

∏
j=1

RH
(
t j,s j

)m j(
t js j
)Hm j

dtds≤C(H)
k

∏
j=1

m
− 1

2H
j , (3.4.18)

Ù¥ ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}, C(H)´�6u H �~ê.

yyy²²². ��B,P

Q(z) =


RH(1,z)

zH , z ∈ (0,1],

0, z = 0.
(3.4.19)

d RH(u,v) = RH
(
1, v

u

)
u2H ,��

∫
∆2

k

k

∏
j=1

RH
(
t j,s j

)m j(
t js j
)Hm j

dtds≤
∫
[0,t]2k

k

∏
j=1

RH

(
1, s j

t j

)m j
t2Hm j

j(
t js j
)Hm j

dtds

=
∫
[0,t]k

k

∏
j=1

t jdt
∫
[0,1]k

k

∏
j=1

RH
(
1,z j

)m j(
z j
)Hm j

dz

≤C
∫
[0,1]k

k

∏
j=1

QH(z j)
m jdz,

Ù¥
s j
t j
= z j.(Ü [39]¥Ún 2�y²,é?¿ δ ∈ (0, 1),k

∫
[0,1]k

k

∏
j=1

QH(z j)
m jdz =

∫
[0,1−δ ]k

k

∏
j=1

QH(z j)
m jdz+

∫
[1−δ ,1]k

k

∏
j=1

QH(z j)
m jdz. (3.4.20)

éu (3.4.20)k

∫
[1−δ ,1]k

k

∏
j=1

QH(z j)
m jdz =

∫
[1−δ ,1]k

exp

(
k

∑
j=1

m j log
(
QH(z j)

))
dz

≤C1(H)
∫
[0,1]k

k

∏
j=1

exp
(
m jt2H

j
)

dt

≤C1(H)
k

∏
j=1

m
− 1

2H
j
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�

∫
[0,1−δ ]k

k

∏
j=1

QH(z j)
m jdz ≤C2(δ )

k

∏
j=1

am j ,

Ù¥ 0 < a < 1.é¤k m j, j = 1, · · · ,k,�ÀJT��~êC¦�

C2(δ )
k

∏
j=1

am j ≤C
k

∏
j=1

m
− 1

2H
j ,

Ïd (3.4.18)�y.

éu x ∈ Rk−1 \{0} ,�e5�â·K 3.4.1�(Ø�Ñ αH
k (x, t)�·bÐª

¿y²Ù3 L2(Ω)¥�3.

½½½nnn 3.4.1 éu x ∈Rk−1 \{0} ,� 0 < H < 1�,©êÙK$Ä�MSLT�Wiener

·bÐª�

α
H
k (x, t) =

∞

∑
m j=0∫

∆k

k

∏
j=2

1√
(m j)!

p|t j−t j−1|2H (x j)(
|t j− t j−1|2H

)m j
2

Hm j

(
x j√

|t j− t j−1|2H

)
I j
m j

(
KH(t j, t j−1)

⊗m j

)
dt,

(3.4.21)

Ù¥ ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}�3 L2(Ω)¥�3.

yyy²²². d·K 3.4.1��

α
H
ε,k(x, t) =

∞

∑
m j=0

∫
∆k

k

∏
j=2

× 1√
(m j)!

pε+|t j−t j−1|2H (x j)(
ε + |t j− t j−1|2H

)m j
2

Hm j

(
x j√

ε + |t j− t j−1|2H

)
I j
m j

(
KH(t j, t j−1)

⊗m j

)
dt

(3.4.22)

¤á,Ù¥ ∆k = {0 ≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.�e5=Iy² (3.4.22)3 L2(Ω)¥

Âñu (3.4.21).
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Ï�

∥∥α
H
ε,k(x, t)

∥∥2
2

=
∞

∑
n=0

∑
m j≥0,m2+...+mk=n

∫
∆2

k

k

∏
j=2

2

∏
i=1

pε+|ti, j−ti, j−1|2H (x j)Hm j

(
x j√

ε + |ti, j− ti, j−1|2H

)

×
RH
(
t1, j− t1, j−1, t2, j− t2, j−1

)m j((
ε + |t1, j− t1, j−1|2H

)(
ε + |t2, j− t2, j−1|2H

))m j
2

dt1dt2

≤C
∞

∑
n=0

∑
m j≥0,m2+...+mk=n

∫
∆2

k

k

∏
j=2

2

∏
i=1

Hm j

(
x j√

ε + |ti, j− ti, j−1|2H

)

× exp
(
− |x|2

2(ε + |ti, j− ti, j−1|2H)

)
×

RH
(
t1, j− t1, j−1, t2, j− t2, j−1

)m j((
ε + |t1, j− t1, j−1|2H

)(
ε + |t2, j− t2, j−1|2H

))m j
2

dt1dt2, (3.4.23)

Ù¥ ti = (ti,1, · · · , ti,k), i = 1,2,¤±=Iy²

sup
ε>0

∞

∑
n=0

∑
m2+...+mk=n

∫
∆2

k

k

∏
j=2

2

∏
i=1

Hm j

(
x j√

ε + |ti, j− ti, j−1|2H

)

× exp
(
− |x|2

2(ε + |ti, j− ti, j−1|2H)

)
×

RH
(
t1, j− t1, j−1, t2, j− t2, j−1

)m j((
ε + |t1, j− t1, j−1|2H

)(
ε + |t2, j− t2, j−1|2H

))m j
2

dt1dt2 < ∞. (3.4.24)

d [63]¥�·K 3��, Hermiteõ�ª÷vØ�ª

sup
x∈R
|Hn(x)exp(−αx2)| ≤ cn−

8α−1
12 , (3.4.25)

Ù¥ c�~ê� 1
4 ≤ α ≤ 1

2 ,K

∑
m2+...+mk=n

k

∏
j=2

2

∏
i=1

Hm j

(
x j√

ε + |ti, j− ti, j−1|2H

)
exp
(
− |x|2

2(ε + |ti, j− ti, j−1|2H)

)

≤ c1 ∑
m2+...+mk=n

k

∏
j=2

(m j∨1)−
1
2 ≤ c2. (3.4.26)
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d	,d·K 3.4.2��

∫
∆k

k

∏
j=2

RH
(
t1, j− t1, j−1, t2, j− t2, j−1

)m j((
ε + |t1, j− t1, j−1|2H

)(
ε + |t2, j− t2, j−1|2H

))m j
2

dt1, jdt2, j

≤
∫

∆k

k

∏
j=2

RH
(
t1, j− t1, j−1, t2, j− t2, j−1

)m j(
t1, j− t1, j−1, t2, j− t2, j−1

)Hm j
dt1, jdt2, j

≤
k

∏
j=2

1

m
1

2H
j

≤ c3, (3.4.27)

Ù¥ c1, c2, c3�ØÓ�~ê.

nþ,d (3.4.26)Ú (3.4.27)��,(Ø¤á.

···KKK 3.4.3 éu x ∈ Rk−1 \{0} ,� 0 < H < 1�,g©êÙK$Ä�MSLT L̃k(x, t)

�Wiener·bÐª�

L̃k(x, t) =
∞

∑
m j=0

∫
∆k

k

∏
j=2

1√
(m j)!

p|t j−t j−1|2H (x j)(
(2−22H−1)|t j− t j−1|2H

)m j
2

×Hm j

(
x j√

((2−22H−1)|t j− t j−1|2H

)
I j
m j

(
K̃H(t j, t j−1)

⊗m j

)
dt, (3.4.28)

Ù¥ ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

Ó�/,�â½n 3.4.195 3.4.3��V©êÙK$ÄMSLT�·bÐª.

···KKK 3.4.4 éuV©êÙK$Ä BH0,K0, H0 ∈ (0,1), K0 ∈ (0,1],� x ∈ Rk−1 \{0}

�, BH0,K0 �MSLT�Wiener·bÐª�

LH0,K0
k (x, t) =

∞

∑
m j=0

∫
∆k

k

∏
j=2

1√
(m j)!

×
p|t j−t j−1|2H0K0 (x j)(
|t j− t j−1|2H0K0

)m j
2

Hm j

(
x j√

|t j− t j−1|2H0K0

)
I j
m j

(
KH0,K0(t j, t j−1)

⊗m j

)
dt,

(3.4.29)

Ù¥ ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

�e5Äu½n 3.4.1 ¥�Ñ� αH
ε,k(x, t) �·bÐª, y²Ù3 Meyer-
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Watanabe¿Âe�²w5.

½½½nnn 3.4.2 éu©êÙK$Ä BH , 0 < H < 1, x ∈ Rk−1 \ {0} � k ≥ 2, Kéz

� β < (k−1)
( 1

2H −
1
2

)
k αH

ε,k(x, t) ∈ Dβ ,2.

yyy²²². P

βm j,ε(t j) :=
p|t j−t j−1|2H+ε(x j)(
|t j− t j−1|2H + ε

)Hm j

(
x j√

|t j− t j−1|2H + ε

)
. (3.4.30)

´�

∥∥α
H
ε,k(x, t)

∥∥2
2 =

∞

∑
n=0

∑
m j≥0,m2+...+mk=n

E

{∫
∆2

k

k

∏
j=2

1√
m j!

βm j,ε(t j)βm j,ε(s j)I j
m j

(
KH(t j, t j−1)

)⊗m j I j
m j

(
KH(s j,s j−1)

)⊗m j dtds

}

=
∞

∑
n=0

∑
m j≥0,m2+...+mk=n

∫
∆2

k

βm j,ε(t j)βm j,ε(s j)RH
(
t j− t j−1,s j− s j−1

)m j dtds. (3.4.31)

éu 1
4 ≤ α < 1

2 ,-

S
(
t j,x j,α,ε,m j

)
= Hm j

(
x j√

|t j− t j−1|2H + ε

)
exp
(
−α

(x j)
2

|t j− t j−1|2H + ε

)
,

T
(
t j,x j,α,ε,m j

)
=

1√
|t j− t j−1|2H + ε

exp
(
−
(

1
2
−α

)
(x j)

2

|t j− t j−1|2H + ε

)
.

(3.4.32)

d [63]¥·K 3Ú½n 8�y²,��

S
(
·,x j,α,ε,m j

)
≤Cm−(8α−1)/12

j (3.4.33)

� T
(
·,x j,α,ε,m j

)
´k.�,K

βm j,ε(t j)βm j,ε(s j)

=
S
(
t j,x j,α,ε,m j

)
S
(
s j,x j,α,ε,m j

)
T
(
t j,x j,α,ε,m j

)
T
(
s j,x j,α,ε,m j

)
2π
[(

ε + |t j− t j−1|2H
)(

ε + |s j− s j−1|2H
)]m j

2
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≤ C(
t js j
)Hm j

(
m j∨1

) 8α−1
6

. (3.4.34)

�â (3.4.31)Ú½n 3.4.1¥�Ñ αH
k (x, t)�·bÐª,=Iy²

∞

∑
n=0

(1+n)β
∑

m j≥0,m2+...+mk=n

∫
∆2

k

βm j,ε(t j)βm j,ε(s j)RH
(
t j,s j

)m j dtds< ∞. (3.4.35)

d (3.4.34)Ú·K 3.4.2��

∞

∑
n=0

(1+n)β
∑

m j≥0,m2+...+mk=n

∫
∆2

k

βm j,ε(t j)βm j,ε(s j)RH
(
t j,s j

)m j dtds

≤
∞

∑
n=0

(1+n)β
∑

m j≥0,m2+...+mk=n

k

∏
j=2

(
m j∨1

)−(8α−1)/6
∫
([0,1])n

k−1

∏
j=1

QH(z j)
m jdz

≤C
∞

∑
n=0

(1+n)β
∑

m j≥0,m2+...+mk=n

k

∏
j=2

(
m j∨1

)−(8α−1)/6− 1
2H

≤
∞

∑
n=0

(1+n)β n(k−1)(1− 1
2H−

8α−1
6 )−1, (3.4.36)

K�

β < (k−1)
(

1
2H

+
8α−7

6

)
�, (3.4.35)Âñ. qÏ� 1

4 ≤ α < 1
2 ,¤±k β < (k−1)

( 1
2H −

1
2

)
.

555 3.4.4 3®k©z [39]¥�� N �ëê���©êÙK$ÄÛÜ��·bÐ

ªÚ²w5^� α <
N
∑
j=1

1
2H j
− 1

2 ,d½n 3.4.1Ú½n 3.4.2��,� N = 1, k = 2,

αH
ε,2(x, t)L«ÛÜ��,Ù·bÐªÚ²w5^�� [39]¥�(Ø��.

d½n 3.4.1�(Ø�Ñ αH
ε,k(x, t)­�z���{ü�{,Ù¥ αH

ε,k(x, t)�

Ï"�Ü©TÐ�Ù·bÐª¥�1 0�.

íííØØØ 3.4.2 � 0 < H < 1, x ∈ Rk−1 \{0}� k ≥ 2,Kéz� β < (k−1)
( 1

2H −
1
2

)
,

α̃
H
k (x, t) = lim

ε→0

[
α

H
ε,k(x, t)−E

(
α

H
ε,k(x, t)

)]
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áu Dβ ,2� α̃ε,k(x, t)�·bÐª�

α̃
H
ε,k(x, t) =

∞

∑
m j=1

∫
∆k

k

∏
j=2

1√
(m j)!

p|t j−t j−1|2H+ε(x j)(
|t j− t j−1|2H + ε

)m j
2

×Hm j

(
x j√

|t j− t j−1|2H + ε

)
I j
m j

(
KH(t j, t j−1)

⊗m j

)
dt, (3.4.37)

Ù¥ ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

3.4.2 ppp���ggg���qqqpppdddLLL§§§MSLT���···bbbÐÐÐªªª

��B,��!Ó 3.4.1!,=�Ñ©êÙK$Ä��'(Ø,Ù§g�qp

dL§aq��y.

3��!¥,ò 3.4.1!��©êÙK$ÄMSLT�(Øí2� d (d ≥ 2)-�

��/. �Ñ� x = 0�, d-�©êÙK$ÄMSLT�Wiener·bÐª¿y²Ù

3Meyer-Watanabe¿Âe�²w5.

P BH
t =

{
BH1

t , · · · ,BHd
t

}
´ Hurstëê� H = {H1, · · ·Hd} , H j ∈ (0,1)� d-�

©êÙK$Ä,Ù©þ�pÕá����¼ê�

E
(

BHi
t BH j

s

)
=

δi, j

2
(
t2H + s2H−|t− s|2H) ,

Ù¥ i, j = 1, · · · ,d � t, s≥ 0.

P In = (i1, · · · , in) , 1≤ i j ≤ d �

α(In) = E [Xi1 · · ·Xin ] ,

Ù¥ Xi´Ñl N(0,1)�Õá�ÅCþ. � n = 2m�k

α(I2m) =
(2m1)! · · ·(2md)!
(m1)! · · ·(md)!2m , (3.4.38)

ÄK, α(In) = 0.
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- H∗ = max{H1, · · · ,Hd} ,�e5�Ñ d�©êÙK$ÄMSLT αH
ε,k(0, t)�

·bÐª¿��Ù²w5.

½½½nnn 3.4.3 � BH
t � d ≥ 2� d �©êÙK$Ä,Kéz� γ < (k−1)

( 1
2H∗ −

d
2

)
,

αH
ε,k(0, t)áu�m Dγ,2� αH

ε,k(0, t)�·bÐª�

α
H
ε,k(0, t)

= ∑
m j≥0

∫
∆k

k

∏
j=2

(−1)m j
α(I2m j)

(2m j)!(2π)
d
2

(
ε + |t j− t j−1|2H)− d

2−m j I2m j

(
K(t j, t j−1)

⊗2m j

)
dt,

(3.4.39)

Ù¥ m j = (m j,1, · · · ,m j,d), ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

yyy²²². díØ 3.4.1��

pε

(
BH

t −BH
s
)
=

∞

∑
p=0

(−1)p α(I2p)

(2p)!(2π)
d
2

(
ε + |t− s|2H)− d

2−p
I2p
(
K(s, t)⊗2p

)
, (3.4.40)

Ù¥ α(I2p)� (3.4.38). Ó (3.4.21)�� αH
ε,k(0, t)�·bÐª (3.4.39).

é¤k� n, m≥ 1, f ∈ L2(R+), g ∈ L2(R+),k

E[In( f )Im(g)] =


0, n 6= m,

n!〈 f ,g〉L2(R+), n = m.

(3.4.41)

(Ü BH
t ©þ�Õá5,��

E

(∫
∆k

k

∏
j=2

(−1)m j
α(I2m j)

(2m j)!(2π)
d
2

(
ε + |t j− t j−1|2H)− d

2−m j I2m j

(
K(t j, t j−1)

⊗2m j

)
dt

)2

= ∑
m2+···+mk=n

k

∏
j=2

(2m)!
(2m2)! · · ·(2mk)!

(2π)−d

((2m j)!)2 α(I2m j)
2
∫

∆2
k

k

∏
j=2

(2m j)!

×
(
ε + |t j− t j−1|2H)− d

2−m j (
ε + |s j− s j−1|2H)− d

2−m j

×RH(t j− t j−1,s j− s j−1)
2m jdtds

= ∑
m2+···+mk=n

k

∏
j=2

(2m j)!(2π)−d

(m j!)222m j

∫
∆2

k

k

∏
j=2

(
ε + |t j− t j−1|2H)− d

2−m j
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×
(
ε + |s j− s j−1|2H)− d

2−m j RH(t j− t j−1,s j− s j−1)
2m jdtds. (3.4.42)

�â (2.3.8),=Iy�

∑
m2+···+mk=n

n≥0

(1+n)γ
k

∏
j=2

(2m j)!(2π)−d

(m j!)222m j

∫
∆2

k

k

∏
j=2

(
ε + |t j− t j−1|2H)− d

2−m j

×
(
ε + |s j− s j−1|2H)− d

2−m j RH(t j− t j−1,s j− s j−1)
2m jdtds< ∞. (3.4.43)

3 (3.4.43)¥k

∑
m2+···+mk=n

k

∏
j=2

(2m j)!(2π)−d

(m j!)222m j

= ∑
m2+···+mk=n

k

∏
j=2

∑
m j,1+···+m j,d=m j

d

∏
i=1

(2mi, j)!(2π)−d

(mi, j!)222mi, j

≤C ∑
m2+···+mk=n

k

∏
j=2

∑
m j,1+···+m j,d=m j

d

∏
i=1

1(
mi, j∨1

) 1
2

≤C ∑
m2+···+mk=n

k

∏
j=2

(m j∨1)
d
2−1 (3.4.44)

�d·K 3.4.2��

∫
∆2

k

k

∏
j=2

(
ε + |t j− t j−1|2H)− d

2−m j (
ε + |s j− s j−1|2H)− d

2−m j

×RH(t j− t j−1,s j− s j−1)
2m jdtds

=
∫

∆2
k

k

∏
j=2

d

∏
i=1

QH j(z j)
2mi, j

ds
(t js j)Hd

=
k

∏
j=2

∫
∆k

t2Hd+1
j dt

∫
∆k

d

∏
i=1

QH j(z j)
2mi, j

dz
(z j)

H jd

≤C(H)
k

∏
j=2

(
2m j

)− 1
2H∗ . (3.4.45)

67



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

ò (3.4.44)!(3.4.45)�\ (3.4.43)�

∑
m2+···+mk=n

n≥0

(1+n)γ
k

∏
j=2

(2m j)!(2π)−d

(m j!)222m j

∫
∆2

k

n

∏
i=1

(
ε + |t j− t j−1|2H)− d

2−m j

×
(
ε + |s j− s j−1|2H)− d

2−m j RH(t j− t j−1,s j− s j−1)
2m jdtds

≤ ∑
n≥0

(1+n)γ
∑

m2+···+mk=n

k

∏
j=2

(
m j∨1

) d
2−

1
2H∗−1

≤C ∑
n≥0

(1+n)γn(k−1)( d
2−

1
2H∗ )−1, (3.4.46)

Ïd,� γ < (k−1)
( 1

2H∗ −
d
2

)
�, (3.4.43)k�.

555 3.4.5 5¿�½n 3.4.3 ¥�(ØºX
 [39] ¥�Ñ 1-ëê d-�©êÙK

$Ä k = 2 �ÛÜ���¹. d	, � k = 2 � H = 1
2 �, [65] ¥��� N ë

ê d-�WienerL§ÛÜ��(Ø���©��«AÏ�¹.

555 3.4.6 d½n 3.4.3��, d-�g©êÙK$Ä SH MSLT L̃k,ε(0, t)�·bÐª

���

L̃k,ε(0, t) = ∑
m j≥0

∫
∆k

k

∏
j=2

(−1)m j
α(I2m j)

(2m j)!(2π)
d
2

×
(
ε +(2−22H−1)|t j− t j−1|2H)− d

2−m j I2m j

(
K̃(t j, t j−1)

⊗2m j

)
dt, (3.4.47)

Ù¥ m j = (m j,1, · · · ,m j,d), ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

555 3.4.7 dV©êÙK$Ä BH0,K0 ���9½n 3.4.3 �y²��, BH0,K0

�MSLT LH0,K0
n,ε (0, t)�·bÐª�

LH0,K0
k,ε (0, t) = ∑

m j≥0

∫
∆k

k

∏
j=2

(−1)m j
α(I2m j)

(2m j)!(2π)
d
2

×
(
ε + |t j− t j−1|2H0K0

)− d
2−m j I2m j

(
KH0,K0(t j, t j−1)

⊗2m j

)
dt, (3.4.48)

Ù¥ m j = (m j,1, · · · ,m j,d), ∆k = {0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}.

68



4 ggg���qqqpppdddLLL§§§������êêê...õõõ­­­ggg������ÛÛÛÜÜÜ���

éug�qpdL§ XH ∈ GH = {XH |XH = XH
t , t ≥ 0},Ù¥ H � Hurstë

ê� H ∈ (0,1), �ÙÌ��ÄÏL�����{�Ñ XH � DMSLT �35

Ú HölderëY5^�.�X,3�35^�e, y² XH � DMSLT÷v Meyer-

Watanabe �¿Âþ�²w5. AO/, �©=�Ñ©êÙK$Ä DMSLT ²w

5��[y²L§, 
éu8Ü GH ¥Ù§g�qpdL§, §�� DMSLT

3Meyer-Watanabe¿Âe�²w5aq��.

4.1 ¯̄̄KKKnnnããã

��ÛÜ��Ð����/Ýþ0ÙK$Ä Bt ∈ Rg��êþ��«�ª.

��/,ÙK$Ä k­g��ÛÜ�½Â�

Lk(x, t) =
∫

. . .
∫

0≤t1≤...≤tk≤t
δ (Bt2−Bt1− x2) . . .δ (Btk−Btk−1− xk)dt1dt2 . . .dtk,

(4.1.1)

Ù¥ δ (x)L« Dirac delta¼ê. �O(/, k­g��ÛÜ��Cq/ª�½Â

�

Lk,ε(x, t)

=
∫

. . .
∫

0≤t1≤...≤tk≤t
pε(Bt2−Bt1− x2) . . . pε(Btk−Btk−1− xk)dt1dt2 . . .dtk, (4.1.2)

Ù¥ k ≥ 2�

pε(x) =
1√
2πε

e−
x2
2ε =

1
2π

∫
R

eιξ xe−
ε|ξ |2

2 dξ , (4.1.3)

Dirac delta¼ê δ (x)�±�9Ø pε(x)%C. Imkeller [65], StreitÚMendonca [94],

Rosen [111]�?�ÚïÄ
 k­g��ÛÜ�. AO/, Rosen [111]�Ñª (4.1.2)
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�35�y². d	,?¿� α < 1
2(k−1) �éÜ HölderëY5��y�.

éug�qpdL§,duÙk��5�,X�/á��5Úg�q5�,�

2�A^u��+�,X7K!Y©ÆÚÏ&ó§. � k = 2�,Äu Rosen [107]

¥�g�, Yan� [127, 128]�Ñ©êÙK$Ä�­g��ÛÜ���ê. ��, Jung

Ú Markowsky [69, 71] ?�ÚïÄ
§. ��5¿�´, JungÚ Markowsky [69] y

�Ó �úª

∫ t

0

∫ s

0
f ′(BH

r −BH
t )dr =−

∫
R

f (x)α ′2,ε(x, t)dx (4.1.4)

é¤k f (x) ∈C1(R)Ú 0 < H < 1
2 ¤á,Ù¥ α ′2,ε(x, t)L«�ê.�­g��Û

Ü�. JaramilloÚ Nualart [72]ïÄ
©êÙK$Ä�ê.g��ÛÜ���¼4

�½n. YanÚ Yu [129]òÙí2�p�©êÙK$Ä,�Ñp�©êÙK$Ä�

ê.�­g��ÛÜ��½Â¿y²Ù�3. 3þã©êÙK$Ä�­g��Û

Ü�Ó �úª (4.1.4)�-ye, Guo� [46] �Ñü�Õá©êÙK$Äp��

ê.�­��ÛÜ��½Â¿y²Ù�35Ú�ê�È5. �X, Yu [131] y�©

êÙK$Äp��ê.�­g��ÛÜ� α
(k)
2,ε (x, t)��35Ú HölderëY5�

¿©^�.

�X©êÙK$Ä�ê.�­g��ÛÜ�ïÄ��\,NõÆöJÑ¦^

����g�qpdL§���Å�.5ïÄÙ�ê.ÛÜ�,ùÚÑ
Nõ

'ug�qpdL§�nØ¯K,¿�ïÄ���g�qpdL§,Xg©êÙ

K$ÄÚV©êÙK$Ä��ê.g��ÛÜ��q�´ék��. ��©ê

ÙK$Ä�2�ïÄ�',éÙ§g�qpdL§�ê.ÛÜ��XÚïÄé

�,ÙÌ��Ï´Øäk²­Oþ�g�qpdL§�6(��E,5. 2020c,

Shi [114]�Ñ
V©êÙK$Ä�ê.�­g�ÛÜ��©ê²w5.

éu�ÅL§ÛÜ��²w5ïÄ3êÆ!7K�+�kXØ��{¤,N

õÆöéÙ?1
y² [39, 65, 101, 117]. @3 1992c, NualartÚ Vives [101] Äu·
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bÐªy�ÙK$Ä�ÛÜ�áu Sobolev�m. �X, Imkeller� [65]ïÄ
 Rd

þÙK$Ä�­g��ÛÜ��²w5. Eddahbi� [39]!EddahbiÚ Vives [40]ò

ù
(J*Ð�©êÙK$Ä, ¿�� Sobolev-Watanabe ¿Âþ�²w5. �

C, Yan Ú Yu [129] �Ñp�©êÙK$Ä�ê.�­g��ÛÜ�3 Meyer-

Watanabe¿Âþ�²w5. ShiÚ Yu [117]!Shi [114] ïÄ
ÙK$Ä!©êÙK

$ÄÚV©êÙK$Ä���ê.g��ÛÜ��©ê²w5. YanÚ Shen [127]

ïÄ
ü�Õág©êÙK$Ä��­-EÛÜ�,�ÑÙ Meyer-Watanabe¿

Âe�²w5.

dþ¡�(Ø��,épdL§�ê.�­g��ÛÜ��ïÄ®²�~

�\ [48, 69, 71, 131]. ,
,Ø
 Rosen [110] y²� R¥ÙK$Ä� k­­�zg�

�ÛÜ��ëY��5�	, ég�qpdL§ DMSLTEv�ÑäN�½Â

/ª. d	, DMSLT'�­g��ÛÜ�È©(��E,�ÛÜ�(½5�Ø

U��¦^,Ïd�ÙÌ�$^����{Ú·bÐª5ïÄg�qpdL§

� DMSLT,Ù¥�����{Jø
�«A^ÛÜ�(½5��{,§3y²�

35Ú HölderëY5�¡�~k^. ·bÐª3ïÄ�­g���²w5�¡

�®Fª¤Ù [59, 129]. ,
,��� DMSLT��A(JE,¡�,
(J,Ì�

�(J3uõ­È©O��E,5. �Ù��ÏL©êÙK$Ä DMSLT�·b

Ðªy² DMSLT3Meyer-Watanabe¿Âe�²w5.

�Ù�(�Xe: 1�!31nÙy²�MSLT�3�Ä:þ�Ñ DMSLT

�½Â/ª. ÏL�����{(ÜÛÜ�(½5y² DMSLT3 Lp(Ω), p ∈

[1,∞) ¥��35^�¿�ÑÓ �úª. d	, �âõ�ª½nò�A(Ø

í2� MSLT FÝ��/, y²Ù�35!éÜ Hölder ëY5Ú'u�mC

þ x � Hölder ëY5�. 1n!ÏL©êÙK$Ä DMSLT �·bÐªy²

Ù3 Meyer-Watanabe¿Âe÷v²w5. dy²L§��, Ù§g�qpdL

§ DMSLT�²w5aq��.
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4.2 DMSLT���ïïïÄÄÄ

�âÓ �úª,éu�½� ε > 0Ú?¿ yl, zl,k

LH
k,ε(x2, · · · ,xl−1,yl,xl+1, · · · ,xk, t)−LH

k,ε(x2, · · · ,xl−1,zl,xl+1, · · · ,xk, t)

=
∫ zl

yl

∂

∂xl
LH

k,ε(x, t)dxl, (4.2.1)

Ù¥ LH
k,ε(x, t)dª (3.2.1)�Ñ, ∂

∂xl
LH

k,ε(x, t)L« LH
k,ε(x2, · · · ,xk, t)��ê/ª. Ä

uª (4.2.1),g�qpdL§MSLT (3.2.1)'u�mCþ��ê�½Â�

∂

∂xl
LH

k,ε(x2, · · · ,xk, t)

=−
∫

∆k

l−1

∏
j=2

pε(XH
t j
−XH

t j−1
− x j)p′ε(X

H
tl −XH

tl−1
− xl)

k

∏
j=l+1

pε(XH
t j
−XH

t j−1
− x j)dt1 · · ·dtk,

(4.2.2)

Ù¥ k ≥ 2, 2≤ l ≤ k� ∆k = {(t1, t2, . . . , tk) ∈ [0, t]k : 0 < t1 ≤ . . .≤ tk ≤ t}.

éuL§

∂

∂xl
LH

k (x, t) :=
∂

∂xl
LH

k (x2, · · · ,xk, t) = lim
ε→0

∂

∂xl
LH

k,ε(x2, · · · ,xk, t), (4.2.3)

eþã4�3 Lp(Ω)¥�3,K¡�g�qpdL§� DMSLT.

4.2.1 Lp���333555���yyy²²²

e¡�Ñ�Únò^u½n 4.2.1�y²¥. AO/,3�Yy²¥,evk

AO�Ñ,i1 C,ÃØ´ÄkeIÑL«��Ï^���k�~ê�3ØÓ1

¥L«ØÓ�~ê.

ÚÚÚnnn 4.2.1 � k ≥ 2,éu x′ = (x′2, · · · ,x′k)Ú x = (x2, · · · ,xk),� 0 < H < k−1
k �,k

∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x, t)
)n∣∣∣∣≤C(n,δ )|(ε ′,x′)− (ε,x)|n(k−1)δ , (4.2.4)
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Ù¥ ε ′, ε ∈ (0,1], δ ∈ (0,1].

d	, d (4.2.4) Ú Kolmogorov Ún�õëê����, é?¿ δ ′ < δ

Ú M < ∞,k

∣∣∣∣ ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x, t)
∣∣∣∣≤C(n,δ )|(ε ′,x′)− (ε,x)|δ

′
, (4.2.5)

Ù¥ ε ′,ε ∈ (0,1]� |x′|, |x| ≤M, x′, x ∈ Rk−1.

Ï�éu ε > 0, LH
k,ε(x, t)'u xëY,K3 (4.2.5)¥� x = x′���e¡�

4��3:

∂

∂xl
LH

k (x, t) =
∂

∂xl
lim
ε→0

LH
k,ε(x, t).

qdu (4.2.5)�4�´ëY�,Kk

∣∣∣∣ ∂

∂xl
LH

k,ε(x
′, t)− ∂

∂xl
LH

k,ε(x, t)
∣∣∣∣≤C|x− x′|δ

′
.

�e5�ÑÚn 4.2.1��[y²L§.

yyy²²². Ï�

∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x, t)
)n∣∣∣∣

≤C
(∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x
′, t)
)n∣∣∣∣+ ∣∣∣∣E( ∂

∂xl
LH

k,ε(x
′, t)− ∂

∂xl
LH

k,ε(x, t)
)n∣∣∣∣) .

(4.2.6)

�â Fourier_C�,k

p′ε(x) =
ι

2π

∫
R

ξ eιξ x p̂(εξ )dξ (4.2.7)

� p̂(εξ )L« pε(x)� Fourier_C�.

∂

∂xl
LH

k,ε(x, t) =−
ι

(2π)(k−1)

∫
∆k

∫
R(k−1)

ξl

k

∏
j=2

e
ιξ j(XH

t j
−XH

t j−1
−x j) p̂(εξ j)dξ dt, (4.2.8)

73



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

Ù¥dξ = dξ2 · · ·dξk, dt= dt1 · · ·dtk.

�ò (4.2.6)©�üÜ©5y²,Äk�Ñ

∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x
′, t)
)n∣∣∣∣

�þ..

� n�Ûê�, (4.2.4)��>�",KÙw,¤á,¤±=I�Ä n�óê�

��/.

e n�óê,K��

∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x
′, t)
)n∣∣∣∣

≤ 1
(2π)n(k−1)

∫
(∆k)n

∫
Rn(k−1)

n

∏
i=1

k

∏
j=2

ξ
i
l

×
∣∣p̂(ε ′ξ i

j)− p̂(εξ
i
j)
∣∣E( n

∏
i=1

k

∏
j=2

e
ιξ i

j(B
H,i
t j
−BH,i

t j−1
−x′j)
)

dξ
idti, (4.2.9)

Ù¥ dξ i =
n
∏
i=1

k
∏
j=2

dξ i
j, dti =

n
∏
i=1

k
∏
j=1

dt i
j.

Ï�é?¿ 0 < δ ≤ 1,k

∣∣∣e−ιξ x− e−ιξ y
∣∣∣≤Cδ |x− y|δ |ξ |δ ,

Ù¥Cδ ��6 δ �~ê,¤±

∣∣p̂(ε ′ξ )− p̂(εξ )
∣∣≤C|ξ |δ |ε ′− ε|δ

�

n

∏
i=1

k

∏
j=2

∣∣p̂(ε ′ξ i
j)− p̂(εξ

i
j)
∣∣≤C

n

∏
i=1

k

∏
j=2
|ξ i

j|δ |ε ′− ε|n(k−1)δ . (4.2.10)
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�

∆(π1, · · · ,πk) =
{

t1
j , · · · , tn

j : tπ j(i)
j < tπ j(i+1)

j , i = 1, · · · ,n
}
,

Ù¥ π1, · · · ,πk L« {1, · · · ,n}�­ü8Ü�½Â

tπ j(n+1)
j = tπ j+1(1)

j+1 .

d ∆(π1, · · · ,πk)þ XH ÷v�ÛÜ�(½5��

E

(
n

∏
i=1

k

∏
j=2

e
ιξ i

j

(
BH,i

t j
−BH,i

t j−1
−x j

))
≤ e
−c

n
∑

i=1

k
∑

j=1
|ui

j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H

, (4.2.11)

Ù¥ ui
j � ξ i

j ¦� (4.2.11)¤á�T���5|Ü,�

ui
j = ∑

m= j
ξ

π j(m)
j , (4.2.12)

Kk

n

∏
i=1

k

∏
j=2
|ξ i

j|1+δ =
n

∏
i=1

k

∏
j=1

∣∣∣∣uπ̄ i
j

j −u
π̄ i

j
j+1

∣∣∣∣1+δ

≤C
n

∏
i=1

k

∏
j=1

(∣∣∣∣uπ̄ i
j

j

∣∣∣∣1+δ

+

∣∣∣∣uπ̄ i
j

j+1

∣∣∣∣1+δ
)

≤C
n

∏
i=1

k

∏
j=1

∣∣∣∣uπ̄ i
j

j

∣∣∣∣(1+δ )ν i
j

, (4.2.13)

Ù¥ π̄ i
j = (π i

j)
−1, ui

k+1 = ui
1 = 0� ν i

j ∈ {0,1,2}.

�â (4.2.10)!(4.2.11)Ú (4.2.13),�±�� (4.2.9)m>È©�.�

∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x
′, t)− ∂

∂xl
LH

k,ε(x
′, t)
)n∣∣∣∣

≤C|ε ′− ε|nδ (k−1)

×
∫

∆(π1,··· ,πk)

∫
Rnk

n

∏
i=1

∏
j 6=l

∣∣ξ i
j
∣∣δ ∣∣ξ i

l

∣∣1+δ
e
−c

n
∑

i=1

k
∑

j=1
|ui

j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H

dξ
idti

≤C|ε ′− ε|nδ (k−1)
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×
∫

∆(π1,··· ,πk)

∫
Rnk

n

∏
i=1

∏
j 6=l

∣∣ui
j
∣∣δν i

j
∣∣ui

l

∣∣(1+δ )ν i
j e
−c

n
∑

i=1

k
∑

j=1
|ui

j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H

dudti

=C|ε ′− ε|nδ (k−1)
∫

∆(π1,··· ,πk)

∫
Rnk

n

∏
i=1

∣∣ui
l

∣∣(1+δ )ν i
l e
−c|ui

l |
2
∣∣∣∣tπl (i+1)

l −tπl (i)
l

∣∣∣∣2H
n

∏
i=1

dui
l

×
n

∏
i=1

∏
j 6=l

∣∣ui
j
∣∣δν i

j e
−c|ui

j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H
n

∏
i=1

∏
j 6=l

dul
jdt

i, (4.2.14)

Ù¥ du =
n
∏
i=1

k
∏
j=1

dui
j.

qÏ�

∫
R

∣∣ui
j
∣∣δν

j
l exp

{
−c|ui

j|2
∣∣∣tπ j(i+1)

j − tπ l(i)
j

∣∣∣2H
}

dui
j

≤
∫
R

∣∣ui
j
∣∣2δ

exp
{
−c|ui

j|2
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣2H
}

dui
j

≤C
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣−H−2Hδ

, ν
i
j ∈ {0,1,2}, (4.2.15)

¤±

∫
Rnk

n

∏
i=1

∣∣ui
l

∣∣(1+δ )ν i
l e
−c|ui

l |
2
∣∣∣∣tπl (i+1)

l −tπl (i)
l

∣∣∣∣2H
n

∏
i=1

dui
l

·
n

∏
i=1

∏
j 6=l

∣∣ui
j
∣∣δν i

j e
−c|ui

j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H
n

∏
i=1

∏
j 6=l

dul
j

≤C
n

∏
i=1

∣∣∣tπ l(i+1)
l − tπ l(i)

l

∣∣∣−H(3+2δ )

∏
j 6=l

∣∣∣tπ j(i+1)
j − tπ j(i)

j

∣∣∣−H(1+2δ )
. (4.2.16)

(Ü2Â HölderØ�ª��

∣∣∣∣E( ∂

∂xl
LH

k,ε ′(x, t)−
∂

∂xl
LH

k,ε(x, t)
)n∣∣∣∣

≤C|ε ′− ε|nδ (k−1)

×
∫

∆(π1,··· ,πk)

∫
Rnk

n

∏
i=1

∏
j 6=l

∣∣ξ i
j
∣∣δ ∣∣ξ i

l

∣∣1+δ
e
−c

n
∑

i=1

k
∑

j=1
|ui

j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H

dξ
idti

≤C|ε ′− ε|nδ (k−1)
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×
∫

∆(π1,··· ,πk)

n

∏
i=1

∣∣∣tπ l(i+1)
l − tπ l(i)

l

∣∣∣−H(3+2δ )

∏
j 6=l

∣∣∣tπ j(i+1)
j − tπ j(i)

j

∣∣∣−H(1+2δ )
dti

≤C|ε ′− ε|nδ (k−1)
n

∏
i=1

∫
∆(π l)

∣∣∣tπ l(i+1)
l − tπ l(i)

l

∣∣∣−2H
dt i

l

×
∫

∆(π1,··· ,πk)

k

∏
j=1

∣∣∣tπ j(i+1)
j − tπ j(i)

j

∣∣∣−H(1+2δ )
dti

≤C|ε ′− ε|nδ (k−1)
n

∏
i=1

∫
∆(π l)

∣∣∣tπ l(i+1)
l − tπ l(i)

l

∣∣∣−2H
dt i

l

×
k

∏
r=1

(∫
∆(π1,··· ,πk)

∏
6=r

(∣∣∣tπ j(i+1)
j − tπ j(i)

j

∣∣∣−H(1+2δ )
) k

k−1

dti
) 1

k

, (4.2.17)

� kH(1+2δ )
k−1 < 1,=

H <
k−1

k(1+2δ )

�, (4.2.17)k�.qÏ� δ ∈ (0,1],Kk

H <
k−1

k
.

éu (4.2.6)¥�1��Ï"Ü©,e H < k−1
k ,Kd

n

∏
i=1

k

∏
j=2

∣∣∣e−ιξ i
jx j − e−ιξ i

jx
′
j

∣∣∣≤C
n

∏
i=1

k

∏
j=2

∣∣ξ i
j
∣∣δ |x j− x′j|δ , δ ∈ (0,1] (4.2.18)

O� (4.2.10),k.5Ón��.

nþÚn 4.2.1�(Ø�y.

�e5�Ñd (4.2.2)½Â� DMSLT��35^�ÚÙÓ �úª.

½½½nnn 4.2.1 � k≥ 2,éu x = (x2, · · · ,xk)Ú p∈ [1,∞),e 0 < H < k−1
k ,d (4.2.2)½

Â��ÅCþ ∂

∂xl
LH

k,ε(x, t)3 Lp(Ω)¥�3,= (4.2.3)¤á. ?�Ú,é¤k R(k−1)

þ�k. Borel�ÿ¼ê Φ(x), ∂

∂xl
LH

k (x, t)�Ó �úª

−
∫

Φ(x2, · · · ,xk)
∂

∂xl
LH

k (x2, · · · ,xk, t)dx2 · · ·dxk
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=
∫
· · ·
∫

∆k

∂

∂xl
Φ(BH

tk −BH
tk−1

, · · · ,BH
t2 −BH

t1 )dt1 · · ·dtk (4.2.19)

¤á,Ù¥ l ∈ {2, · · · ,k}.

yyy²²². � n�óê,�âª (4.2.8)��

∣∣∣∣E( ∂

∂xl
LH

k,ε(x, t)
)n∣∣∣∣

≤C
∫
(∆k)n

∫
Rn(k−1)

n

∏
i=1

k

∏
j=2

ξ
i
l

∣∣p̂(εξ
i
j)
∣∣E( n

∏
i=1

k

∏
j=2

e
ιξ i

j(X
H,i
t j
−XH,i

t j−1
−x j)

)
dξ

idti

≤C
∫

∆(π1,··· ,πk)

∫
Rnk

n

∏
i=1
|ui

l|
2 exp

{
−

n

∑
i=1

k

∑
j=1
|ui

j|2
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣2H
}

dudti

≤C
∫

∆(π1,··· ,πk)

∫
Rn

n

∏
i=1
|ui

l|
2 exp

{
−

n

∑
i=1
|ui

l|
2
∣∣∣tπl(i+1)

l − tπl(i)
l

∣∣∣2H
}

dui
l

×
∫
Rn(k−1)

exp

{
−

n

∑
i=1

∑
j 6=l
|ui

j|2
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣2H
}

dui
jdt

i

≤C
∫

∆(π1,··· ,πk)

n

∏
i=1

∣∣∣tπl(i+1)
l − tπl(i)

l

∣∣∣−3H n

∏
i=1

∏
j 6=l

∣∣∣tπ j(i+1)
j − tπ j(i)

j

∣∣∣−H
dti, (4.2.20)

Ù¥C3ØÓ1L«ØÓ��~ê� (4.2.20)¥^�Ø�ª

∫
R

e−C|u|2r2H
du≤Cr−H ,

� H < k−1
k �,ª (4.2.20)�m>k�.

��, �âÚn 4.2.1, �y� ∂

∂xl
LH

k,ε(x, t) ��� Cauchy �. Ïd, é¤

k p ∈ [1,∞),e H < k−1
k ,K ε → 0�, ∂

∂xl
LH

k (x, t)3 Lp(Ω)¥�3.

�e5y²Ó �úª (4.2.19).

Ï�

∫
Φ(x2, · · · ,xk)

∂

∂xl
LH

k,ε(x2, · · · ,xk, t)dx2 · · ·dxk

=−
∫
· · ·
∫

∆k

Φ∗Pε(XH
t2 −XH

t1 , · · · ,X
H
tk −XH

tk−1
)dt1 · · ·dtk, (4.2.21)
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Ù¥

Pε(x2, · · · ,xk) = ∏
j 6=l

pε(x j)p′ε(xl)

� ∗L«òÈ,¤±�� Φ�k.ëY¼ê,3ª (4.2.21)¥� ε → 0�, (4.2.19)

¤á.

555 4.2.1 �âÚn 4.2.1, �� ∂

∂xl
LH

k (x, t) 'uCþ x ´ Hölder ëY�. d	,

� k = 2�,�©����35^� H < 1
2 � [69]¥��35^���.

4.2.2 FFFÝÝÝ555������yyy²²²

∇LH
k,ε(x, t)L« LH

k,ε(x, t)'u x = (x2, · · · ,xk)�FÝ.�e5Ì�8�´y

²L§ {∇LH
k,ε(x, t); k ≥ 2, x = (x2, · · · ,xk) ∈ Rk−1}��35Ú HölderëY5.

½½½nnn 4.2.2 éu k≥ 2, x=(x2, · · · ,xk)Ú p∈ [1,∞),e 0<H < k−1
k ,K {∇LH

k (x, t), t =

(t1, · · · , tk), x = (x2, · · · ,xk)}3 Lp(Ω)¥�3. d	, ∇LH
k (x, t)'uCþ (x, t)÷v

éÜ HölderëY5�'u�mCþ x�÷v HölderëY5.

yyy²²². Äky²FÝ ∇LH
k (x, t)3 Lp(Ω), p ∈ [1,∞)¥��35. �â Kolmogorov

ëYOKÚ (4.2.3),�Iy²

E
∣∣∣∇LH

k,ε ′(x
′, t ′)−∇LH

k,ε(x, t)
∣∣∣2n
≤C|(ε ′,x′, t ′)− (ε,x, t)|2n(k−1)λ , (4.2.22)

Ù¥ λ ∈ (0,1]� | · |L« Euclideanål.

�e5�y² (4.2.22)¤áò©�nÜ©?1.

(1) �O

E
∣∣∣∇LH

k,ε ′(x, t)−∇LH
k,ε(x, t)

∣∣∣2n
≤C|ε ′− ε|2n(k−1)λ , n = 1,2, · · · (4.2.23)
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Ï�

∂

∂xl
LH

k,ε(x2, · · · ,xk, t)

=−
∫

∆k

l−1

∏
j=2

pε(XH
t j
−XH

t j−1
− x j)p′ε(X

H
tl −XH

tl−1
− xl)

k

∏
j=l+1

pε(XH
t j
−XH

t j−1
− x j)dt1 · · ·dtk

=− 1
(2π)k−1

∫
∆k

∫
Rk−1

ξl

k

∏
j=2

e
ιξ j

(
XH

t j
−XH

t j−1
−x j

)
e−

ε|ξ j |2

2 dξ dt, (4.2.24)

Ù¥ dξ =
k
∏
j=2

dξ j, dt=
k
∏
j=1

dt j �éu n≥ 1,�âõ�ª½n,k

(
n

∑
k=1

xkyk

)m

=
m

∑
k1,··· ,kn=0

k1+···+kn=m

m!
k1! · · ·kn! ∏

1≤r≤n
(xryr)

kr . (4.2.25)

¤±d (4.2.2)Ú (4.2.25),��

E
∣∣∣∇LH

k,ε ′(x, t)−∇LH
k,ε(x, t)

∣∣∣2n

= E

∣∣∣∣∣ k

∑
l=2

(
∂lLH

k,ε ′(x, t)−∂lLH
k,ε(x, t)

)2
∣∣∣∣∣
n

=
n

∑
q2,··· ,qk=0

q2+···+qk=n

n!
q2! · · ·qk!

E

(
k

∏
l=2

∣∣∣∂lLH
k,ε ′(x, t)−∂lLH

k,ε(x, t)
∣∣∣2ql

)

≤C
n

∑
q2,··· ,qk=0

q2+···+qk=n

n!
q2! · · ·qk!

∫
(∆k)2n

∫
R2n(k−1)

k

∏
l=2

k

∏
j=2

2ql

∏
i=1

ξ
i,l
l

∣∣∣∣∣e− ε ′|ξ i,l
j |

2

2 − e−
ε|ξ i,l

j |
2

2

∣∣∣∣∣
×E

(
k

∏
l=2

k

∏
j=2

2ql

∏
i=1

e
ιξ

i,l
j (XH,i,l

t j
−XH,i,l

t j−1
−x j)

)
dξ

i,ldti,l

≤C|ε ′− ε|2n(k−1)λ
∫
(∆k)2n

∫
R2n(k−1)

k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λE

(
k

∏
j=2

2n

∏
i=1

e
ιξ i

j(X
H,i
t j
−XH,i

t j−1
)

)
dξ

idti,

(4.2.26)

Ù¥

dξ
i,l =

k

∏
l=2

k

∏
j=2

2ql

∏
i=1

dξ
i,l
j , dti,l =

k

∏
l=2

k

∏
j=2

2ql

∏
i=1

dt i,l
j ,
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dξ
i =

k

∏
j=2

2n

∏
i=1

dξ
i
j, dti =

k

∏
j=2

2n

∏
i=1

dt i
j,

ξ
i
j =
(

ξ
i,2
j , · · · ,ξ i,k

j

)
, j = 2, · · · ,k, i = 1, · · · ,2n,

∂lLH
k,ε(x, t) :=

∂

∂xl
LH

k,ε(x, t), l ∈ {2, · · · ,k}

�^�Ø�ª ∣∣∣e−ε ′x− e−εx
∣∣∣≤Cxλ |ε ′− ε|λ , λ ∈ (0,1].

�y² (4.2.26)k�,I�Ä

Λ :=
∫
(∆k)2n

∫
R2n(k−1)

∣∣∣∣∣E
(

k

∏
j=2

2n

∏
i=1

(
e

ιξ i
j(X

H,i
t j
−XH,i

t j−1
)−Ee

ιξ i
j(X

H,i
t j
−XH,i

t j−1
)
))∣∣∣∣∣

×
k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti (4.2.27)

k�.

(4.2.27)�y²�=z�y²

Λ1 :=
∫
(∆k)2n

∫
R2n(k−1)

∣∣∣∣∣ k

∏
j=2

2n

∏
i=1

E
(

e
ιξ i

j(X
H,i
t j
−XH,i

t j−1
)
)∣∣∣∣∣ k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti < ∞ (4.2.28)

�

Λ2 :=
∫
(∆k)2n

∫
R2n(k−1)

∣∣∣∣∣E
(

k

∏
j=2

2n

∏
i=1

(
e

ιξ i
j(X

H,i
t j
−XH,i

t j−1
)
))∣∣∣∣∣ k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti < ∞.

(4.2.29)

éu Λ1,d XH �ÛÜ�(½5��

Λ1 =
∫
(∆k)2n

∫
R2n(k−1)

∣∣∣∣∣ k

∏
j=2

2n

∏
i=1

E
(

e
ιξ i

j(X
H,i
t j
−XH,i

t j−1
)
)∣∣∣∣∣ k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti
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≤

(∫
∆k

∫
R(k−1)

k

∏
j=2

e−
1
2 |ξ j|2|t j−t j−1|2H

k

∏
j=2

ξl|ξ j|2λ dξ jdt j

)2n

=

(∫
∆k

∫
R

e−
1
2 |ξl |2|tl−tl−1|2H

|ξl|2λ+1dξl

∫
R(k−2) ∏

j 6=l
|ξ j|2λ e−

1
2 |ξ j|2|t j−t j−1|2H

∏
j 6=l

dξ jdt j

)2n

≤C

(∫
∆k

|tl− tl−1|−H−H(2λ+1)
∏
j 6=l
|t j− t j−1|−H−2Hλ

∏
j 6=l

dt j

)2n

≤C2n

(∫
[0,t]
|tl− tl−1|−Hdtl

[Γ(1− (H +2Hλ ))]k

Γ(1+ k(1− (H +2Hλ )))
tk(1−(H+2Hλ ))

)2n

, (4.2.30)

� 1+ k(1− (H +2Hλ ))> 0,= H < 1+k
k(1+2λ ) �, (4.2.30)k�.

�e5y² (4.2.29)k�.

Ï� (4.2.29) ¥�Ï"��6u t i
j, j = 2, · · · ,k, i = 1, · · · ,2n �^S, ÓÚ

n 4.2.1¥ t i
j �­ü�{,P

∆

(
π

1, · · · ,πk
)
= {t1

j , · · · , t2n
j : tπ j(i)

j < tπ j(i+1)
j , i = 1, · · · ,2n},

Ù¥ π1, · · · ,πk L« {1, · · · ,2n}�­ü�5½

tπ j(2n+1)
j = tπ j+1(1)

j+1 , j = 1, · · · ,k,

Kk

k

∏
j=2

2n

∏
i=1

e
ιξ i

j

(
XH,i

t j
−XH,i

t j−1

)
=

k

∏
j=1

2n

∏
i=1

e
ιui

j

XH

tπ
j(i+1)

j

−XH

tπ
j(i)

j


, (4.2.31)

Ù¥ ui
j �¦� (4.2.31)¤á� ξ i

j �·��5|Ü.AO/,�

ui
j = ∑

l≤i
ξ

π j(l)
j +∑

l>i
ξ

π j(l)
j−1 (4.2.32)

�P ξ
π0(l)
0 = 0,Ù¥ i = 1, · · ·2n.
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d (4.2.32)��

ui
j−ui−1

j = ξ
π j(i)
j −ξ

π j(i−1)
j−1 , (4.2.33)

¤±é?¿ r ∈ {1, · · · ,k},k

|ξ i| ≤C ∑
j 6=r

∣∣ξ i
j−ξ

i
j−1
∣∣≤C ∏

j 6=r

(
1+ |ξ i

j−ξ
i
j−1|
)
=C ∏

j 6=r

(
1+
∣∣∣uπ̄ j(i)

j −uπ̄ j(i)−1
j

∣∣∣) ,
(4.2.34)

Ù¥ π̄ j(i) = (π j)−1(i).

d (4.2.31)-(4.2.33)92Â HölderØ�ª��

Λ2 =
∫
(∆k)2n

∫
R2n(k−1)

∣∣∣∣∣E
(

k

∏
j=2

2n

∏
i=1

(
e

ιξ i
j(X

H,i
t j
−XH,i

t j−1
)
))∣∣∣∣∣ k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti

=
∫
(∆k)2n

∫
R2n(k−1)

∣∣∣∣∣∣E
e

k
∑

j=2

2n
∑

i=1
ιξ i

j(X
H,i
t j
−XH,i

t j−1
)

∣∣∣∣∣∣
k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti

≤ ∑
π1,··· ,πk

∫
∆(π1,··· ,πk)

∫
R2n(k−1)

e
−c

k
∑

j=1

2n
∑

i=1
|ui

j|2|t
π j(i+1)
j −tπ j(i)

j |2H

×
k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2λ dξ

idti

≤C|J|
∫

∆(π1,··· ,πk)

∫
R2nk)

e
−c

k
∑

j=1

2n
∑

i=1
|ui

j|2|t
π j(i+1)
j −tπ j(i)

j |2H

×∏
j 6=r

2n

∏
i=1
|1+ |ui

l|
2||1+ |ui

j|2|2λ duidti

≤C
∫
R2nk)

k

∏
j=1

2n

∏
i=1

1

1+ |u j|
1
H

∏
j 6=r

2n

∏
i=1

(1+ |ui
l|

2)|(1+ |ui
j|2)2λ duidti

≤C
∫
R2nk)

k

∏
r=1

(
∏
j 6=r

2n

∏
i=1

1

1+ |u j|
1
H

) 1
k−1

∏
j 6=r

2n

∏
i=1

(1+ |ui
l|

2)(1+ |ui
j|2)2λ duidti

≤C
∫
R2nk)

k

∏
r=1

∏
j 6=r

2n

∏
i=1

(1+ |ui
j|2)

2λ

k(
1+ |u j|

1
H

) 1
k−1

2n

∏
i=1

(1+ |ui
l|

2)dui
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≤C
k

∏
r=1

∫R2nk) ∏
j 6=r

2n

∏
i=1

(1+ |ui
j|2)2λ(

1+ |u j|
1
H

) k
k−1

2n

∏
i=1

(1+ |ui
l|

2)dui


1
k

, (4.2.35)

Ù¥ dui =
k
∏
j=1

2n
∏
i=1

dui
j �^�Ø�ª

C1(H)

1+ |x| 1
H
≤
∫ 1

0

∫ 1

0
exp
{
−1

2
|t− s|2Hx2

}
dsdt ≤ C2(H)

1+ |x| 1
H
,

K� k
H(k−1) −4λ > 1,= H < k−1

k(1+4λ ) �, (4.2.35)k�.

(2) �e5�O

E
∣∣∇LH

k,ε(x, t)−∇LH
k,ε(x

′, t)
∣∣2n ≤C

∣∣x− x′
∣∣2n(k−1)κ

, n = 1,2, · · · (4.2.36)

Ù¥ ε > 0, x = (x2, · · · ,xk), x′ = (x′2, · · · ,x′k)� κ ∈ (0,1].

é?¿ ε > 0,k

E
∣∣∇LH

k,ε(x
′, t)−∇LH

k,ε(x, t)
)
|2n

= E

∣∣∣∣∣ k

∑
l=2

(
∂lLH

k,ε(x
′, t)−∂lLH

k,ε(x, t)
)2

∣∣∣∣∣
n

=
n

∑
q2,··· ,qk=0

q2+···+qk=n

n!
q2! · · ·qk!

E

(
k

∏
l=2

∣∣∂lLH
k,ε(x

′, t)−∂lLH
k,ε(x, t)

∣∣2ql

)

≤C
n

∑
q2,··· ,qk=0

q2+···+qk=n

n!
q2! · · ·qk!

∫
(∆k)2n

∫
R2n(k−1)

k

∏
l=2

k

∏
j=2

2ql

∏
i=1

ξ
i,l
l

∣∣∣eιξ
i,l
j x′j − eεξ

i,l
j x j
∣∣∣

×E

(
k

∏
l=2

k

∏
j=2

2ql

∏
i=1

e
ιξ

i,l
j (XH,i,l

t j
−XH,i,l

t j−1
)
e−

ε|ξ i,l
j |

2

2

)
dξ

i,ldti,l

≤C|x′− x|2n(k−1)κ

×
∫
(∆k)2n

∫
R2n(k−1)

k

∏
j=2

2n

∏
i=1

ξ
i
l |ξ

i
j|2κE

(
k

∏
j=2

2n

∏
i=1

e
ιξ i

j(X
H,i
t j
−XH,i

t j−1
)

)
dξ

idti, (4.2.37)
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Ù¥^�Ø�ª

∣∣∣eιξ x− eιξ y
∣∣∣≤C|ξ |κ |x− y|κ , κ ∈ (0,1].

ÓÚ½ (1)�y²��,� H < k−1
k(1+4κ) �, (4.2.37)k�.

(3) ���Ñ

E
∣∣∇LH

k,ε(x, t
′)−∇LH

k,ε(x, t)
∣∣2n ≤C

∣∣t ′− t
∣∣2n(k−1)β

, n = 1,2, · · · (4.2.38)

�y²,Ù¥ ε > 0, t = (t1, · · · , tk), t ′ = (t ′1, · · · , t ′k)� β ∈ (0,1].

é?¿ ε > 0,b� t ′ > t > 0,k

E
∣∣∇LH

k,ε(x, t
′)−∇LH

k,ε(x, t)
)
|2n

= E

∣∣∣∣∣ k

∑
l=2

(
∂lLH

k,ε(x, t
′)−∂lLH

k,ε(x, t)
)2

∣∣∣∣∣
n

=
n

∑
q2,··· ,qk=0

q2+···+qk=n

n!
q2! · · ·qk!

E

(
k

∏
l=2

∣∣∂lLH
k,ε(x, t

′)−∂lLH
k,ε(x, t)

∣∣2ql

)

≤C
n

∑
q2,··· ,qk=0

q2+···+qk=n

n!
q2! · · ·qk!

∫
(∆k\∆′k)2n

∫
R2n(k−1)

k

∏
l=2

k

∏
j=2

2ql

∏
i=1

ξ
i,l
l e−

ι |ξ i,l
j |

2

2

×E

(
k

∏
l=2

k

∏
j=2

2ql

∏
i=1

e
ιξ

i,l
j (XH,i,l

t j
−XH,i,l

t j−1
−x j)

)
dξ

i,ldti,l

≤C
∫
(∆k)2n

∫
[t,t ′]2n

∫
R2n(k−1)

k

∏
l=2

k

∏
j=2

2ql

∏
i=1

ξ
i,l
l

×E

(
k

∏
l=2

k

∏
j=2

2ql

∏
i=1

e
ιξ

i,l
j (XH,i,l

t j
−XH,i,l

t j−1
)

)
dξ

i,ldti,l

≤
∫
R2nk

∫
∆(π1,··· ,πk)

k

∏
j=1

2n

∏
i=1

e
− 1

2 |ξ
i
j|2
∣∣∣∣tπ j(i)

j −tπ j(i−1)
j

∣∣∣∣2H
2n

∏
i=1

ξ
i
l1[t,t ′]

(
tπ j(i)

j

)
dξ

idti

≤
∫
R2nk

∫
∆(π1,··· ,πk)

k

∏
j=1

2n

∏
i=1

e
− 1

2 |ξ
i
j|2
∣∣∣∣tπ j(i+1)

j −tπ j(i)
j

∣∣∣∣2H
2n

∏
i=1

ξ
i
l dti

1−β

×

(∫
∆(π1,··· ,πk)

k

∏
j=1

2n

∏
i=1

1[t,t ′]

(
tπ j(i)

j

)
dti
)β

dξ
i

85



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

≤
∣∣t ′− t

∣∣2nkβ
∫
R2nk

∫
∆(π1,··· ,πk)

2n

∏
i=1

2n

∏
i=1

ξ
i
l e
− 1

2 |ξ
i
l |

2
∣∣∣∣tπl (i)

l −tπl (i−1)
l

∣∣∣∣2H

×∏
j 6=l

2n

∏
i=1

e
− 1

2 |ξ
i
j|2
∣∣∣∣tπ j(i)

j −tπ j(i−1)
j

∣∣∣∣2H

dti

1−β

dξ
i

≤
∣∣t ′− t

∣∣2nkβ

×
∫

∆(π1,··· ,πk)

 2n

∏
i=1

∣∣∣tπ l(i+1)
l − tπ l(i)

l

∣∣∣2H

∏
j 6=l

1

1+
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣ 1
H


1−β

dti

≤
∣∣t ′− t

∣∣2nkβ

(∫
∆(π1,··· ,πk)

2n

∏
i=1

∣∣∣tπ l(i+1)
l − tπ l(i)

l

∣∣∣2H
d

2n

∏
i=1

t i
l

)1−β

×

∫
∆(π1,··· ,πk)

2n

∏
i=1

∏
j 6=l

1

1+
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣ 1
H

2n

∏
i=1

∏
j 6=l

dt i
j


1−β

. (4.2.39)

du ∫
∆(π1,··· ,πk)

2n

∏
i=1

∏
j 6=l

1

1+
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣ 1
H

2n

∏
i=1

∏
j 6=l

dt i
j


1−β

≤
k

∏
l=1

∫
∆(π1,··· ,πk)

 2n

∏
i=1

∏
j 6=l

1

1+
∣∣∣tπ j(i+1)

j − tπ j(i)
j

∣∣∣ 1
H


1−β

k−1

2n

∏
i=1

∏
j 6=l

dt i
j, (4.2.40)

K� 1−β

H(k−1) > 1,= H < 1−β

k−1 �, (4.2.40)k�.

nþ,d1�ÚÚ1nÚ��,

E
∣∣∇LH

k,ε(x
′, t)−∇LH

k,ε(x, t)
∣∣2n ≤C

∣∣x′− x
∣∣2n(k−1)κ

, n = 1,2, · · · (4.2.41)

E
∣∣∇LH

k,ε(x, t
′)−∇LH

k,ε(x, t)
∣∣2n ≤C

∣∣t ′− t
∣∣2n(k−1)β

, n = 1,2, · · · (4.2.42)
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Ù¥ κ < k(1−H)−1
4Hk , β < 1−H(k−1),K

{∇LH
k,ε(x, t), t ≥ 0,x ∈ Rk−1}

3 Lp(Ω), p ≥ 1¥�3�'uCþ (x, t)÷véÜ HölderëY5,'uCþ x�

÷v HölderëY.

4.3 DMSLT���²²²www555

Äu 4.2!¥y²� DMSLT ∂lLH
k,ε(x, t)��35,e ∂lLH

k,ε(x, t)���Xe

/ª

∂lLH
k,ε(x, t) =

∞

∑
n j=0

Fn j , j = 2, · · · ,k

�
∞

∑
n j=0

n2+···+nk=n

nE(|Fn j |
2)< ∞,

K¡ ∂lLH
k,ε(x, t)÷vMeyer-Watanabe¿Âe�²w5.

��B, ��!=�[�Ñ©êÙK$Ä BH DMSLT �²w5y². 8

Ü GH ¥Ù§g�qpdL§ DMSLT�²w5aq��y. Äk,�Ñe¡�Ú

n,Ù3�YÌ�(J�y²¥å�­��^.

ÚÚÚnnn 4.3.1 é?¿ n≥ 1, x = (x2, · · · ,xk)Ú y = (y2, · · · ,yk) ∈ Rk−1,k

(2n−1) ∑
n j≥0,

n2+···+nk=n

∫
R2(k−1)

xlyl

k

∏
j=2

(
x jy j

)n j

(n j)!
exp
{
−1

2
(x2

j + y2
j)

}
dx2 · · ·dxkdy2 · · ·dyk

≤C
(2n+ k)!!

(2n−2)!!k!!
,

(4.3.1)

Ù¥ l ∈ {2, · · · ,k}, n2 = 2m2−1, n j = 2m j, j = 3, · · · ,k.
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yyy²²². Ø���5,b� l = 2,Ù§�¹aq��y.

(2n−1) ∑
n j≥0

n2+···+nk=n

∫
R2(k−1)

x2y2

k

∏
j=2

(
x jy j

)n j

(n j)!
exp
{
−1

2
(x2

j + y2
j)

}
dx2 · · ·dxkdy2 · · ·dyk

= (2n−1) ∑
n j≥0

n2+···+nk=n

k

∏
j=2

1
(n j)!

(∫
R

xn3
3 e−

1
2 x2

3dx3

)2

×
(∫

R
xn2+1

2 e−
1
2 x2

2dx2

)2

· · ·
(∫

R
xnk

k e−
1
2 x2

k dxk

)2

,

(4.3.2)

(Ü¯¢

∫
R

xne−
1
2 x2

dx =


√

2π(2k−1)!!, n = 2k,

0, n = 2k+1,

é¤k n≥ 1,��

(2n−1) ∑
n j≥0

n2+···+nk=n

k

∏
j=2

1
(n j)!

(∫
R

xn2+1
2 e−

1
2 x2

2dx2

)2

×
(∫

R
xn3

3 e−
1
2 x2

3dx3

)2

· · ·
(∫

R
xnk

k e−
1
2 x2

k dxk

)2

= (2n−1) ∑
m2≥1,

m3,··· ,mk≥0

(2π)k−1

(2m2−1)!

k

∏
j=3

1
(2m j)!

[(2m2−2)!!(2m3−1)!! · · ·(2mk−1)!!]2

= (2n−1) ∑
m2≥1,

m3,··· ,mk≥0

(2π)k−1 (2m2−2)!!(2m3−1)!! · · ·(2mk−1)!!
(2m2−1)!!(2m3)!! · · ·(2mk)!!

≤C
(2n+ k)!!

(2n−2)!!k!!
,

(4.3.3)

K (4.3.1)�y.
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ÚÚÚnnn 4.3.2 é?¿ T > 0Ú α j > 0, j = 1,2, · · · ,k,k

∫
DT,k

k

∏
j=1

uα j
j du1 · · ·duk = T

k
∑

j=1
(1+α j)

k
∏
j=1

Γ(1+α j)

Γ

(
k
∑
j=1

(1+α j)+1

) , (4.3.4)

Ù¥ DT,k =
{

0 < u1 + · · ·+uk < T : u j > 0, j = 1, · · · ,k
}
.

yyy²²². é j = 1, · · · ,k,ò u j ^ Tu j O���

∫
DT,k

k

∏
j=1

uα j
j du1 · · ·duk

= T

k
∑

j=1
(1+α j)

∫
D1,k

k

∏
j=1

uα j
j du1 · · ·duk

= T

k
∑

j=1
(1+α j)

∫ 1−
k
∑

j=2
u j

0
uα1

1 du1

∫
Dk−1

1

k

∏
j=2

uα j
j du2 · · ·duk

=
T

k
∑

j=1
(1+α j)

1+α1

∫
D1,k−1

(
1−

k

∑
j=2

u j

)α1+1 k

∏
j=2

uα j
j du2 · · ·duk

=
T

k
∑

j=1
(1+α j)

1+α1

∫
D1,k−2

∫ 1−
k
∑

j=3
u j

0
uα2

2

(
1−

k

∑
j=3

u j−u2

)1+α1

du2

×
k

∏
j=3

uα j
j du3 · · ·duk

... (4.3.5)

=
T

k
∑

j=1
(1+α j)

1+α1

k

∏
j=2

B

(
1+α j, j+

k

∑
j=1

α j

)

= T

k
∑

j=1
(1+α j)

k
∏
j=1

Γ(1+α j)

Γ

(
k
∑
j=1

(1+α j)+1

) , (4.3.6)

Ù¥ D1,k = {0 < u1 + · · ·+ uk < 1 : u j > 0, j = 1, · · · ,k} � B(·, ·) L« Beta ¼

ê.
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···KKK 4.3.1 é?¿ T > 0Ú 0 < α j < 1, j = 1,2, · · · ,k,k

∫
DT,k

k

∏
j=1

u−α j
j du1 · · ·duk = T

k
∑

j=1
(1−α j)

k
∏
j=1

Γ(1−α j)

Γ

(
k
∑
j=1

(1−α j)+1

) , (4.3.7)

Ù¥ DT,k = {0 < u1 + · · ·+uk < T : u j > 0, j = 1, · · · ,k}.

yyy²²². d(Øy²ÓÚn 4.3.2.

ÚÚÚnnn 4.3.3 é?¿ t > 0Ú l ∈ {2, · · · ,k},�3�6u H, σ Ú t �~ê C(H,σ , t)

¦�

∫
(∆k)2

k

∏
j=2

RH(4s j, 4t j)
n j

(4s j4t j)
Hn j

dsdt
(4s j4t j)H(4sl4tl)H

≤C(H,σ , t)
Γ(4H +2)(Γ(2+2H))k−2

Γ(2k(H +1)−1)

(
Γ

(
1

2H

)k−1

+
Γ(1−2H)(Γ(1−H))k−2

Γ(k(1−H))

)
,

(4.3.8)

Ù¥ RH(4s j, 4t j)�dª (2.2.1)½Â����¼ê, σ ∈ (0,1),

(∆k)
2 = {si, t j i, j = 1, · · · ,k : 0≤ s1 ≤ s2 ≤ ·· · ≤ sk ≤ t, 0≤ t1 ≤ t2 ≤ ·· · ≤ tk ≤ t}

�

4s j = s j− s j−1, 4t j = t j− t j−1.

yyy²²². � 4z = 4s
4t . Ï�©êÙK$Ä BH ����¼ê÷v R(u,v) = R(v,u)

� R(u,v) = R(1, v
u)u

2H ,¤±k

∫
(∆k)2

k

∏
j=2

RH(4s j, 4t j)
n j

(4s j4t j)
Hn j

dsdt
(4s j4t j)H(4sl4tl)H

=
∫
(∆k)2

k

∏
j=2

RH(
4s j
4t j

, 1)n j4t2Hn j
j

(4s j4t j)
Hn j

dsdt
(4s j4t j)H(4sl4tl)H
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≤
∫

∆k

k

∏
j=2

(4t j)
2H+14t2H

l dt
∫
([0,1])k−1

k

∏
j=2

(
RH(4z j, 1)
(4z j)H

)n j d4z
(4z j)H(4zl)H . (4.3.9)

òª (4.3.9)©�üÜ©�y².

Äk,�âÚn 4.3.2,��

∫
∆k

k

∏
j=2

(4t j)
2H+14t2H

l dt≤C(t,H)
Γ(4H +2)(Γ(2+2H))k−1

Γ(2k(H +1)−1)
. (4.3.10)

�X,�Äª (4.3.9)�1�Ü©. b�

QH(4z j) =


RH(4z j, 1)
(4z j)H , 4z j ∈ (0,1],

0, 4z j = 0.

Ø���5,� l = 2,k

∫
([0,1])k−1

k

∏
j=2

(
RH(4z j, 1)
(4z j)H

)n j d4z
(4z j)H(4z2)H

=
∫
([0,1−σ ])k−1

(QH(4z2))
n2

(4z2)2H

k

∏
j=3

(
QH(4z j)

)n j

(4z j)H d4z

+
∫
([1−σ ,1])k−1

(QH(4z2))
n2

(4z2)2H

k

∏
j=3

(
QH(4z j)

)n j

(4z j)H d4z

:= I1 + I2, (4.3.11)

Ù¥ σ ∈ (0,1).

�â [40]¥�Ún 1��¼ê QH(·)´ëY�î�4O�, QH(·)≤ 1,K�

±��

I1 ≤
k

∏
j=2

(QH(1−σ))n j

∫
([0,1−σ ])k−1

1
(4z2)2H

k

∏
j=3

1
(4z j)H d4z

≤C(H,σ)
Γ(1−2H)(Γ(1−H))k−2

Γ(k(1−H))
, (4.3.12)

Ù¥1��Ø�ª5gu·K 4.3.1, C(H,σ)´�6u H Ú σ �~ê.
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�e5,�Ä I2,Ù.�

I2 ≤C(H,σ)
∫
([1−σ ,1])k−1

k

∏
j=2

QH(4z j)
n jd4z

=C(H,σ)
∫
([1−σ ,1])k−1

k

∏
j=2

exp
{

n j ln(QH(4z j))
}

d4z.

(4.3.13)

Ó [40]¥Ún 2�y²,d TaylorÐª��

ln(QH(4z j))≤ QH(4z j)−1 =
1
2

(
4zH

j +4z−H
j −4z−H

j (1−4z j)
2H
)
−1.

(4.3.14)

éu4z j ∈ [1−σ ,1]Ú H ∈ (0,1),k

4zH
j ≤ 1−H(1−4z j) (4.3.15)

�

4z−H
j = 1+H(1−4z j)+

1
2

H(H−1)ξ−H−2(1−4z j)
2, (4.3.16)

Ù¥ ξ ∈ (4z j,1).

(Üª (4.3.15)Ú (4.3.16),��

QH(4z j)−1≤ 1
2
(1−4z j)

2H
(

H(H−1)
2

ξ
−H−2(1−4z j)

2−2H−1
)

≤ 1
2
(1−4z j)

2H
(

H(H−1)
2

(1−σ)−H−2
σ

2−2H−1
)

=
1
2
(1−4z j)

2H(o(σ)−1),

(4.3.17)

Ù¥ o(σ) = H(H−1)
2 (1−σ)−H−2σ2−2H .
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P4x j =
n j
2 (1−4z j)

2H(o(σ)−1),Kk

I2 ≤C(H,σ)
∫
([1−σ ,1])k−1

k

∏
j=2

exp
{n j

2
(1−4z j)

2H(o(σ)−1)
}

d4z

≤C(H,σ)
∫
([0,C(H,σ)])k−1

k

∏
j=2

(
1
n j

) 1
2H

4x
1

2H−1
j e−4x jd4x

≤C(H,σ)
k

∏
j=2

(
1
n j

) 1
2H

Γ

(
1

2H

)k−1

.

(4.3.18)

nþ,(Üª (4.3.10), (4.3.12)Úª (4.3.18),��ª (4.3.8)¤á.

�e5, �Ñ©êÙK$Ä DMSLT3 Meyer-Watanabe¿Âe²w5�y

².

½½½nnn 4.3.1 e 0 < H < k−1
k , k ≥ 2,K©êÙK$Ä BH � DMSLT÷v Meyer-

Watanabe¿Âe�²w5.

yyy²²². dª (2.3.5),ª (4.2.2)Ú

etx− 1
2 t2

=
∞

∑
n=0

tnHn(x),

��

∂

∂xl
LH

k,ε(0, t)

=−
∫

∆k

l−1

∏
j=2

pε(BH
t j
−BH

t j−1
)p′ε(B

H
tl −BH

tl−1
)

k

∏
j=l+1

pε(BH
t j
−BH

t j−1
)dt1 · · ·dtk

=
−ι

2π

∫
∆k

∫
Rk−1

ξl

k

∏
j=2

e
ιξ j(BH

t j
−BH

t j−1
)
e−

ε|ξ j |2

2 dξ dt

=
−ι

2π

∫
∆k

∫
Rk−1

ξl

k

∏
j=2

exp
{

ιξ j(BH
t j
−BH

t j−1
))+

1
2

Var
(

ξ j(BH
t j
−BH

t j−1
)
)}

×
k

∏
j=2

exp
{
−

ε|ξ j|2

2
− 1

2
Var

(
ξ j(BH

t j
−BH

t j−1
)
)}

dξ dt

=
∞

∑
n j=0

−ι

2π

∫
∆k

∫
Rk−1

ξl

k

∏
j=2

exp
{
−
|ξ j|2

2
(
ε +(t j− t j−1)

2H)}
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×
k

∏
j=2

(
ισ(ξ j, t j)

)n j Hn j

(
H (ξ j, t j)

σ(ξ j, t j)

)
dξ dt :=

∞

∑
n j=0

Fn j , (4.3.19)

Ù¥

σ(ξ j, t j) =

√
Var

(
ξ j(BH

t j −BH
t j−1

)
)
, H (ξ j, t j) = ξ j(BH

t j
−BH

t j−1
)

�^�g�qpdL§÷v�ÛÜ�(½5.

d

E
(

Hn j

(
H (ξ j, t j)

σ(ξ j, t j)

)
Hn j

(
H (η j,s j)

σ(η j,s j)

))
=

(ξ jη j)
n j

(n j)!
(
σ(ξ j, t j)σ(η j,s j)

)n j

(
E(BH

t j
−BH

t j−1
)(BH

s j
−BH

s j−1
)
)n j

(4.3.20)

��,�y² ∂lLH
k,ε(x, t)�²w5,�Iy

∞

∑
n=0

(−1)n+1n
(2π)2

∫
(∆k)2

∫
(Rk−1)2

ξlηl ∑
n j≥0

n2+···+nk=n

k

∏
j=2

(ξ jη j)
n j

(n j)!

× exp
{
−
|ξ j|2

2
(
ε +(t j− t j−1)

2H)− |η j|2

2
(
ε +(s j− s j−1)

2H)}
×
(
E(BH

t j
−BH

t j−1
)(BH

s j
−BH

s j−1
)
)n j

dξ dηdsdt< ∞, (4.3.21)

Ù¥^�ª (2.3.6).

-

x j =
√

ε +(t j− t j−1)2Hξ j, y j =
√

ε +(s j− s j−1)2Hη j,

ª (4.3.21)�­��

∞

∑
n=0

(−1)n+1n
(2π)2 ∑

n j≥0
n2+···+nk=n

∫
(∆k)2

k

∏
j=2

((
ε +(4tl)2H)(

ε +(4sl)
2H))− 1

2

×
((

ε +(4t j)
2H)(

ε +(4s j)
2H))− n j+1

2
(
E(BH

t j
−BH

t j−1
)(BH

s j
−BH

s j−1
)
)n j

dtds

×
∫
(Rk−1)2

xlyl

k

∏
j=2

(x jy j)
n j

(n j)!
e−

1
2 (x

2
j+y2

j)dxdy, (4.3.22)
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Ù¥ dx =
k
∏
j=2

dx j, dy =
k
∏
j=2

dy j. dÚn 4.3.1 ÚÚn 4.3.3 �� (4.3.22) ´k�

�.

···KKK 4.3.2 éuV©êÙK$Ä BH0,K0 ∈GH , H0 ∈ (0,1), K0 ∈ (0,1],e 0<H0K0 <

k−1
k , k≥ 2,K BH0,K0�DMSLT3 Lp(Ω), p∈ [1,∞)¥�3�÷vMeyer-Watanabe

¿Âe�²w5.

yyy²²². duV©êÙK$Ä BH0,K0, H0 ∈ (0,1), K0 ∈ (0,1]÷vÛÜ�(½5�é

?¿ s, t > 0,k

2−K0|t− s|2H0K0 ≤ E
[
|BH0,K0

t −BH0,K0
s |2

]
≤ 21−K0|t− s|2H0K0, (4.3.23)

KÓ½n 4.2.1y²�� BH0,K0 � DMSLT3 Lp(Ω), p ∈ [1,∞)¥�3. d	,(

Ü BH0,K0 ����5�,Ó½n 4.3.1�y²��Ù÷v²w5.

555 4.3.1 Ó½n 4.2.1�y²�� BH0,K0 � DMSLT'uCþ x�´÷v Hölder

ëY��� k = 2�,·K 4.3.2����35^� H0K0 <
1
2 � [117]¥��35

^���.

dug©êÙK$Ä SH , H ∈ (0,1)�÷vÛÜ�(½5,KÓn�y�g

©êÙK$Ä DMSLT��35Ú²w5.

···KKK 4.3.3 éug©êÙK$Ä SH , H ∈ (0,1), e 0 < H < k−1
k , k ≥ 2, K SH

� DMSLT3 Lp(Ω), p ∈ [1,∞)¥�3�÷vMeyer-Watanabe¿Âe�²w5.

yyy²²². dué?¿ s, t > 0,g©êÙK$Ä÷v

(
2−22H−1) |t− s|2H ≤ E

[
|SH

t −SH
s |2
]
≤ |t− s|2H , H >

1
2
, (4.3.24)

|t− s|2H ≤ E
[
|SH

t −SH
s |2
]
≤
(
2−22H−1) |t− s|2H , H <

1
2

(4.3.25)

�÷vÛÜ�(½5,KÓ½n 4.2.1Ú½n 4.3.1��,(Ø¤á.
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5 ÛÛÛÜÜÜ���������ëëëêêê���OOOÚÚÚOOO555���ïïïÄÄÄ

�Ù�åuïÄÄulÑ*ÿ�©êÙK$ÄÓ �ÚÛÜ�� Riemann

Ú�OÚ^�Ï"�O.Ó �ÚÛÜ���ëê�O3êÆ!7K��¡k2

�A^���¯õÆö�ïÄ.�ÙÌ�8�´òëY�ÅL§Ú MarkovL§

Ó �ÚÛÜ���ëê�Oí2������²­ MarkovL§,­:?Ø'

u©êÙK$ÄÓ �ÚÛÜ���ëê�OÚO5�¯K.Äk�Ñ©êÙK

$ÄÓ �ÚÛÜ� RiemannÚ�O� L2(Ω)%CØ��°(þ.�ÏLÝ�

O�{��Ó ��O�¥%4�½n. ���JpÂñ�Ç0�Ó �ÚÛÜ

��,�«�ëê�O))^�Ï"�O,�Ñ^�Ï"�O��'5�Ú¥%

4�½n.

5.1 ¯̄̄KKKnnnããã

- (I�)]�d� S = {St , t ≥ 0}�/ª�

St = S0eXt , (5.1.1)

Ù¥ X = {Xt , t ≥ 0}´����½��ÅL§. 'X,3 Black-Scholes-Merton�

.¥, X �äk¤£��ÙK$Ä.l�m 0� T, S3«m I = (y,∞)þ¤s¤�

�m,½ö�du X 3«m I′¥¤s¤��m,d

OT (y) : =
∫ T

0
1St∈Idt =

∫ T

0
1Xt∈I′dt

=
∫

∞

y
LT (x)dx (5.1.2)

�Ñ,Ù¥ OT (y)�Ó �, LT (x)L«Ó ��Ó �Ý,=�ÛÜ�.

3Ï�½d�¡, ÛÜ�ÚÓ ��±^5£ãI�]�d��Ä�C

z, ?
K�Ï��d�. X, 3 Black-Scholes �.¥, I�]�d���ÅL
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§Ï~�b��AÛÙK$Ä,ÛÜ�ÚÓ ��±^5£ãù�L§�ÅÄ

ÇÚ¤£Ç, 
ù
ëêéuÏ�½dÚºxµ�Ñ´�~­��. d	, Ó

 ���2�^��FÏ� [83]ÚrIÏ� [41]�7Kû)¬mu���kû

^�,ïÄ<
®²í�Ñ
�«�ÅL§Ó � LaplaceC��wªL�ª.

Linetsky [83] Ú DavydovÚ Linetsky [32] ©O©Û
AÛÙK$Ä�.ü¶æ (m

�/ª� (−∞,0)½ (0,∞)ÚV¶æ (m�/ª� (a,b), a, b�k�~ê)Ó �

� LaplaceC�; Cai� [22]òÙ(Jí2�V�êa��a�*ÑL§.

3ºxnØ�¡,ÛÜ�ÚÓ ��±^5£ãºx����m©ÙÚC

z. ~X,3ïþÝ]|Ü�ºx�,ÛÜ��±^5(½Ý]|Ü3,��mã

S�ÅÄ�¹,
Ó �K�±^5(½Ý]|Ü3,�G�e�±k�m,ù


&Eéuºx+nÚÝ]|Ü`zÑ´�~­��. Ød�	,Ó ���^

�+n��ºx�rzºx+nóä. Gerber [51] �Ñ,»�¯��¡E�m�±

�Ï�xúi(½»�u)�´UY²E�´ª�²E.��¡E�m�V),

KJ{±Y�m��^�u��x|ÜèxG¹�O�ºx+nóä. ,��

¡, (0,b), b > 0¥�Ó �ïþ�xúiJ{�±34$Y²��m,ùkÏu

µ�Ù�GUåºx.

3EÜÑt (CP)ºx�.��µe, Egidio dos Reis [35]Ú DicksonÚ Egidio

dos Reis [36]ÏL©Û»�¡E�mÚK lgêí�ÑKJ{±Y�m�©

Ù, 
 Kolkovska � [81] ïÄ
ÛÜ�Ú«mS�Ó ÿÝ. Landriault � [86]ï

Ä
üæN�Ó �, Loeffen � [87]¼�
3,
ÄgÏL�m�åe�

m�Ó �� Laplace C�. ,
, â·�¤�, 3 Markov ��L§ºx�

. (½���� Markov\5ºxL§ [146, 150])¥éÓ ��©Û©z���.

Dickson Ú Li [37] ©Û
3 Erlang-2 ºx�.¥�KJ{±Y�m; Albrecher

Ú Ivanovs [9]3ªÌK Markov\5L§¥éKJ{±Y�m?1
©Û.d	,

Breuer [20] ïÄ
MarkovN�ÙK$ÄL§3ØÓ«m�Ó �,TL§�^u

Cqäk� .a��Markov\5L§�Ó �.
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nþ,duÙK$Ä±9�ÊH�ëY*ÑL§�Ó �ÚÛÜ�3,


´»�65Ï��½d¥u�
­��^ [45, 96, 145, 149]. ��5`,ùaÏ��d

��ûuëY�md�L§ (~X X)3,
�½m�SÊ3��m. ,
,3¢

S½|¥, ·��U3k��*	:þ��L§ X ��.,��¡NõÆö®

²éÐ/ïÄ
^k��*ÿêâ (3�m½�mþlÑ)%CÙK$ÄÚ²

­ MarkovL§�ÛÜ�ÚÓ � [70, 85, 148],�'u%C©êÙK$ÄÓ �Ú

ÛÜ��ó�%é�.

� BH = (BH
t )t≥0��©êÙK$Ä, BH �Ó �ÚÛÜ�

OT (A) =
∫ T

0
1A(BH

t )dt, LT (y) =
dO

dy
(y) (5.1.3)

3NõA^¥Ñk­��^. eÓ �ÿÝ A 7→ OT (A)'u LebesgueÿÝýé

ëY,K (5.1.3)ÝþL§ BH = (BH
t )t≥0 3 Borel8 A ∈ RS½3,�: y ∈ Rþ

s¤��m. Ïd,g,JÑ
��¯K,=XÛ¦^êâ {BH
tk , k = 1, · · · ,nT}5

Cq BH �Ó �ÚÛÜ�.

�Ù�8�´ïÄ� n→ ∞�,3 tk = k∆n, k = 1,2, · · · ,nT,�mm� ∆n =
1
n

�*ÿ� BH
tk e�¼ (5.1.3)��O,éÑÙ�` L2 %C,Ù¥�m«m T > 0´

�½�.

Äk0� (5.1.3)� RiemannÚ�O

ÔT,n(A) = ∆n

bnTc

∑
k=1

1A(BH
tk−1

), L̂T,n(y) =
∆n

hn

bnTc

∑
k=1

1[y−hn,y+hn](B
H
tk−1

), (5.1.4)

Ù¥ hn > 0��°ëê.

�Ù�Ä�8�´ÏL©êÙK$Ä�A�¼êÚÙ÷v�ÛÜ�(½5

�Ñ RiemannÚ�O� L2 %CØ��°(þ.,¿?�Ú�ÑÓ ��O�¥

%4�½n. du©êÙK$ÄQØ´��Ø´MarkovL§,¤± [6]¥^��

��{½�ÅÈ©L«q�Ã{��^5y² (5.1.4)�Âñ5. �â©z [64],
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�©ò|^©êÙK$Ä�ÛÜ�(½5Ú Fourier©Û�{,ÏLÝ�O�{

5y² (5.1.4)�¥%4�½n. AO/,©z [6, 99]¥�óªØy3¦^ Fourier

©Û¼��OÝ�þ.�¡u�
é­���^.

d	,éuIþ*ÑL§,3 [18, 70, 79, 103]¥®²ïÄ
 RiemannÚ�O

þ��� OT (A)�ÂñÇ� ∆
3/4
n , LT (y)�ÂñÇ� ∆

1/4
n .AO/,ù
�Ç�±

3� L2 Cq�µeÏL�²w�È¼ê g�È©¼ê
∫ t

0 g(Xs)ds��)º [7].

3 [1, 61, 103]¥y²
�¤£��ÙK$Ä� RiemannÚ�O�Ç��`5,�

Ø�Ùd�{´Ä�±*Ð��MarkovL§,½ö RiemannÚ�O´Ä3��

��ìCØ��¿Âþ´ìCk��. Ïd,� [1, 61]aq,�Ù�òÏLïÄ^

�Ï"�O� E[OT (A)|Gtk ]Ú E[LT (y)|Gtk ]�Ñ§���'5�5µ��`5¯

K,Ù¥ Gtk ´d BH
tk )¤� σ �ê.

�Ù�(�Xe: 1�!ÏL©êÙK$Ä�A�¼êÚÙ÷v�ÛÜ�(

½5�Ñ RiemannÚCq� L2%CØ��°(þ.¿?�ÚÏLÝ�O�{(

ÜóªØy�ÑÓ ��O�¥%4�½n. 1n!�Jp�O�Ç�ÑÓ �

ÚÛÜ��,�«�O�{))^�Ï"�O� E[OT (A)|Gtk ]Ú E[LT (y)|Gtk ]¿

�Ñ§���'5�,Ù¥ Gtk ´d BH
tk )¤� σ �ê.

5.2 RiemannÚÚÚ���OOO

� BH = (BH
t )t≥0 �©êÙK$Ä,Kéu t 6= t ′, BH �¥%pdL§�ÙA

�¼ê�

ϕ
(
u, t;v, t ′

)
= e−

1
2E(uBH

t +vBH
t′ )

2

= e−
1
2 Φt,t′(u,v), (5.2.1)

Ù¥

Φt,t ′(u,v) := E
(
uBH

t + vBH
t ′
)2

= |u|2|t− t ′|2H + |v|2|t ′|2H +2〈u,v〉RH(t, t ′),
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RH(t, t ′)�©êÙK$Ä BH
t , BH

t ′ ����¼ê.

�e50��Yy²¥^��'uA�¼ê ϕ (u, t;v, t ′)��
{üO�.

∂t ′ϕ
(
u, t;v, t ′

)
=−1

2
∂t ′Φt,t ′(u,v)ϕ

(
u, t;v, t ′

)
,

∂
2
t ′tϕ
(
u, t;v, t ′

)
=

(
−1

2
∂

2
t ′tΦt,t ′(u,v)+

1
4

∂tΦt,t ′(u,v)
)

ϕ
(
u, t;v, t ′

)
, (5.2.2)

Ù¥

∂t ′Φt,t ′(u,v) = 2H
(
〈u+ v,v〉(t ′)2H−1−〈u,v〉|t ′− t|2H−1) ,

∂tΦt,t ′(u,v) = 2H
(
〈u,u+ v〉t2H−1−〈u,v〉|t ′− t|2H−1) ,

∂
2
t,t ′Φt,t ′(u,v) = 2H(2H−1)〈u,v〉|t ′− t|2H−2. (5.2.3)

Ï�©êÙK$Ä BH
t ´äkmëY´»��ÅL§, Kéuz� Borel

8 A ∈ RÚ?¿ 0 < H < 1,d (5.1.3)¥½Â�Ó ���:

OT (y) = OT ([y,∞)), y ∈ R.

d	,du (5.1.3)½Â��­ÛÜ�3 0 < H < 1��3,�âÓ �úªk

∫ T

0
f (BH

s )ds =
∫
R

f (x)LT (y)dy, (5.2.4)

Ù¥ f (x)��K�ÿ¼ê.

5.2.1 RiemannÚÚÚ���OOO��� L2þþþ...

�e5Äkk0�'u ÔT,n(A)���{ü�ÊH���5(Ø,Ùaq

� [5]¥�·K 2.1. éuÛÜ� L̂T,n(y)���5(Ø���e¡�·K 5,2.1.

···KKK 5.2.1 � BH
t , 0 < H < 1�©êÙK$Ä,éu Borel8 A∈R,e λ (Ā/Å) = 0
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¤á,Ù¥ λ � LebesgueÿÝ, Ā, Å©OL«8Ü A�4�ÚSÜ,Kk

lim
n→∞

ÔT,n(A) = OT (A),

lim
n→∞

L̂T,n(A) = LT (A). (5.2.5)

yyy²²². Ó � ÔT,n(A)�y²��©z [5]¥·K 2.1�y²,d	ÛÜ� L̂T,n(A)

�y²aquÓ ��y²,d?�ÑÙ�[y²L§.

�e5©O�Ä©êÙK$ÄÓ �ÚÛÜ� RiemannÚ�O� L2(Ω)Ø

�þ.. éu 0 < H < 1, 0≤ t ≤ t ′ ≤ T,Ï� (BH
t , BH

t ′ )A�¼ê�äNL�ª®

�,ÏL��O���Ó �ÚÛÜ� RiemannÚ�O�Ø�þ..

½½½nnn 5.2.1 � BH
t , 0 < H < 1�©êÙK$Ä, T > 0, n≥ 1� −∞ < a≤ b <+∞,

Kk

∥∥OT ([a,b])− ÔT,n([a,b])
∥∥2

L2(Ω)
≤


4∆2

n +2
(
T 2H +T 2H∆n

)
, H > 1

2 ,

4∆2
n +2

(
T ∆2H−1

n +T 2H∆n
)
, H < 1

2 .

(5.2.6)

�y²½n 5.2.1,k�Ñ���'�Ún.

ÚÚÚnnn 5.2.1 éu g(x) = 1[a,b](x),P

Et,t ′ = E
[(

g(BH
t )−g(BH

tk−1
)
)(

g(BH
t ′ )−g(BH

t ′l−1
)
)]

,

Ù¥ k, l ≥ 1,Kk

(1)

bnTc

∑
k=1

bnTc

∑
l=k+1

∫ tk

tk−1

∫ t ′l

t ′l−1

Et,t ′dtdt ′ ≤


T 2H , H > 1

2 ,

T ∆2H−1
n , H < 1

2 .

(5.2.7)
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(2)

bnTc

∑
k=1

∫ tk

tk−1

∫ t ′

tk−1

Et,t ′dtdt ′ ≤ T 2H
∆n. (5.2.8)

yyy²²². éu 0≤ t ≤ t ′ ≤ T,d Plancherel½n��

E
(
g(BH

t )g(B
H
t ′ )
)
= (2π)−2

∫
R2

Fg(u)Fg(v)ϕ
(
−u, t;−v, t ′

)
dudv, (5.2.9)

Ù¥Fg(·)� g(·)� FourierC�.

Ï� g(x) = 1[a,b](x),K

Fg(u) =
∫
R

g(x)eιuxdx =
1
ιu

(
eιub− eιua

)
. (5.2.10)

,	, ϕ (u, t;v, t ′)���©êÙK$Ä (BH
t , BH

t ′ ), 0≤ t ≤ t ′ ≤ T �A�¼ê,=

ϕ
(
u, t;v, t ′

)
= E

(
eιuBH

t +ιvBH
t′
)
= e−

1
2E(uBH

t +vBH
t′ )

2

= e−
1
2 Φt,t′(u,v), (5.2.11)

Ù¥

Φt,t ′(u,v) := E
(
uBH

t + vBH
t ′
)2

= |u|2t2H + |v|2|t ′|2H +2〈u,v〉RH(t, t ′),

RH(t, t ′)�©êÙK$Ä BH
t , BH

t ′ ����¼ê.

�â (5.2.9)Ú (5.2.10)��

∣∣Et,t ′
∣∣≤C

∫
R2

(
1∧|u|−1)(1∧|v|−1)∣∣ϕ (−u, t;−v, t ′

)
−ϕ

(
−u, t;−v, t ′l−1

)
−ϕ
(
−u, tk−1;−v, t ′

)
+ϕ

(
−u, tk−1;−v, t ′l−1

)∣∣dudv. (5.2.12)

��B,P

E
(u,v)
t,t ′ = ϕ

(
u, t;v, t ′

)
−ϕ

(
u, t;v, t ′l−1

)
−ϕ

(
u, tk−1;v, t ′

)
+ϕ

(
u, tk−1;v, t ′l−1

)
.
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d©êÙK$Ä�ÛÜ�(½5��

Φt,t ′(u,v) = E
(
uBH

t + vBH
t ′
)2

=Var
(
u
(
BH

t −BH
t ′
)
+(u+ v)BH

t ′
)2

≥C
(
u2|t− t ′|2H +(u+ v)2|t ′|2H) , (5.2.13)

K

ϕ
(
u, t;v, t ′

)
= e−

1
2E(uBH

t +vBH
t′ )

2

≤Ce−(u2|t−t ′|2H+(u+v)2|t ′|2H). (5.2.14)

� t ∈ [tk−1, tk], t ∈ [tl−1, tk]�,k

E
(u,v)
t,t ′ =

∫ t

tk−1

∫ t ′

t ′l−1

∂
2
rr′ϕ

(
u,r;v,r′

)
drdr′

≤C
∫ t

tk−1

∫ t ′

t ′l−1

(
〈u,v〉|r′− r|2H−2 + 〈u+ v,v〉〈u,u+ v〉|r′r|2H−1

−〈u+ v,v〉〈u,v〉
(
|r′− r|r′

)2H−1−〈u+ v,v〉〈u,v〉
(
|r′− r|r

)2H−1

+〈u,v〉2
(
|r′− r|

)4H−2
)

ϕ
(
u,r;v,r′

)
drdr′. (5.2.15)

d (5.2.15), (5.2.12)þ.��O�±©�ÊÜ©.

(i) éu

(1∧|u|−1)(1∧|v|−1)
∫ t

tk−1

∫ t ′

t ′l−1

(
〈u,v〉|r′− r|2H−2)

ϕ
(
u,r;v,r′

)
drdr′,

��:

(1∧|u|−1)(1∧|v|−1)
∫ t

tk−1

∫ t ′

t ′l−1

(
〈u,v〉|r′− r|2H−2)

ϕ
(
u,r;v,r′

)
drdr′

≤C(1∧|u|−1)(1∧|v|−1)|u||v|(|u||u+ v|)−1
∫ t

tk−1

∫ t ′

t ′l−1

|r− r′|H−2|r′|−Hdrdr′

≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r− r′|H−2|r′|−Hdrdr′. (5.2.16)
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(ii) éu

(1∧|u|−1)(1∧|v|−1)
∫ t

tk−1

∫ t ′

t ′l−1

(
〈u,v〉2|r′− r|4H−2)

ϕ
(
u,r;v,r′

)
drdr′,

Ó (i)��:

(1∧|u|−1)(1∧|v|−1)
∫ t

tk−1

∫ t ′

t ′l−1

(
〈u,v〉2|r′− r|4H−2)

ϕ
(
u,r;v,r′

)
drdr′

≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r− r′|3H−2|r′|−Hdrdr′. (5.2.17)

(iii) Ó (i)Ú (ii)�O�,��

(1∧|u|−1)(1∧|v|−1)〈u+ v,v〉〈u,v〉
∫ t

tk−1

∫ t ′

t ′l−1

(
|r′− r|r′

)2H−1
ϕ
(
u,r;v,r′

)
drdr′

≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r− r′|H−1|r′|H−1drdr′, (5.2.18)

�

(1∧|u|−1)(1∧|v|−1)〈u,v〉〈u,u+ v〉
∫ t

tk−1

∫ t ′

t ′l−1

(
|r′− r|r

)2H−1
ϕ
(
u,r;v,r′

)
drdr′

≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r− r′|H−1|r|H−1drdr′. (5.2.19)

(iv) éu H ≥ 1
2 ,k

(1∧|u|−1)(1∧|v|−1)〈u+ v,v〉〈u,u+ v〉
∫ t

tk−1

∫ t ′

t ′l−1

|r′r|2H−1
ϕ
(
u,r;v,r′

)
drdr′

≤
∫ t

tk−1

∫ t ′

t ′l−1

|r′− r|2H−1e−(u2|r−r′|2H+(u+v)2|r′|2H)drd(|r|2H)

≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r′− r|H−1drdr′. (5.2.20)

(v) e H < 1
2 ,��O���

(1∧|u|−1)(1∧|v|−1)〈u+ v,v〉〈u,u+ v〉
∫ t

tk−1

∫ t ′

t ′l−1

|r′r|2H−1
ϕ
(
u,r;v,r′

)
drdr′
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≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r′|2H−1e−(u2|r|2H+(u+v)2|r′|2H)d(r)2Hdr′

≤C
∫ t

tk−1

∫ t ′

t ′l−1

|r′|H−1drdr′. (5.2.21)

Ï�� t ∈ [tk−1, tk], t ′ ∈ [t ′l−1, tl]� tk, t ′l ∈ [0,T ]�,k

∑
k−1> j≥2

∫ t

tk−1

∫ t ′

t ′l−1

(b−a)−αa−β dadb =


T 2−α−β , α < 1, β < 1,

∆
2−α−β
n , α > 1, β > 1,

(5.2.22)

¤±(Ü (5.2.15)-(5.2.21)��

bnTc

∑
k=1

n

∑
l=k+1

∫ tk

tk−1

∫ t ′l

t ′l−1

Et,t ′dtdt ′ ≤


T 2H , H ≥ 1

2 ,

T ∆2H−1
n , H < 1

2 .

(5.2.23)

d	,e tk−1 ≤ t ≤ t ′ ≤ tk,Ï�

E
(u,v)
t,t ′ =

∫ tk

tk−1

∫ t

tk−1

(
∂rϕ

(
u,r;v,r′

)
−∂r′ϕ

(
u,r;v,r′

))
drdr′, (5.2.24)

¤±Ó (5.2.22)�y²,(Ü (5.2.15)-(5.2.21)��

bnTc

∑
k=1

bnTc

∑
l=k+1

∫ tk

tk−1

∫ t ′

tk−1

Et,t ′dtdt ′ ≤ T 2H
∆n. (5.2.25)

½½½nnn 5.2.1���yyy²²²: Ï�

∥∥OT ([a,b])− ÔT,n([a,b])
∥∥2

L2(Ω)

= E

(
∆n

bnTc

∑
k=1

1[a,b](B
H
tk−1

)−
∫ T

0
1[a,b](B

H
t )dt

)2

=
bnTc

∑
l,k=1

∫ tk

tk−1

∫ t ′l

t ′l−1

E
(

g(BH
t )−g(BH

∆nbt/∆nc)
)
E
(

g(BH
t ′ )−g(BH

∆nbt ′/∆nc)
)

dtdt ′
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≤ 4∆
2
n +2

(∫ tk

tk−1

∫ t ′l

t ′l−1

Et,t ′dtdt ′+
∫ tk

tk−1

∫ t

tk−1

Et,t ′dtdt ′
)
, (5.2.26)

Ù¥ g(x) = 1[a,b](x).e tk−1 < t < tk,K ∆nbt/∆nc= tk−1.

nþ,éu (5.2.26),dÚn 5.2.1��

∥∥OT ([a,b])− ÔT,n([a,b])
∥∥2

L2(Ω)
≤


4∆2

n +2
(
T 2H +T 2H∆n

)
, H ≥ 1

2 ,

4∆2
n +2

(
T ∆2H−1

n +T 2H∆n
)
, H < 1

2 .

(5.2.27)

�e5�Ñ©êÙK$ÄÛÜ� RiemannÚ�O� L2(Ω)Ø�þ..

½½½nnn 5.2.2 éu?¿ ε < 1−H
2H ,� BH

t , 0 < H < 1�©êÙK$Ä, T > 0, n≥ 1,K

k

∥∥LT (y)− L̂T,n(y)
∥∥2

L2(Ω)
≤ T 2−H−εH

∆
ε
n +


4∆2

n +2
(
T 2H +T 2H∆n

)
, H ≥ 1

2 ,

4∆2
n +2

(
T ∆2H−1

n +T 2H∆n
)
, H < 1

2 .

(5.2.28)

yyy²²². Ï�

L̂T,n(y) =
1

2∆n
ÔT,n([y−∆n,y+∆n]),

K�â½n 5.2.1��

∥∥LT (y)− L̂T,n(y)
∥∥2

L2(Ω)
≤
∥∥∥∥ 1

2∆n
ÔT ([y−∆n,y+∆n])−LT (y)

∥∥∥∥2

L2(Ω)

+


4∆2

n +2
(
T 2H +T 2H∆n

)
, H ≥ 1

2 ,

4∆2
n +2

(
T ∆2H−1

n +T 2H∆n
)
, H < 1

2 .

(5.2.29)
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d©êÙK$Ä�g�q5��

LT (x) = T 1−HL1(T−Hx).

K(ÜÛÜ�Ý�k.5k

∥∥∥∥ 1
2∆n

ÔT ([y−∆n,y+∆n])−LT (y)
∥∥∥∥

L2(Ω)

=

∥∥∥∥ 1
2∆n

∫ y+∆n

y−∆n

LT (x)dx−LT (y)
∥∥∥∥

L2(Ω)

=

∥∥∥∥1
2

∫ 1

−1
LT (y+ x∆n)−LT (y)dx

∥∥∥∥
L2(Ω)

≤C
∫ 1

−1
‖LT (y+ x∆n)−LT (y)‖L2(Ω) dx

≤CT 1−H
2

∫ 1

−1

∥∥∥L1(T−
H
2 (y+ x∆n))−L1(T−

H
2 y)
∥∥∥

L2(Ω)
dx

≤CT 1−H
2

∫ 1

−1

(
T−

H
2 x∆n

)ε

dx

≤CT 1−H
2 −

H
2 ε

∆
ε
n, (5.2.30)

Ù¥ ε < 1−H
2H .

5.2.2 RiemannÚÚÚ���OOO���¥¥¥%%%444���½½½nnn

�e5�ÑÓ �ÚÛÜ��O (5.1.4)�¥%4�½n,��!¤^�{�

Ä�g�´òÝ�O�{A^u©êÙK$ÄÓ �ÚÛÜ� RiemannÚ�O.

Äu Fourier©ÛÚS�L§�#�{5íÑÛê�Âñu",¿3óê�Ýy

²L§¥�� RiemannÚ�O��Ó ���Ý�O�,l
�� RiemannÚ�

O�¥%4�½n.

½½½nnn 5.2.3 éu©êÙK$Ä (BH
t )t≥0,�

1
3 < H < 1�k

lim
∆n→0

∆
H+1

2
n

(
Ôn,T (x)−OT (x)

)
d−→ 1

4
B
(

1
4
,
1
4

)
1√
2π

T N2
∫
R

f (x)dx, (5.2.31)
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Ù¥ f (x) = 1(x,∞)(BH
t ), B(·, ·)� Beta¼ê� N ´��¢�IO���ÅCþ.

Ï�

Ôn,T (x)−OT (x) =
bnTc

∑
k=1

∫ tk

tk−1

f (BH
tr )− f (BH

tk−1
)dr

=
bnTc

∑
k=1

∫ tk

tk−1

1
2π

∫
R

F f (u)
(

e−ιuBH
tr − e−ιuBH

tk−1

)
dudtr := Fn, (5.2.32)

Ù¥ f (x) = 1(x,∞)(BH
t ),¤±�y²½n 5.2.3,�Iy² Fn�ÝÂñu (5.2.31)m

ýÑy��ÅCþ��AÝ.=,�âÝ�O�{I�y²éu?¿ m≥ 1,e¡

ü�ªf¤á:

lim
n−→∞

(
∆

H+1
2

n

)2m−1

E(F2m−1
n ) = 0, (5.2.33)

lim
n−→∞

(
∆

H+1
2

n

)2m

E(F2m
n ) =

1
4

B
(

1
4
,
1
4

)
1√
2π

T N2
∫
R

f (x)dx, (5.2.34)

Ù¥ f (x) = 1(x,∞)(BH
t ), B(·, ·)� Beta¼ê� N ´��¢�IO���ÅCþ.

5.2.2.1 ÛÛÛêêê���ÝÝÝ���ÂÂÂñññ

ÄkÄu Fourier©ÛÚS�L§5íÑ�ÅCþ Fn �Ûê�Ý��O�,

Ù3 (5.2.33)�y²¥�'­�.

P f � FourierC��F f ,Ké?¿ m≥ 1,k

E(Fm
n ) =

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

E

(
m

∏
i=1

(
f (BH

ti,r)− f (BH
ti,k−1

)
))

dtm,r · · ·dt1,r

=Cm

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

m

∏
i=1

F f (ui)

×E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dudtm,r · · ·dt1,r. (5.2.35)
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···KKK 5.2.2 � BH
t ���©êÙK$Ä, Hurstëê H ∈ (0,1),K��

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))

≤C exp

(
−1

2

m

∑
i=1
|ui|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(m+1)
k−1 |2H

))
, (5.2.36)

Ù¥ γi ∈ (0,1]� γ̄i + γi = 1, i = 1, · · · ,m.

yyy²²². Ï�

m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

)
≤C

m

∏
i=1

(
|e−ιuiBH

ti,r |+ |e−ιuiBH
ti,k−1 |

)
≤C

m

∏
i=1

(
|e−ιγiuiBH

ti,r ||e−ι γ̄iuiBH
ti,k−1 |

)
, (5.2.37)

�^ πk L« {t1,k, · · · , tm,k}�­ü��8Ü,P

D
(
π

1, · · · ,πn)= {ti,k ∈ [0,T ]|tπk(i+1)
k ≥ tπk(i)

k

}
(5.2.38)

¿5½ tπk(m+1)
k = tπk+1(1)

k+1 ,¤±38Ü D
(
π1, · · · ,πn)þ¦^©êÙK$Ä�ÛÜ

�(½5��

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))

≤CE

(
m

∏
i=1

(
|e−ιγiuiBH

ti,r ||e−ι γ̄iuiBH
ti,k−1 |

))

=CE

(
exp

(
m

∑
i=1

(
−ιγiuiBH

ti,r − ι γ̄iuiBH
ti,k−1

)))

=C exp

(
−1

2
Var

(
m

∑
i=1

ui

(
γiBH

ti,r + γ̄iBH
ti,k−1

)))

≤C exp

(
−1

2

(
m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

)))
, (5.2.39)
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Ù¥ γi ∈ (0,1], γ̄i + γi = 1, i = 1, · · · ,m� vi =
m
∑
j=i

u j.

d (5.2.36)��, (5.2.35)�­��:

E(Fm
n ) =Cm

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

m

∏
i=1

F f (ui)

×E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dudtm,r · · ·dt1,r

≤C
bnTc

∑
k=1

∑
π1,··· ,πm

∫
D(π1,··· ,πm)

∫
Rm

m

∏
i=1

F f (vi− vi+1)

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtπr(m)

r · · ·dtπr(1)
r .

(5.2.40)

�e5��Ñ (5.2.40)�þ.,kÏLóªØy�Ñ
m
∏
i=1

F f (vi− vi+1)�þ

.,Ù¥óªØy�Ì�g´´òF f (v2i−1− v2i)F f (v2i− v2i+1)^

F f (−v2i)F f (v2i) = |F f (v2i)|2

O�.

é?¿ x, y ∈ R,k

|F f (x)−F f (y)|

=
1

2π

∫
R

∣∣∣e−ιxξ − e−ιyξ

∣∣∣ | f (ξ )|dξ

≤ 1
2π
|x− y|α

∫
R
|ξ |α | f (ξ )|dξ :=

1
2π
|x− y|α N( f ), (5.2.41)

Ù¥ α ∈ (0,1]�^�Ø�ª

∣∣∣e−ιxξ − e−ιyξ

∣∣∣≤ |(x− y)ξ |α .

AO/,P N( f ) =
∫
R |ξ |

α | f (ξ )|dξ .
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�â (5.2.41)��, F f (v2i−1− v2i)−F f (−v2i)ÚF f (v2i− v2i+1)−F f (v2i)

©O� |v2i|α Ú |v2i+1|α ¦±��~ê.½.

Ï�

m

∏
i=1
|F f (vi− vi+1)|

= |F f (v1− v2)−F f (−v2)+F f (−v2)| |F f (v2− v3)−F f (v2)+F f (v2)|

× |F f (v3− v4)−F f (−v4)+F f (−v4)| |F f (v4− v5)−F f (v4)+F f (v4)|

...

=
m

∏
i=1

∣∣∣F f (vi− vi+1)−F f
(
(−1)iv2b i+1

2 c

)
+F f

(
(−1)iv2b i+1

2 c

)∣∣∣ , (5.2.42)

Ù¥ b i+1
2 cL«

i+1
2 ��êÜ©,� |F f (−v)|= |F f (v)|,¤±(Ü (5.2.42)��

m

∏
i=1
|F f (vi− vi+1)|

≤
m

∑
l=1



(
l−1
∏
i=1

∣∣∣F f
(

v2 i+1
2

)∣∣∣ ∣∣∣F f (vl− vl+1)−F f
(
(−1)lv2 l+1

2

)∣∣∣)
×

m
∏

i=l+1
|F f (vi− vi+1)| := Il, l = 1,2, · · · ,m−1,

(
m−1
∏
i=1

∣∣∣F f
(

v2 i+1
2

)∣∣∣)F f (vm) := Im, l = m.

(5.2.43)

d (5.2.40)Ú (5.2.43)��:

|E(Fm
n )|

≤C
bnTc

∑
k=1

∑
π1,··· ,πm

∫
D(π1,··· ,πm)

∫
Rm

m

∏
i=1

F f (vi− vi+1)

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(m+1)
k−1 |2H

))
dvdtπr(m)

r · · ·dtπr(1)
r

≤C
bnTc

∑
k=1

m

∑
l=1

∑
π1,··· ,πm

∫
D(π1,··· ,πm)

∫
Rm

Il×
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exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtπr(m)

r · · ·dtπr(1)
r . (5.2.44)

�e5�Ñ (5.2.44)�þ.,3d�ck�Ñ��k^�·K.

···KKK 5.2.3 éu l = 1,2, · · · ,m−1Ú l = m,�3~êC¦�

∆

m(H+1)
2

n

bnTc

∑
k=1

∫
D(π1,··· ,πm)

∫
Rm

Il×

exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtπr(m)

r · · ·dtπr(1)
r

≤


C(N( f ))mT

m(H+1)
2 , l �óê,

C(N( f ))mT m(H+1)+θ n−θ , l �Ûê,

(5.2.45)

Ù¥ θ = m(H +1)+H
m
∑

i=1
(1+αi), αi ∈ (0,1], Il d (5.2.43)�Ñ.

yyy²²². T(Øy²ò©�ÊÚ?1.

1�Ú:Äk�Ñ� l = 1��y².

Ï�

∫
D(π1,··· ,πm)

∫
Rm

I1 exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C
∫

D(π1,··· ,πm)

∫
Rm
|F f (v1− v2)−F f (−v2)|

m−1

∏
l=2
|F f (vl− vl+1)| |F f (vm)|

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤ (N( f ))m
∫

D(π1,··· ,πm)

∫
Rm
|v1|α1

m−1

∏
l=2

(|vl|αl + |vl+1|αl+1) |vm|αm

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤ (N( f ))m
∑
S

∫
D(π1,··· ,πm)

∫
Rm
|v1|α1

m−1

∏
l=2

(
|vl|αlρl |vl+1|ρ̄lαl+1

)
|vm|Lm

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr
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≤ (N( f ))m
∑
S

∫
D(π1,··· ,πm)

∫
Rm
|v1|α1|v2|ρ2α2

m−1

∏
l=3

(
|vl|αlρl+ρ̄l−1αl−1

)
|vm|αm

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr, (5.2.46)

Ù¥ dtr =
m
∏
i=1

dtπr(i)
r ,

S = {ρl : ρl ∈ {0,1}, ρl + ρ̄l = 1, l = 2, · · · ,m−1} ,

αl ∈ (0,1], l = 1, · · · ,m�

∫
Rm

(v1)
α exp

(
−1

2
|v1|2

(
|γ1|2|t

πr(1)
r |2H + |γ̄1|2|t

πk−1(1)
k−1 |2H

))
dv1

≤C
(
|γ1|2|t

πr(1)
r |2H + |γ̄1|2|t

πk−1(1)
k−1 |2H

)− 1
2 (1+α1)

≤C
(
|tπr(1)

r tπk−1(1)
k−1 |

)−H
2 (1+α1)

, (5.2.47)

¤± (5.2.46)���

∫
D(π1,··· ,πm)

∫
Rm

I1 exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C (N( f ))m
∑
S

∫
D(π1,··· ,πm)

(
|tπr(1)

r tπk−1(1)
k−1 |

)−H
2 (1+α1)(

|tπr(2)
r tπk−1(1)

k−1 |
)−H

2 (1+α2ρ2)

×
m−1

∏
l=1

(
|tπr(l)

r tπk−1(l)
k−1 |

)−H
2 (1+αlρl+αl−1ρ̄l−1)(

|tπr(m)
r tπk−1(m)

k−1 |
)−H

2 (1+αmρm+αm−1ρ̄m−1)
dtr,

(5.2.48)

Ù¥^�Ø�ª a2H +b2H ≥ 2(ab)H .

eb�

H
2
(1+α1)< 1,

H
2
(1+α2ρ2)< 1,

H
2
(1+αlρl +αl−1ρ̄l−1)< 1,

�

H
2
(1+αmρm +αm−1ρ̄m−1)< 1,
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K�â·K 4.3.1, (5.2.45)�­��

∆
m(H+1)
n

bnTc

∑
k=1

∫
D(π1,··· ,πm)

∫
Rm

I1

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C∆
m(H+1)
n (N( f ))m

bnTc

∑
k=1

∑
S

m

∏
i=1

∣∣∣tπk−1(i)
k−1

∣∣∣−H
2 (1+αi)

∫
D(π1,··· ,πm)

∣∣∣tπr(i)
r

∣∣∣−H
2 (1+αi)

dtr

≤C∆
m(H+1)
n (N( f ))m

bnTc

∑
k=1

∣∣∣tπk−1(i)
k−1

∣∣∣−H
2

m
∑

i=1
(1+αi)

×

m
∏
i=1

Γ
(
1− H

2 (1+αi)
)

Γ

(
m+1−

m
∑

i=1
αi

) (
T
n

) m
∑

i=1
(1−H

2 (1+αi))
. (5.2.49)

- ε > 0,eH = 1,K� α1 =
2−H

H −ε = 1−ε,ÄK� α1 = 1.éu i= 2, · · · ,m,

� αi =
2−H
2H − ε,�â αi�����

m(H +1)+H
m

∑
i=1

(1+αi) =


Hm(ε +1)−m = mε, H = 1,

H
2 m−Hmε, 2

3 < H < 1.

(5.2.50)

Ïd,�±ÀJÜ·� ε ¦� m(H +1)+H
m
∑

i=1
(1+αi) = θ �

∆
m(H+1)
n

bnTc

∑
k=1

∫
D(π1,··· ,πm)

∫
Rm

× I1 exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C∆
m(H+1)
n (N( f ))m

bnTc

∑
k=1

∣∣∣tπk−1(i)
k−1

∣∣∣−H
2

m
∑

i=1
(1+αi)

×

m
∏
i=1

Γ
(
1− H

2 (1+αi)
)

Γ

(
m+1−

m
∑

i=1
αi

) (
T
n

) m
∑

i=1
(1−H

2 (1+αi))

≤C (N( f ))m n−θ T mH+θ . (5.2.51)
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1�Ú:�e5�Ä l = 2��/.

Ï�

∆
m(H+1)
n

bnTc

∑
k=1

∫
D(π1,··· ,πm)

∫
Rm

× I2 exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C∆
m(H+1)
n

×
∫

D(π1,··· ,πm)

∫
Rm
|F f (v2− v3)−F f (v2)| |−F f (v2)|

(
m

∏
l=3
|F (vl− vl+1)|

)

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr. (5.2.52)

Ó1�Ú�?n�{,��

∫
D(π1,··· ,πm)

∫
Rm

I2 exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤ (N( f ))m
∫

D(π1,··· ,πm)

∫
Rm
|v2|α2|v3|α3

m−1

∏
l=3

(|vl|αl + |vl+1|αl+1) |vm|αm

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤ (N( f ))m
∑
S

∫
D(π1,··· ,πm)

∫
Rm
|v2|α2|v3|α3

m−1

∏
l=3

(
|vl|αlρl |vl+1|ρ̄lαl+1

)
|vm|αm

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤ (N( f ))m
∑
S

∫
D(π1,··· ,πm)

∫
Rm
|v2|α2|v3|α3

m−1

∏
l=3

(
|vl|αlρl+ρ̄l−1αl−1

)
|vm|αm

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C (N( f ))m
∑
S1

∫
D(π1,··· ,πm)

(
|tπr(1)

r tπk−1(1)
k−1 |

)−H
2
(
|tπr(2)

r tπk−1(2)
k−1 |

)−H
2 (1+α1)

×
(
|tπr(3)

r tπk−1(3)
k−1 |

)−H
2 (1+α2+ρ3α3) m−1

∏
l=4

(
|tπr(l)

r tπk−1(l)
k−1 |

)−H
2 (1+αlρl+αl−1ρ̄l−1)
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×
(
|tπr(m)

r tπk−1(m)
k−1 |

)−H
2 (1+αm+αm−1ρ̄m−1)

dtr, (5.2.53)

Ù¥ S1 = {ρl, ρ̄l ∈ {0,1},ρl + ρ̄l = 1, l = 3, · · · ,m−1},K�âÚn 4.3.2, (5.2.52)

�­��

∆
m(H+1)
n

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

I2

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

≤C∆
m(H+1)
n (N( f ))m

bnTc

∑
k=1

∣∣∣tπk−1(i)
k−1

∣∣∣−H
2

m
∑

i=1
(1+αi)

×

m
∏
i=1

Γ
(
1− H

2 (1+αi)
)

Γ

(
m+1−

m
∑

i=1
αi

) (
T
n

) m
∑

i=1
(1−H

2 (1+αi))
. (5.2.54)

1nÚ:b� l = m�óê,Kd (5.2.44)��

∆

m(H+1)
2

n

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

( m
2

∏
i=1

F f (v2i)

)

×E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dudtm,r · · ·dt1,r

≤C∆

m(H+1)
2

n

bnTc

∑
k=1

∑
π1,··· ,πn

(∫
D(π1,··· ,πm)

∫
R2
|F f (v2)|2

exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

)m
2

≤C
bnTc

∑
k=1

∑
π1,··· ,πn

(∫
R2
|F f (x)|2 |x|−

H
2 dx
)m

2

T
m(2−H)

2

≤C (N( f ))m T
m(2−H)

2 . (5.2.55)

1oÚ:� l �Ûê� 3≤ l ≤ m�,k

Al,m := ∆

m(H+1)
2

n

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

Il
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× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

= ∆

m(H+1)
2

n

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

 l−1
2

∏
j=1
|F f (v2 j)|2

×|F f (vl− vl+1)−F f (−vl+1)|
m

∏
j=l+1

|F f (v j− v j+1)|

×exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

)))
dvdtr

:= Al−1,l−1A1,m−l+1. (5.2.56)

Ï� l−1�óê,Kd1nÚ��:

Al−1,l−1 ≤C(N( f ))l−1T
(l−1)(2−H)

2 . (5.2.57)

éu A1,m−l+1,Ó1�Ú�y²��

A1,m−l+1 ≤C(N( f ))m−l+1n−θ T (m−l+1)H
2 +θ1, (5.2.58)

Ù¥ θ1 = (m− l +1)(H +1)+H
(m−l+1)

∑
i=1

(1+αi).

1ÊÚ:� l �óê� 4≤ l ≤ m−1�,P

Bl,m := ∆

m(H+1)
2

n

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

Il

× exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtr

= ∆

m(H+1)
2

n

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Rm

 l−1
2

∏
j=1
|F f (v2 j)|2

×|F f (vl− vl+1)−F f (−vl+1)|
m

∏
j=l+1

|F f (v j− v j+1)|

×exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

)))
dvdtr

:= Bl−2,l−2B2,m−l+2. (5.2.59)
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Ï� l−2�óê,Kd1nÚ��

Bl−2,l−2 ≤C(N( f ))l−2T
(l−2)(2−H)

2 . (5.2.60)

éu B2,m−l+2,Ó1�Ú�y²��

B2,m−l+2 ≤C(N( f ))m−l+2n−θ T (m−l+2)H
2 +θ2, (5.2.61)

Ù¥ θ2 = (m− l +2)(H +1)+H
(m−l+2)

∑
i=1

(1+αi).

nþ��,

∆

m(H+1)
2

n

bnTc

∑
k=1

∫
D(π1,··· ,πm)

∫
Rm

Il×

exp

(
−1

2

m

∑
i=1
|vi|2

(
|γi|2|tπr(i)

r |2H + |γ̄i|2|tπk−1(i)
k−1 |2H

))
dvdtπr(m)

r · · ·dtπr(1)
r

≤


C(N( f ))mT

mH
2 , l �óê,

C(N( f ))mT mH+θ n−θ , l �Ûê,

(5.2.62)

Ù¥C3ØÓ1L«ØÓ��~ê� θ = m(H +1)+H
m
∑

i=1
(1+αi).

555 5.2.1 �â·K 5.2.2Ú·K 5.2.3�(Ø�y�� n→ ∞�, (5.2.33)¤á.

5.2.2.2 óóóêêê���ÝÝÝ���ÂÂÂñññ

3y²óê�Ý (5.2.34)�Âñ�/�©z [14, 118]¥½n 1.1�y²,Ù

¥©êÙK$Ä�ÛÜ�(½5å�
�'­���^. �
�Ùå�,�e5

�Ñ�[y²L§.

···KKK 5.2.4 e

Fn =
bnTc

∑
k=1

∫ tk

tk−1

1
2π

∫
R

F f (u)
(

e−ιuBH
tr − e−ιuBH

tk−1

)
dudtr, (5.2.63)
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Hn =
bnTc

∑
k=1

∫ tk

tk−1

1
2π

∫
|u|<1

F f (0)
(

e−ιuBH
tr − e−ιuBH

tk−1

)
dudtr, (5.2.64)

Kk

lim
n→∞

(∆n)
H+1

2 E [Fn−Hn] = 0. (5.2.65)

yyy²²². �â Fn, Hn�äNL�ªò Fn−Hn�©)�:

Fn−Hn := In,1 + In,2 + In,3 + In,4, (5.2.66)

Ù¥

In,1 =
bnTc

∑
k=1

∫
[0,T ]−[tk−1,tk]

f
(
BH

tr

)
− f

(
BH

tk

)
dtr, (5.2.67)

In,2 =
1

2π

bnTc

∑
k=1

∫
[tk−1,tk]

∫
|u|≥1

F f (u)
(

e−ιuBH
tr − e−ιuBH

tk−1

)
dudtr, (5.2.68)

In,3 =
1

2π

bnTc

∑
k=1

∫
[tk−1,tk]

∫
|u|<1

F f (u)
(

e−ιuBH
tr − e−ιuBH

tk−1

)
dudtr, (5.2.69)

In,4 =−
F f (0)

2π

bnTc

∑
k=1

∫
[0,T ]−[tk−1,tk]

∫
|u|<1

(
e−ιuBH

tr − e−ιuBH
tk−1

)
dudtr. (5.2.70)

éu In,1,�âÓ ��½Â��

(∆n)
H+1

2 E
[
|In,1|2

]
≤ (∆n)

H+1
2 sup

u∈R
| f (u)|+(∆n)

H+1
2 T 1−H

(∫
R

f (u)du
)

−→ 0, n−→ ∞. (5.2.71)
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éu In,2,k

(∆n)
H+1

2 E
[
|In,2|2

]
≤C(∆n)

H+1
2

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

∫
[t2,k−1,t2,k]

∫
|u1|,|u2|≥1

F f (u1)F f (u2)

×E

[
2

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

)] 2

∏
i=1

duidti,r. (5.2.72)

�âÛÜ�(½��

E

[
2

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

)]

≤

(
exp

{
−C1

2

2

∑
i=1
|ui|2|ti,r|2H

}
+ exp

{
−C2

2

2

∑
i=1
|ui|2|ti,k−1|2H

})
. (5.2.73)

(ÜØ�ª

∫ T

0
ep2t2β

dt ≤ C

1+ p
1
β

(5.2.74)

Ú |F f (u)| ≤ (1∧|u|),��

(∆n)
H+1

2 E
[
|In,2|2

]
≤C(∆n)

H+1
2

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

∫
[t2,k−1,t2,k]

∫
|u1|,|u2|≥1

F f (u1)F f (u2)

×

(
exp

{
−C1

2

2

∑
i=1
|ui|2|ti,r|2H

}
+ exp

{
−C2

2

2

∑
i=1
|ui|2|ti,k−1|2H

})
2

∏
i=1

duidti,r

≤C(∆n)
H+1

2

bnTc

∑
k=1

∫
|u1|,|u2|≥1

F f (u1)F f (u2)
1

1+ |u1|
1
H

1

1+ |u2|
1
H

2

∏
i=1

dui

+Cn(∆n)
H
2 +2

bnTc

∑
k=1

∫
|u1|,|u2|≥1

F f (u1)F f (u2)

(
exp

{
−C2

2

2

∑
i=1
|ui|2|ti,k−1|2H

})
2

∏
i=1

dui

≤C(∆n)
H+1

2

bnTc

∑
k=1

∫
|u1|,|u2|≥1

F f (u1)F f (u2)
1

1+ |u1|
1
H

1

1+ |u2|
1
H

2

∏
i=1

dui +C(n∆n)
H+1

2 +2

−→ 0, n−→ ∞. (5.2.75)
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�e5éu In,3,��

(∆n)
H+1

2 E
[
|In,3|2

]
≤C(∆n)

H+1
2

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

∫
[t2,k−1,t2,k]

∫
|u1|,|u2|<1

F f (u1)F f (u2)

×E

[
2

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

)] 2

∏
i=1

duidti,r

≤C(∆n)
H+1

2

bnTc

∑
k=1

∫
|u1|,|u2|<1

F f (u1)F f (u2)×(
exp

{
−C1

2

2

∑
i=1
|ui|2|ti,r|2H

}
+ exp

{
−C2

2

2

∑
i=1
|ui|2|ti,k−1|2H

})
2

∏
i=1

duidti,r

≤C(∆n)
H+1

2

bnTc

∑
k=1

∫
|u1|,|u2|<1

|u1|β1|u2|β2×(
exp

{
−C1

2

2

∑
i=1
|ui|2|ti,r|2H

}
+ exp

{
−C2

2

2

∑
i=1
|ui|2|ti,k−1|2H

})
2

∏
i=1

duidti,r

≤C(∆n)
H+1

2

bnTc

∑
k=1

∫
|u1|,|u2|<1

2

∏
i=1

(
1∧|ui|−

1
2

)
du1du2

+C(∆n)
H+1

2

bnTc

∑
k=1

∫
|u1|,|u2|<1

|u1|β1|u2|β2du1du2 −→ 0, n−→ ∞, (5.2.76)

Ù¥^�Ø�ª

∫ T

0
e−a2u2H

du≤C
(

1∧a−
1
2

)
. (5.2.77)

éu In,4,Ó In,2, In,3�?n�ª��

(∆n)
H+1

2 E
[
|In,4|2

]
≤C(∆n)

H+1
2

bnTc

∑
k=1

∫
[0,T ]−[t1,k−1,t1,k]

∫
[0,T ]−[t2,k−1,t2,k]

∫
|u1|,|u2|<1

1t1,r<t2,r,t1,k−1<t2,k−1

×E

[
2

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

)] 2

∏
i=1

duidti,r

≤C(∆n)
H+1

2

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

∫
[t2,k−1,t2,k]

∫
|u1|,|u2|<1

exp
{
−CH

2
|u2|2|t2,r− t1,r|2H

}
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× exp
{
−CH

2
|u1 +u2|2|t1,r|2H

}
+ exp

{
−CH

2
|u2|2|t2,k−1− t1,k−1|2H

}
× exp

{
−CH

2
|u1 +u2|2|t1,k−1|2H

} 2

∏
i=1

duidti,r

≤C(∆n)
H+1

2

∫
|u|<1

(∫ T

0
exp
{
−CH

2
|u2||tr|2H

}
dtr

)2

du

≤C(∆n)
H+1

2 −→ 0, n−→ ∞. (5.2.78)

nþ��

lim
n→∞

(∆n)
H+1

2 E [Fn−Hn] = 0.

��B,P

H̄n =
bnTc

∑
k=1

∫
[t1,k−1,t1,k]

∫
|u<1|

(
e−ιuBH

tr − e−ιuBH
tk−1

)
dudtr, (5.2.79)

K Hn =
F f (0)

2π
H̄n�¦ Hn�4��du¦ H̄n�4�.

�e5�Ñ H̄n4��y².

···KKK 5.2.5 � BH
t �©êÙK$Ä,é?¿ t > 0,k

(∆n)
H+1

2 H̄n
d−→ 1

4
B
(

1
4
,
1
4

)√
2πT N2, n−→ ∞, (5.2.80)

Ù¥ B(·, ·)� Beta¼ê, N ���¢�IO���ÅCþ.

yyy²²². òy²L§©�AÚ5?1.

1�Ú: Äky² (∆n)
H+1

2 H̄n�;5.

� Mm
n L« H̄n� m-�Ý,Ù¥ m�óê,Kd (5.2.79)��

Mm
n =

bnTc

∑
k=1

∫
[t1,k−1,t1,k]

· · ·
∫
[tm,k−1,tm,k]

∫
Bm(0,1)

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dudtr,

(5.2.81)
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Ù¥ du =
m
∏
i=1

dui, dtr =
m
∏
i=1

dti,r.

P

Mn =
bnTc

∑
k=1

∫
D(π1,··· ,πn)

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dtr, (5.2.82)

Mσ
n =

bnTc

∑
k=1

∫
D(π1,··· ,πn)

E

(
m

∏
i=1

(
e
−ιuσ(i)B

H
t
σ(i),r − e

−ιuσ(i)B
H
t
σ(i),k−1

))
dtr, (5.2.83)

Ù¥ σ ∈ {π1, · · · ,πn}�

D(π1, · · · ,πn) = {ti,r ∈ [ti,k−1, ti,k]|t
πr(i+1)
r ≥ tπr(i)

r }. (5.2.84)

�â Cauchy-SchwarzØ�ª��

(∆n)
m(H+1)

2 Mn

= (∆n)
m(H+1)

2 m! ∑
π1,··· ,πn

∫
Bm(0,1)

MnMσ
n du

≤ (∆n)
m(H+1)

2 m! ∑
π1,··· ,πn

(∫
Bm(0,1)

(Mn)
2du
) 1

2
(∫

Bm(0,1)
(Mσ

n )
2du
) 1

2

= (∆n)
m(H+1)

2 (m!)2
∑

π1,··· ,πn

∫
Bm(0,1)

(Mn)
2du

= (∆n)
m(H+1)

2 (m!)2×

∑
π1,··· ,πn

∫
Bm(0,1)

(
bnTc

∑
k=1

∫
D(π1,··· ,πn)

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dtr

)2

du

≤C(∆n)
m(H+1)

2 (m!)2
∑

π1,··· ,πn

∫
Bm(0,1)

(
bnTc

∑
k=1

∫
D(π1,··· ,πn)

×

exp

(
−CH

2
Var

(
m

∑
i=1

ui

(
γi(BH

ti,r −BH
ti,k−1

)+BH
ti,k−1

)))
dtr

)2

du

≤C(∆n)
m(H+1)

2 (m!)2
∑

π1,··· ,πn

∫
Bm(0,1)

(
bnTc

∑
k=1

∫
D(π1,··· ,πn)

×
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exp

(
−CH

2

(
m

∑
i=1
|

m

∑
j=i

u j|2
(
|γi|2

∣∣∣tπr(i)
r − tπk−1(i)

k−1

∣∣∣2H
+
∣∣∣tπk−1(i)

k−1

∣∣∣2H
)))

dtr

)2

du.

(5.2.85)

éu i = 1, · · · ,m,�âCþC� ∆ti,r = tπr(i)
r − tπk−1(i)

k−1 , i = 1, · · · ,mÚ

vi =
m

∑
j=i

u j, (5.2.86)

(5.2.85)�­��

(∆n)
m(H+1)

2 Mn

≤C(∆n)
m(H+1)

2 (m!)2
∫

Bm(0,m)

(
bnTc

∑
k=1

∫
[0,T ]m

×

exp

(
−CH

2

(
m

∑
i=1
|v j|2

(
|γi|2 |∆ti,r|2H +

∣∣∣tπk−1(i)
k−1

∣∣∣2H
)))

d∆ti,r

)2

dv

≤C(m!)2

(
(∆n)

H+1
2

∫
|v1|<m(T )H

(
bnTc

∑
k=1

∫
[0,1]m

×exp
(
−CH

2

(
|v1|2

(
|γ1|2 |∆tr|2H +

∣∣∣tπk−1(1)
k−1

∣∣∣2H
)))

d∆ti,r

)2

dv

)m

≤C(m!)2
(
(∆n)

H+1
2

∫
|v1|<m(T )H

(
1∧|v1|−1)dv

)m

≤Cm,H,T , (5.2.87)

Ù¥Cm,H,T �=�6u m, H, T ��~ê.

1�Ú: é?¿�~ê η > 0,P

Mn,η =
bnTc

∑
k=1

∫
Dη (π1,··· ,πn)

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dtr, (5.2.88)

Mσ
n,η =

bnTc

∑
k=1

∫
Dη (π1,··· ,πn)

E

(
m

∏
i=1

(
e
−ιuσ(i)B

H
t
σ(i),r − e

−ιuσ(i)B
H
t
σ(i),k−1

))
dtr, (5.2.89)
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Ù¥

Dη(π
1, · · · ,πn) = D(π1, · · · ,πn)−∪1≤i 6=l≤m

(
∆tl,r/η ≤ ∆ti,r ≤ η∆tl,r

)
. (5.2.90)

Ó1�Ú,P

(∆n)
m(H+1)

2 Mm
n,η = m!(∆n)

m(H+1)
2 ∑

π1,··· ,πn

∫
Bm(0,1)

Mn,ηMσ
n,ηdu, (5.2.91)

K��

Mm
n −Mm

n,η

=m! ∑
π1,··· ,πn

∫
Bm(0,1)

(
(Mn−Mn,η)Mσ

n,η +
(
Mσ

n −Mσ
n,η
)

Mn,η
)

du

≤m! ∑
π1,··· ,πn

∫
Bm(0,1)

(
(Mn−Mn,η)Mσ

n,η
)2 du. (5.2.92)

d Cauchy-SchwarzØ�ªÚ (5.2.92)��

(∆n)
m(H+1)

2
(
Mm

n −Mm
n,η
)

≤m!(∆n)
m(H+1)

2 ∑
π1,··· ,πn

(∫
Bm(0,1)

(Mn−Mn,η)
2 du
) 1

2

(5.2.93)

�

(∆n)
m(H+1)

2

∫
Bm(0,1)

(Mn−Mn,η)
2 du

= (∆n)
m(H+1)

2 ×

∫
Bm(0,1)

(
bnTc

∑
k=1

∫
D(π1,··· ,πn)−Dη (π1,··· ,πn)

E

(
m

∏
i=1

(
e−ιuiBH

ti,r − e
−ιuiBH

ti,k−1

))
dtr

)2

du

≤C ∑
π1,··· ,πn

(∆n)
m(H+1)

2

∫
Bm(0,1)

(
bnTc

∑
k=1

∫
D(π1,··· ,πn)−Dη (π1,··· ,πn)

×

exp

(
−CH

2
Var

(
m

∑
i=1

ui

(
γi(BH

ti,r −BH
ti,k−1

)+BH
ti,k−1

)))
dtr

)2

du
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≤C(∆n)
m(H+1)

2 ∑
1≤p6=q≤m

∫
|vi|,|vl |<m

(
bnTc

∑
k=1

∫
[tk−1,tk]

∫
[∆tl,r/η ,∆tl,rη ]

×

exp
(
−CH

2

((
|vp|2

∣∣∣tπr(p)
r − tπk−1(p)

k−1

∣∣∣2H
+ |vq|2

∣∣∣tπk−1(q)
k−1

∣∣∣2H
)))

dtπr(p)
r

)2

dvpdvq

=C(∆n)
m(H+1)

2 ∑
1≤p6=q≤m

∫
|vi|,|vl |<m

∫
[tk−1,tk]

∫
[tk′−1,t

′
k]

∫
[∆tl,r/η ,∆tl,rη ]

∫
[∆tl,r′/η ,∆tl,r′η ]

× exp
(
−CH

2

((
|vp|2

(∣∣∣tπr(p)
r − tπk−1(p)

k−1

∣∣∣2H
+
∣∣∣tπk−1(q)

k−1

∣∣∣2H
)

+|vq|2
(∣∣∣∣tπr′(q)

r′ − tπk′−1(q)
k′−1

∣∣∣∣2H

+

∣∣∣∣tπk′−1(q)
k′−1

∣∣∣∣2H
))))

dtπr(p)
r dtπr′(q)

r′ dvpdvq. (5.2.94)

Ï�

∫
|v|<m

∫
|v|<m

exp
(
−CH

2
(
u2|t2H |+ v2|s2H |

))
dudv

≤C|t|−
H
2 (1∧|s|−

H
2 ), (5.2.95)

¤± (5.2.93)���

(∆n)
m(H+1)

2

∫
Bm(0,1)

(Mn−Mn,η)
2 du

≤C(∆n)
m(H+1)

2 ∑
1≤p6=q≤m

∫
[tk−1,tk]

∫
[tk′−1,t

′
k]

∫
[∆tl,r/η ,∆tl,rη ]

∫
[∆tl,r′/η ,∆tl,r′η ]

×
(∣∣∣tπr(p)

r − tπk−1(p)
k−1

∣∣∣2H
+
∣∣∣tπk−1(q)

k−1

∣∣∣2H
)− 1

2

×

1∧

(∣∣∣∣tπr′(q)
r′ − tπk′−1(q)

k′−1

∣∣∣∣2H

+

∣∣∣∣tπk′−1(q)
k′−1

∣∣∣∣2H
)− 1

2
dtπr(p)

r dtπr′(q)
r′

≤C(∆n)
m(H+1)

2

m

∑
p=1

(lnη)

×
∫
[tk−1,tk]

∫
[tk′−1,t

′
k]

1∧

(∣∣∣∣tπr′(q)
r′ − tπk′−1(q)

k′−1

∣∣∣∣2H

+

∣∣∣∣tπk′−1(q)
k′−1

∣∣∣∣2H
)− 1

2
dtπr(p)

r dtπr′(q)
r′

≤C(∆n)
m(H+1)

2 (lnη). (5.2.96)
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nþ��

0≤ (∆n)
m(H+1)

2
(
Mm

n −Mm
n,η
)
≤C

(
(∆n)

m(H+1)(lnη)
) 1

2
, (5.2.97)

=�� (∆n)
H+1

2 Mm
n ìC�u (∆n)

H+1
2 Mm

n,η .

1nÚ: d1�Ú�y²��,=I�Ñ Mm
n,η ��O.

Äk,��Bk�ÑA�{ü�PÒ:é?¿ x1 > 0, x2 > 0, y1 > 0, y2 > 0,

P

Jm
n (x1,x2,y)

=m!
bnTc

∑
k=1

∑
π1,··· ,πn

∫
Bm(0,x1)

∫ x2tπk(i)
k

x2tπk−1(i)
k−1

exp

(
−y

m

∑
i=1
|uiγi|2

∣∣∣tπr(i)
r − tπk−1(i)

k−1

∣∣∣2H
)

dtπr

r du,

(5.2.98)

Jm
n,η ,1(x1,x2,y) = m!

bnTc

∑
k=1

∑
π1,··· ,πn

×
∫

Bm(0,x1)

∫
[x2tπk−1(i)

k−1 ,x2tπk(i)
k ]−Om,η

exp

(
−y

m

∑
i=1
|uiγi|2

∣∣∣tπr(i)
r − tπk−1(i)

k−1

∣∣∣2H
)

dtπr

r du,

(5.2.99)

Jm
n,η ,2(x1,x2,y) = m!

bnTc

∑
k=1

∑
π1,··· ,πn

×
∫

Bm
η (0,x1)

∫
[x2tπk−1(i)

k−1 ,x2tπk(i)
k ]−Om,η

exp

(
−y

m

∑
i=1
|uiγi|2

∣∣∣tπr(i)
r − tπk−1(i)

k−1

∣∣∣2H
)

dtπr

r du,

(5.2.100)

Ù¥ dtπr

r =
m
∏
i=1

dtπr(i)
r ,du =

m
∏
i=1

dui,

Om,η = ∪1≤i 6=l≤m

(
tπr(l)
r /η ≤ tπr(i)

r ≤ ηtπr(l)
r

)
(5.2.101)
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�

Bm
η (0,x1) = {yi ∈ R : |yi|< x1, i = 1,2, · · · ,m}−∪1≤i 6=l≤m{|yl|/η < |yi|< |yl|η}.

(5.2.102)

Ó1�Ú,��

0≤ (∆n)
m(H+1)

2
(
Jm

n (x1,x2,y)− Jm
n,η ,1(x1,x2,y)

)
≤C

(
(∆n)

m(H+1)(lnη)
) 1

2
, (5.2.103)

�

0≤ (∆n)
m(H+1)

2
(
Jm

n (x1,x2,y)− Jm
n,η ,2(x1,x2,y)

)
≤C

(
(∆n)

m(H+1)(lnη)
) 1

2
. (5.2.104)

d [10]¥�Ún 4,¿(Ü (5.2.103)Ú (5.2.104)��

Mm
n,η ≤ Jm

n (m,1,
1
2
− C

2ηH )

≤−C(lnη)
1
2 + Jm

n,η ,2(m,1,
1
2
− C

2ηH ), (5.2.105)

Mm
n,η ≥−C(lnη)

1
2 + Jm

n,η ,1(
1
m
,

1
m
,
1
2
+

C
2ηH )

≥−C(lnη)
1
2 + Jm

n (
1
m
,

1
m
,
1
2
+

C
2ηH ). (5.2.106)

1oÚ: ���Ñ Mm
n �4�¿�y�ÙÂñ�Ý.

dc¡�O�����

lim
n→∞

sup(∆n)
m(H+1)

2 Mm
n,η

≤ lim
n→∞

sup lim
η→∞

sup(∆n)
m(H+1)

2 Jm
n (m,1,

1
2
− C

2ηH )

= (2π)
m
2

(
1
4

B(
1
4
,
1
4
)

)m

(2m−1)!!T m, (5.2.107)
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lim
n→∞

inf(∆n)
m(H+1)

2 Mm
n,η

≥ lim
n→∞

inf lim
η→∞

inf(∆n)
m(H+1)

2 Jm
n (

1
m
,

1
m
,
1
2
+

C
2ηH )

= (2π)
m
2

(
1
4

B(
1
4
,
1
4
)

)m

(2m−1)!!T m. (5.2.108)

Ï� (∆n)
H+1

2 Mm
n ìC�u (∆n)

H+1
2 Mm

n,η ,¤±d (5.2.107)Ú (5.2.108)��

lim
n→∞

(∆n)
m(H+1)

2 Mm
n = lim

n→∞
(∆n)

m(H+1)
2 Mm

n,η = (2π)
m
2

(
1
4

B(
1
4
,
1
4
)

)m

(2m−1)!!T m,

(5.2.109)

Ù¥ B(·, ·)� Beta¼ê.

yyy²²²½½½nnn 5.2.3: d·K 5.2.2-5.2.5,(Ø�y.

5.3 ^̂̂���ÏÏÏ"""���OOO

� BH
t �©êÙK$Ä,Ù¥ t ≥ 0.Äk�Ñ3Y² y ∈ R?ÛÜ� (5.1.3)

�4�/ª:

LT (y) := lim
ε→0

1
2ε

∫ T

0
1(y−ε,y+ε)(B

H
s )ds, (5.3.1)

Ù���ëY4OL§. ?�Ú,3«m (y,∞)þ�Ó �����

OT (y) =
∫ T

0
1(y,∞)(B

H
s )ds =

∫
∞

y
LT (x)dx a.s. (5.3.2)

�e58�´y² LT (y)Ú OT (y)�^�Ï"�O E[OT (y)|Gtk ]Ú E[LT (y)|Gtk ]

��'4�½n,Ù¥ Gn� BH
tk , k = 1, · · · ,nT )¤� σ �ê.

Äk�Ñ�Yy²¥^��^�Ï"�O����'5�.

···KKK 5.3.1 éu©êÙK$Ä BH
tk ,Ù¥ tk = k

n , k = 1, · · · ,nT.� BH
t0 � BH

tk �pÕ
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á,K BH
tk �ÛÜ� LT (x)ÚÓ � OT (x)�^�Ï"�O©O÷v

E[LT (x)|BH
T = z] = T 1−H f

( x
T H ,

z
T H

)
,

E[OT (x)|BH
T = z] = T F

( x
T H ,

z
T H

)
, (5.3.3)

Ù¥

f (x,z) = E[L1 (x) |BH
1 = z],

F(x,z) = E[O1 (x) |BH
1 = z] =

∫
∞

x
f (y,z)dy.

yyy²²². Äk�âÛÜ��½ÂÚ©êÙK$Ä�g�q5��

LT (x) = lim
ε→0

1
2ε

∫ T

0
1(x−ε,x+ε)(B

H
s )ds

= T lim
ε→0

1
2ε

∫ 1

0
1(x−ε,x+ε)(B

H
T s)ds

d
=

T
2ε

lim
ε→0

1
2ε

∫ 1

0
1(x−ε,x+ε)(T

HBH
s )ds = T 1−HL1

( x
T H

)
, (5.3.4)

¤±

E[LT (y)|BH
T = z] = E[T 1−HL1

( x
T H

)
|T HBH

1 = z]

= T 1−H f
( x

T H ,
z

T H

)
.

éuÓ ��y²,Ï�

OT (x) =
∫

∞

x
LT (y)dy,

KÓ (5.3.4)�y².

�e5�Ñ^�Ï" E[OT (x)|Gtk ]Ú E[LT (x)|Gtk ]� L2(Ω)-Ø���'5�.
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···KKK 5.3.2 éu©êÙK$Ä BH
tk , tk = k∆n, k = 1, · · · ,nT,k

∆
2
n ‖OT (x)−E [OT (x)|Gtk ]‖

2
L2(Ω)

=
bnTc

∑
k=1

E
[
Var

(
O1

(
x∆
− 1

H
n − k

1
H BH

1

))
|((tk)

1
H BH

1 )k≥1

]
, (5.3.5)

∆
2− 2

H
n ‖LT (x)−E [LT (x)|Gtk ]‖

2
L2(Ω)

=
bnTc

∑
k=1

E
[
Var

(
L1

(
x∆
− 1

H
n − (k−1)

1
H BH

1

))
|((tk)

1
H BH

1 )k≥1

]
, (5.3.6)

Ù¥ Gtk � BH
tk , k = 1, · · · ,nT )¤� σ �ê.

yyy²²². Äk�Ñ (5.3.5)�y².

- g(x) = 1{x≥y},dÓ ��½Â��

OT (x)−E [OT (x)|Gtk ] =
bnTc

∑
k=1

∫ tk

tk−1

(
g(BH

r )−E
[
g(BH

r )|Gtk
])

dr, (5.3.7)

K

‖OT (x)−E [OT (x)|Gtk ]‖
2
L2(Ω)

= E

[
bnTc

∑
k=1

∫ tk

tk−1

(
g(Xr)−E

[
g(BH

r )|Gtk
])

dr

]2

=
bnTc

∑
k=1

E
[∫ tk

tk−1

(
g(Xr)−E

[
g(BH

r )|Gtk
])

dr
]2

=
bnTc

∑
k=1

E

[
E
[∫ tk

tk−1

(
g(BH

r )−E
[
g(BH

r )|Gtk
])

dr
]2

|Gtk

]

=
bnTc

∑
k=1

E
[
Var

(∫ tk

tk−1

g(BH
r )dr|Gtk

)]
. (5.3.8)

� t = r−tk−1
∆n
k

∫ tk

tk−1

g(BH
r )dr = ∆n

∫ 1

0
g
(

BH
∆nt+tk−1

)
dt. (5.3.9)
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�â©êÙK$Ä�g�q5Ú²­Oþ5��

g
(

BH
∆nt+tk−1

)
= g

(
BH

∆nt+tk−1
−BH

tk−1
+BH

tk−1

)
d
= g

(
BH

∆nt +BH
tk−1

)
= g

(
∆

1
H
n BH

t +(tk−1)
1
H BH

1

)
, (5.3.10)

�

g
(

∆
1
H
n BH

t +(tk−1)
1
H BH

1

)
= 1{

∆

1
H
n BH

t +(tk−1)
1
H BH

1 ≥x
} = 1{

BH
t ≥x∆

− 1
H

n −(tk−1)
1
H BH

1

}.
(5.3.11)

(Ü (5.3.7)-(5.3.11)��

‖OT (x)−E [OT (x)|Gtk ]‖
2
L2(Ω)

= ∆
2
n

bnTc

∑
k=1

E
[
Var

(∫ 1

0
g
(

BH
∆nt+tk−1

)
dt|(BH

tk )k≥1

)]

= ∆
2
n

bnTc

∑
k=1

E
[
Var

(∫ 1

0
g
(

∆
1
H
n BH

t +(tk−1)
1
H BH

1

)
dt|(BH

tk )k≥1

)]

= ∆
2
n

bnTc

∑
k=1

E
[
Var

(
O1

(
x∆
− 1

H
n − (tk−1)

1
H BH

1

)
|((tk)

1
H BH

1 )k≥1

)]
. (5.3.12)

�e5�Ñ (5.3.6)�y².

Ï�

LT (x) := lim
ε→0

∫ T

0
1{x−ε,x+ε}(B

H
s )ds.

��B,P

h(BH
s ) = 1{x−ε,x+ε}(B

H
s ),

¤±

‖LT (x)−E [LT (x)|Gtk ]‖
2
L2(Ω)

=
bnTc

∑
k=1

(
1

2ε

)2

E
[∫ tk

tk−1

(
h(BH

r )−E
[
h(BH

r )|(BH
tk )k≥1

])
dr
]2
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=
bnTc

∑
k=1

(
1

2ε

)2

E

[
E
(∫ tk

tk−1

h(BH
r )−E

[
h(BH

r )|(BH
tk )k≥1

]
dr
)2

|(BH
tk )k≥1

]

=
bnTc

∑
k=1

(
1

2ε

)2

E
[
Var

(∫ tk

tk−1

h(BH
r )dr|(BH

tk )k≥1

)]
. (5.3.13)

d©êÙK$Ä�²­Oþ5Úg�q5��

1
2ε

∫ tk

tk−1

h(BH
r )dr = ∆

1− 1
H

n L1

(
∆
− 1

H
n x− (tk−1)

1
H BH

1

)
. (5.3.14)

(Ü (5.3.15)Ú (5.3.14)��

‖LT (x)−E [LT (x)|Gtk ]‖
2
L2(Ω)

= ∆
2− 2

H
n E

[
Var

(
L1

(
∆
− 1

H
n x− (tk−1)

1
H BH

1

)
|((tk)

1
H BH

1 )k≥1

)]
, (5.3.15)

= (5.3.6)¤á.

½½½nnn 5.3.1 éu©êÙK$Ä BH
tk , tk = k∆n, k = 1, · · · ,nT,� BH

t0 � BH
tk �pÕá,

Ké x ∈ R,k

nH−1 (L̃T (x)−LT (x)
) d−→ υ0√

σ
WLT (x), n→ ∞, (5.3.16)

nH−1 (ÕT (x)−OT (x)
) d−→ υ1√

σ
WLT (x), n→ ∞, (5.3.17)

Ù¥WLT (x) ´��� LT (x)�ÙK$Ä, L̃T (x), ÕT (x)©OL« LT (x), OT (x)�

^�Ï"�O,=:

L̃T (x) = E[LT (x)|Gtk ], ÕT (x) = E[OT (x)|Gtk ],
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�

υ
2
0 =

∫
R
E
[

f
(
x,BH

1
)
−L1(x)

]2
dx,

υ
2
1 =

∫
R

G(x)dx =
∫
R
E
[
F
(
x,BH

1
)
−nO1(x)

]2
dx.

yyy²²². d BH
t �²­Oþ59� BH

0 �Õá5,�â·K 5.3.1��Ñ:

L̃T (x) =
1

n1−H

bnTc

∑
k=1

E
[
L1

(
nH(x−BH

tk−1
)
)
|nH (

∆kBH
tk ,B

H
t0

)]
=

1
n1−H

bnTc

∑
k=1

E
[
L1
(
nH(x−BH

tk )
)
|nH (

∆kBH
tk

)]
=

1
n1−H

bnTc

∑
k=1

f
((

nH(x−BH
tk )
)
,nH (

∆kBH
tk

))
, (5.3.18)

Ón��:

ÕT (x) =
1
n

bnTc

∑
k=1

E
[
O1

(
nH(x−BH

tk−1
)
)
|nH (

∆kBH
tk ,B

H
t0

)]
=

1
n

bnTc

∑
k=1

E
[
O1
(
nH(x−BH

tk )
)
|nH (

∆kBH
tk

)]
=

1
n

bnTc

∑
k=1

F
(
nH (x−BH

tk

)
,nH (

∆kBH
tk

))
, (5.3.19)

Ù¥ ∆kBH
tk = BH

tk −BH
tk−1

.

�e5k�ÑÛÜ� L̃T (x)�y².

(i) d (5.3.18),��

L̃T (x)−LT (x) =
1

n1−H

bnTc

∑
k=1

f
((

nH(x−BH
tk )
)
,nH (

∆kBH
tk

))
−L[ k−1

n , k
n ]
(x)

=
1

n1−H

bnTc

∑
k=1

(
f
((

nH(x−BH
tk )
)
,nH (

∆kBH
tk

))
−n1−HL[ k−1

n , k
n ]
(x)
)

:=
bnTc

∑
k=1

ξk,n, (5.3.20)

Ù¥ L[a,b](x)L««m [a,b]þ�ÛÜ�.
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Ï� LT (x) = T 1−HL1(
x

T H ),P

ξk,n =
1

n1−H

(
f
((

nH(x−BH
tk )
)
,nH (

∆kBH
tk

))
−n1−HL1

(
nH (x−BH

tk

)))
:=

1
n1−H g

(
nH (x−BH

tk

))
, (5.3.21)

Ù¥

g(x) = f
(

x,nHBH
1
n

)
−n1−HL 1

n

( x
nH

)
= f (x,BH

1 )−L1(x)

�k

E[g(x)] = E
[

f (x,BH
1 )−L1(x)

]
= 0.

Kd [70]¥½n 4.1�y²��

E[ξk,n|G k−1
n
]

=nH−1E
[(

f (nH(x−BH
tk−1

)),nH
∆kBH

tk

)
−n1−HL[ k−1

n , k
n ]
|G k−1

n

]
=nH−1E

[(
f (nH(x−BH

tk−1
)),nH

∆kBH
tk

)
−n1−HL[ k−1

n , k
n ]

]
, (5.3.22)

Ù¥ G k−1
n
� BH

tk−1
, k = 1, · · · ,nT )¤� σ �ê.

�â©êÙK$Ä�g�q5��

LT (x) = T 1−HL1

( x
T H

)
. (5.3.23)

(Ü (5.3.23)Ú^�Ï"�5���

E
[(

f (nH(x−BH
tk−1

)),nH
∆kBH

tk

)
−n1−HL[ k−1

n , k
n ]

]
= E

[(
f (nH(x−BH

tk−1
)),BH

1

)
−L1

(
nH(x−BH

tk−1
)
)]

= E
[
E
(

L1(nH(x−BH
tk−1

))|BH
1

)
−L1

(
nH
(

x−BH
tk−1

))]
= 0, (5.3.24)
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=,

E[ξk,n|G k−1
n
] = 0. (5.3.25)

(ii) d (5.3.21)��

∆
(1−H)
n E[ξ 2

k,n|G k−1
n
]

=∆
(1−H)
n E

[((
f (nH(x−BH

tk−1
)),nH

∆kBH
tk

)
−n1−HL[ k−1

n , k
n ]

)2
|G k−1

n

]
=∆

(1−H)
n E

[(
f (nH(x−BH

tk−1
)),nH

∆kBH
tk

)
−n1−HL[ k−1

n , k
n ]

]2

=nH−1g1

(
nH(x−BH

tk−1
)
)
, (5.3.26)

Ù¥

g1(y) = E
[

f (y,BH
1 )−L1(y)

]2
� y = nH(x−BH

tk−1
).Ï�

g1(y) = E
[
h(y,BH

1 )−L1(y)
]2 ≤ cE[L1(y)]2.

d [61]¥½n 3�y²��,¼ê g1(y)k.� g1(y) ∈ L1(R),¤±�â [1]��

bnTc

∑
k=1

∆
(1−H)
n E[ξ 2

k,n|G k−1
n
] = nH−1g1

(
nH(x−BH

tk−1
)
)
−→ LT (x)

∫
R

g1(x)dx, n−→ ∞.

(5.3.27)

(iii) éu

∆
(1−H)
n E[ξ 2

k,n(B
H
tk −BH

tk−1
)|G k−1

n
]

=E
[((

f (nH(x−BH
tk−1

)),nH
∆kBH

tk

)
−n1−HL[ k−1

n , k
n ]

)
∆BH

tk

]
. (5.3.28)
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Ï�

∆kBH
tk = BH

tk −BH
tk−1

= BH
1
n
=

(
1
n

)H

BH
1 ,

¤± (5.3.28)���

g2(y) =
(

1
n

)H

E[
(

f (y,BH
1 )−L1(y)

)
BH

1 ]

=

(
1
n

)H (
E[ f (y,BH

1 )B
H
1 ]−E[L1(y)BH

1 ]
)

=

(
1
n

)H (
E[E(L1(y)|BH

1 )B
H
1 ]−E[L1(y)BH

1 ]
)
= 0. (5.3.29)

(iv) Ó (i)Ú (ii)�O�,����

∆
(1−H)
n E[ξ 4

k,n|G k−1
n
]

=∆
(1−H)
n ·n4(H−1)E

[((
f (nH(x−BH

tk−1
)),nH

∆kBH
tk

)
−n1−HL[ k−1

n , k
n ]

)4
|G k−1

n

]
=∆

(5−5H)
n E

[(
f (nH(x−BH

tk−1
)),nH

∆kBH
tk

)
−n1−HL[ k−1

n , k
n ]

]4

=∆
(5−5H)
n g3

(
nH(x−BH

tk−1
)
)
. (5.3.30)

�â g1(y)Ú g2(y)�y²��, g3(y)k.�3 L1(R)¥.

(Ü ChebyshevØ�ª��é?¿ ε > 0,k

∆
(1−H)
n

bnTc

∑
k=1

E
[
|ξk,n|21{|ξk,n|>ε}|G k−1

n

]
≤ ∆

(1−H)
n ε

−2
bnTc

∑
k=1

E[ξ 4
k,n|G k−1

n
]→ 0. (5.3.31)

Ïdd (i)-(iv)¿(Ü [74]¥½n IX.7.28�� (5.3.16)¤á.

éuÓ �úª��

ÕT (x)−OT (x) =
1
n

bnTc

∑
k=1

F
(
nH(x−BH

tk ),n
H (

∆kBH
tk

))
−O[ k−1

n , k
n ]
(x)
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=
1
n

bnTc

∑
k=1

(
F
(
nH(x−BH

tk ),n
H (

∆kBH
tk

))
−nO[ k−1

n , k
n ]
(x)
)

:=
1
n

bnTc

∑
k=1

ηk,n, (5.3.32)

KÓÛÜ� (5.3.16)�y²�� (5.3.17)¤á.

555 5.3.1 AO/,©êÙK$ÄÛÜ�ÚÓ ���ëê�O��±ÿÐ�e�

ëY�Å�©�§

dXt = µ(Xt)dt +σ(Xt)dBt , (5.3.33)

Ù¥ Bt �IOÙK$Ä� σ ∈C1(R), µ ∈C(R)¦� (5.3.33)�3��).3 [70]

¥ÛÜ� LT (x)��O/ª�

Ln,T (h,x) =
1√
n

bnTc

∑
k=1

h
(√

n
(
x−Xtk−1

)
,
√

n∆kXtk
)
. (5.3.34)

� σ > 0,é÷v
∫
R |yr|h̃(x)dx < ∞, r > 3�k.¼ê h̃,¼ê h(x,z)÷v |h(x,z)| ≤

h̃(x)exp(a|z|),K

n−
1
4 (Ln,T (h,x)− ch(x)LT (x))→ vh(x)WLT (x) (5.3.35)

¤á(� [70], Theorem 1. 2]), Ù¥�~ê vh(x) �±ÏL�. Xt = σ(x)Bt ¦

�. ÏL�Ù�y²��, éu����ÅL§, �±y�^�Ï"�O

þ E[LT (y)|Bt = z]3ÚOþ Ln,t(h,x)aS´ìC�`�.
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6 ooo(((���ÐÐÐ"""

6.1 ïïïÄÄÄooo(((

�©ÄuÙK$Äõ­g��ÛÜ�Ú©êÙK$Ä���g�qpdL

§��­g��ÛÜ�ïÄ,�3ò©êÙK$Ä�g�qpdL§�­g��

ÛÜ�í2�õ­��/,¿Ú�Ñ�ê.õ­g��ÛÜ���'(Ø,��

lA^��ÝÑu,�Ñ©êÙK$ÄÓ �ÚÛÜ���ëê�O.Äk,�Ñ

g�qpdL§MSLT��35^���'5�,��¡ïÄTa DMSLTC½

Ä:. �X,½Âg�qpdL§� DMSLT,¿y²Ù�35!HölderëY5Ú

²w5�. ��,ÄulÑ*ÿ,�Ñ©êÙK$ÄÓ �ÚÛÜ���ëê�

O,y²Ù�'ÚO5�. äN(ØXe:

(1) ïÄg�qpdL§ MSLT,�3ò©êÙK$Ä�­ÛÜ��ïÄí

2�g�qpdL§�õ­g��ÛÜ�. Äk|^ Fourier©Û�{ÚrÛ

Ü�(½5ïÄg�qpdL§ XH � MSLT.y�� Hurstëê H ∈ (0,1)�,

MSLT3 Lp(Ω), p ∈ [1,∞)¥�3�3d^�e÷v�ê�È5. Ùg,�âg�

qpdL§�ÛÜ�(½5y� MSLT'u�mCþÚ�mCþ� Hölderë

Y5�©O� β <
(

1− H(k−1)
k

)
Ú α <

(
1∧ k

2H(k−1) −
1
2

)
. �X,É� Eddahbi [39]

ó��-y,/ÏMalliavin©ÛïÄMSLT�Wiener·bÐª. ��B,�©=

�Ñ��©êÙK$ÄMSLT�Wiener·bÐª¿y�Ù÷vMeyer-Watanabe

¿Âe�²w5. ��, òïÄ*Ð� d (d ≥ 2) �©êÙK$Ä��/, ��

ÙWiener·bÐª¿y²�'�5�,Ù§g�qpdL§ MSLT�²w5a

q��.

(2) �Äg�qpdL§ DMSLT.Äu (1)¥���g�qpdL§ MSLT

��35,(ÜÓ �úª,ò©êÙK$Ä�ê.�­g��ÛÜ�í2�g

�qpdL§ MSLT��/,�Ñ MSLT'u�mCþ��ê½Â.Äk|^�
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����{(Üg�qpdL§�ÛÜ�(½5,y� ∂

∂xl
LH

k (x, t)3 Lp(Ω)¥�

�35^�� 0 < H < k−1
k , k≥ 2�'u�mCþ÷v HölderëY5. d	,�â

õ�ª½nò�A(Øí2�MSLTFÝ��/,y²Ù�35!éÜ Hölderë

Y5Ú'u�mCþ x� HölderëY5�. ��,Äu�35^�,/Ï Hermite

õ�ª�Ñ DMSLT�·bÐª,y�Ù÷vMeyer-Watanabe¿Âe�²w5.

(3) ÄulÑ*ÿ,ïÄ©êÙK$ÄÓ �ÚÛÜ��ëê�O��'Ú

O5�. Äk0�Ó �ÚÛÜ�� RiemannÚ�O

ÔT,n(A) = ∆n

bnTc

∑
k=1

1A(BH
tk−1

) L̂T,n(y) =
∆n

hn

bnTc

∑
k=1

1[y−hn,y+hn](B
H
tk−1

), (6.1.1)

Ù¥ hn > 0��°ëê.

ÏL©êÙK$Ä�A�¼êÚÙ÷v�ÛÜ�(½5©O�ÑÓ �Ú

ÛÜ� RiemannÚCq� L2 %CØ��°(þ.. ,��¡,du©êÙK$

Ä�AÏ5�,©z¥®k���{½�ÅÈ©L«Ã{��^5y² (6.1.1)

�¥%4�½n, ¤±�©|^©êÙK$Ä�ÛÜ�(½5Ú Fourier ©Û

�{,ÏLÝ�O�{(ÜóªØyy��A(Ø.���Jp�O�Ç,{�

0�Ó �ÚÛÜ��,�«�ëê�O�{))^�Ï"�O E[OT (A)|Gtk ]

E[LT (y)|Gtk ],Ù¥ Gtk � BH
tk , k = 1, · · · ,nT )¤� σ �ê. |^©êÙK$ÄÚ^

�Ï"��'5�,ÏL��O���^�Ï"�O�¥%4�½n. d�'ï

Ä��,^�Ï"�O´�Ç�`�,��Ó �ÚÛÜ��A^C½�½�n

ØÄ:.

6.2 ïïïÄÄÄÐÐÐ"""

�,�©òÙK$Äõ­g��ÛÜ��ïÄí2�g�qpdL§,¿ï

Ä
�ê.õ­g��ÛÜ�,}Áy²
Ó �ÚÛÜ���ëê�O��'

5�. �É�u�mÚ°å,E�3�
Øv�?,k�?�ÚïÄ:
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(1) �©�Ñg�qpdL§MSLT�35�5���[y²L§. AO/,

ÏL©êÙK$Ä�Malliavin©Û�Ñ©êÙK$ÄMSLT�Wiener·bÐª

�y²�'5�. dg©êÙK$ÄÚV©êÙK$Ä�5���,Ù�A(J

aq��y. �duõ­ÛÜ��(���E,![!¯K�õ,y�ãéug

�qpdL§�õ­-EÛÜ�!õ­��ÛÜ��ïÄE?u&¢�ã,�5

EIé§��Wiener·bÐª!²w5�¯K?1ïÄ.

(2) �©ïÄ
g�qpdL§ DMSLT,
éu�ê.-EÛÜ�!�ê.

��ÛÜ��þ?u�­�ïÄG�. du©Ù�Ì��,¿�éÙ§�ÅL§

��ê.õ­-EÛÜ�!��ÛÜ���\©Û.3�YïÄ¥A}Áòg�

qpdL§ DMSLT�ïÄí2�-EÛÜ�Ú��ÛÜ���/,ÏLØÓ�

�{y²�'�5�Ú4�½n.

(3) lA^��ÝÑu,�©8c=ïÄ
Ó �ÚÛÜ���ëê�O¯

K,
éÙäN�A^¿��Ñ�[0�,Ïd3�YïÄ¥�}ÁïÄÓ �

û)¬,=ÂÃ�ûuªà]�d�9ÙÓ ����û)¬,XæNÏ�!�

FÏ�Ú© êÏ��. �d,�¦^M. Kac���úª5O�pdL§9ÙÓ

 ��éÜ©ÙÆ,ïáÓ �û)¬���½dúª,¿?Ø�
ê�¢y¯

K�.
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[81] Kolkovska E T, López-Mimbela J A, Morales J V. Occupation measure and local time of
classical risk processes[J]. Insurance: Mathematics and Economics, 2005, 37(3): 573-584.

[82] Linetsky V. Steps to the barrier[J]. Risk-London-Risk Magazine Limited-, 1998, 11: 62-66.

[83] Linetsky V. Step options[J]. Mathematical Finance, 1999, 9(1): 55-96.

146



=²ã²�ÆÆ¬Æ Ø© g�qpdL§�õ­g��ÛÜ�9Ù�ëê�O

[84] Luan N. Strong local non-determinism of sub-fractional Brownian motion[J]. Applied Math-
ematics, 2015, 6(13): 2211-2216.

[85] Labrador B. Rates of strong uniform convergence of the κT -occupation time density estima-
tor[J]. Statistical Inference for Stochastic Processes, 2009, 12: 269-283.

[86] Landriault D, Renaud J F, Zhou X. Occupation times of spectrally negative Lévy processes
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